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Preface

The subject of Hamilton’s Ricci flow lies in the more general field of
geometric flows, which in turn lies in the even more general field of geometric
analysis. Ricci flow deforms Riemannian metrics on manifolds by their Ricci
tensor, an equation which turns out to exhibit many similarities with the
heat equation. Other geometric flows, such as the mean curvature flow of
submanifolds demonstrate similar smoothing properties. The aim for many
geometric flows is to produce canonical geometric structures by deforming
rather general initial data to these structures. Depending on the initial data,
the solutions to geometric flows may encounter singularities where at some
time the solution can no longer be defined smoothly. For various reasons,
in Ricci flow the study of the qualitative aspects of solutions, especially
ones which form singularities, is at present more amenable in dimension
3. This is precisely the dimension in which the Poincaré Conjecture was
originally stated; the higher dimensional generalizations have been solved by
Smale in dimensions at least 5 and by Freedman in dimension 4. Remaining
in dimension 3, a vast generalization of this conjecture was proposed by
Thurston, called the Geometrization Conjecture, which roughly speaking,
says that each closed 3-manifold admits a geometric decomposition, i.e.,
can be decomposed into pieces which admit complete locally homogeneous
metrics.

Hamilton’s program is to use Ricci flow to approach this conjecture.
Perelman’s work aims at completing this program. Through their works
one hopes/expects that the Ricci flow may be used to infer the existence of
a geometric decomposition by taking any initial Riemannian metric on any
closed 3-manifold and proving enough analytic, geometric and topological
results about the corresponding solution of the Ricci flow with surgery. Note
on the other hand that, in this regard, one does not expect to need to prove
the convergence of the solution to the Ricci flow with surgery to a (possibly
disconnected) homogeneous Riemannian manifold. The reason for this is
Cheeger and Gromov’s theory of collapsing manifolds and its extension to
case where the curvature is only bounded from below. Furthermore, if one
is only interested in approaching the Poincaré Conjecture, then one does
not expect to need the theory of collapsing manifolds. For these geometric
and topological reasons, the study of the Ricci flow as an approach to the
Poincaré and Geometrization Conjectures are reduced to proving certain
analytic and geometric results. In many respects the Ricci flow appears to
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be a very natural equation and we feel that the study of its analytic and
geometric properties is of interest in its own right. Independent of the res-
olution of the above conjectures, there remain a number of interesting open
problems concerning the Ricci flow in dimension 3. In higher dimensions,
the situation is perhaps even more interesting in that, in general, much less
is known.

So in this book we emphasize the more analytic and geometric aspects
of Ricci flow rather than the topological aspects. We also attempt to convey
some of the relations and formal similarities between Ricci flow and other
geometric flows such as mean curvature flow. The interaction of techniques
and ideas between Ricci flow and other geometric flows is a two-way street.
So we hope the reader with a more general interest in geometric flows will
benefit from the usefulness of ideas originating in Ricci flow to the study
of other geometric flows. We have not aimed at completeness, even in the
realm of the limited material that we cover. A more extensive coverage of
the subject of Ricci flow is planned in the book by Dan Knopf and one of
the authors [153] and its multi-authored sequel [143].

At places we follow the informal style of lecture notes and have at-
tempted to cover some of the basic material in a relatively direct and effi-
cient way. At the same time we take the opportunity to expose the reader
to techniques, some of which lie outside of the subject of Ricci flow per se,
which they may find useful in pursuing research in Ricci flow. So metaphor-
ically speaking this book is hybrid between rushing to work in the morning
on a cold and blistery winter day and a casual stroll through the park on
a warm and sunny midsummer afternoon. As much as possible, we have
attempted to construct the book so that the chapters, and in some cases,
individual sections, are relatively independent. In this way we hope that
the book may be used as both an introduction and as a reference. We have
endeavored to include some open problems which are aimed at conveying
to the reader what are the limits of our current knowledge and to point to
some interesting directions. We have also attempted to give the appropriate
references so that the reader may further pursue the statements and proofs
of the various results. To use real estate jargon, we hope that the refer-
ences are reliable but they are not guaranteed; in particular, sometimes the
references given may not be the first place a particular result is proven.

The year 1982 marked the beginning of Ricci flow with the appearance of
Hamilton’s paper on 3-manifolds with positive Ricci curvature. Since then,
the development of Hamilton’s program is primarily scattered throughout a
series of several of his papers (see [79] for a collection of some Ricci flow pa-
pers edited by Cao, Chu, Yau and one of the authors). In Hamilton’s papers
(sometimes implicitly and sometimes by analogy) a well-developed theory of
Ricci flow is created as an approach toward the Geometrization Conjecture.
We encourage the reader to go back to these original papers which contain a
wealth of information and ideas. Hamilton’s program especially takes shape
in the three papers [267], [270] and [271]. The first two papers discuss
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(among other important topics) singularity formation, the classification of
singularities, applications of estimates and singularity analysis to the Ricci
flow with surgery. The third paper discusses applications of the compactness
theorem, minimal surface theory and Mostow rigidity to obtain geometric
decompositions of 3-manifolds via Ricci flow under certain assumptions.

The recent spectacular developments due to Grisha Perelman aimed at
completing Hamilton’s program appear in [417] and [418]. Again the reader
is encouraged to go directly to these sources which contain a plethora of
ideas. Perelman’s work centers on the further development of singularity
and surgery theory. Of primary importance in this regard is Perelman’s
reduced distance function which has its precursors in the work of Li-Yau on
gradient estimates for the heat equation and Hamilton on matrix differential
Harnack inequalities for the Ricci flow. A main theme in Perelman’s work is
the use of comparison geometry, including the understanding of space-time
distance, geodesics, and volume to obtain estimates. These estimates build
upon in an ingenious way the earlier gradient estimates of Li-Yau-Hamilton
and volume comparison theorem of Bishop-Gromov. In a sense, Perelman
has further strengthened the bridge between the partial differential equation
and comparison approaches to differential geometry in the setting of Ricci
flow. For ‘finite extinction time’, which is aimed at proving the Poincaré
Conjecture using neither the theory of collapse nor most of Hamilton’s ‘non-
singular’ techniques, see [419] and Colding-Minicozzi [167]. The relevant
work on collapsing manifolds with only lower curvature bounds appear in
Perelman [416] and Shioya and Yamaguchi [465]. For expositions of Perel-
man’s work, see Kleiner-Lott [318], Sesum-Tian-Wang [457] and Morgan
[386] (there is also a discussion of [418] in Ding [182]). We also encourage
the reader to consult these excellent expository sources which clarify and
fill-in the details for much of Perelman’s work.
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A guide to Volume 1

Chapter 1. We recall some basic results and facts from Riemannian ge-
ometry. The results in this chapter, for the most part, either are used or are
analogous to results in the later chapters on Ricci flow and other geometric
flows. We begin (§2) with a quick review of metrics, connections, curvature,
covariant differentiation and the Lie derivative. Of particular note are the
Bianchi identities, which have applications to the formulas we shall derive
for solutions of the Ricci flow. We discuss Cartan’s method of moving frames
since it is a useful technique for computing curvatures, especially in the pres-
ence of symmetry. We discuss the decomposition of the curvature tensor into
its irreducible components. Since integration by parts is a useful technique
in geometric analysis and in particular Ricci flow, we recall the divergence
theorem and its consequences. We then recall (§3) the Laplacian and Hes-
sian comparison theorems, which have important analogues in Ricci flow.
These are essentially equivalent to the Bishop volume and Rauch compari-
son theorems. Along these lines, we discuss the Cheeger-Gromoll Splitting
Theorem, which relies on the Busemann functions associated to a line being
subharmonic (and hence harmonic), and the Mean Value Inequality. Next
(§4) we present geodesic polar (spherical) coordinates using the exponential
map. This is a convenient way of studying (Hessian) comparison theorems
for Jacobi fields, and by taking the determinant, volume (Laplacian) com-
parison theorems. One may think of these calculations as associated to
hypersurfaces (the distance spheres from a point) evolving in their normal
directions with unit speed. (More generally, one may consider arbitrary
speeds, including the mean curvature flow.) Observe that the Laplacian of
the distance function is the radial derivative of the logarithm of the Jacobian,
which is the mean curvature of the distance spheres. Similarly, the Hessian
of the distance function is the radial derivative of the logarithm of the in-
ner product of Jacobi fields, which is the second fundamental form of the
distance spheres. Metric geometry has important implications in Ricci flow.
So we discuss (§5) the first and second variation of arc length and energy of
paths. An application is Synge’s theorem. We include a variational proof
of the fact that Jacobi fields minimize the index form. In §6 we discuss the
Toponogov comparison theorem and the application of the second variation
formula to long geodesics. Next (§7) we discuss the Green’s function, which
is related to the heat equation and the geometry of the manifold. In §8 we
recall some comparison theorems and explicit formulas for the heat kernel

xv
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on Riemannian manifolds and in particular on constant curvature spaces.
Since the Ricci flow evolves metrics and is related to the heat equation, we
discuss (§9) the asymptotics of the heat kernel associated to heat operator
with respect to an evolving metric. The method is a slight modification of
the fixed metric case. We also (§10) recall some basic facts about eigen-
values and eigenfunctions of the Laplacian. In the Ricci flow it useful to
study the lowest eigenvalue of certain elliptic (laplace-like) operators. We
recall Reilly’s formula and its application to estimating the first eigenvalue
on manifolds with boundary. In §11 we discuss the definition of the deter-
minant of the Laplacian via the zeta function regularization and compute
the difference of determinants on a Riemann surface. The determinant of
the Laplacian is an energy functional for the Ricci flow on surfaces. For
comparison with later monotonicity formulas, in §12 we recall some mono-
tonicity formulas for harmonic functions and maps. Left-invariant metrics
on Lie groups provide nice examples of solutions on Ricci flow which can
often be analyzed so we introduce some background material in §13. In §14
we recall the Bieberbach Theorem on the classification of flat manifolds. In
the notes and commentary (§16) we review some basic facts about the first
and second fundamental forms of hypersurfaces in euclidean space, since we
shall later discuss curvature flows of hypersurfaces to compare with Ricci
flow.

Chapter 2. We begin the study of Ricci flow proper. We start (§2)
with a brief layman description of how Ricci flow approaches the Thurston
Geometrization Conjecture. The Ricci flow is like a heat equation for met-
rics. One quick way to seeing this (§3) is to compute the evolution equation
for the scalar curvature using a variation formula we derive later. We get
a heat equation with a nonnegative term. Because of this we can apply
to maximum principle (§4) to show that the minimum of the scalar curva-
ture increases. The maximum principle extends to complete noncompact
manifolds (§5). The variation formula for the scalar curvature yields a short
derivation of Einstein’s equations as the Euler-Lagrange equation for the to-
tal scalar curvature (§6). Next (§7) we carry out the actual computations of
the variation of the connection and curvatures. When the variation is minus
twice the Ricci tensor, we obtain the evolution equations for the connection,
scalar and Ricci curvatures under the Ricci flow. This is the first place we
encounter the Lichnerowicz Laplacian which arises in the variation formula
for the Ricci tensor. Since the Ricci flow is a weakly parabolic equation, to
prove short time existence, we use DeTurck’s trick, which shows that it is
equivalent to a strictly parabolic equation (§8).

Chapter 3. We describe some of the ingredients in the proof of Hamil-
ton’s classification of closed 3-manifolds with positive Ricci curvature using
Ricci flow. The maximum principle for tensors (§1) enables us to estimate
the Ricci and sectional curvatures. We first show that positive Ricci curva-
ture and Ricci pinching are preserved. Hamilton’s theorem (§2) says that
under the normalized (volume preserving) Ricci flow on a closed 3-manifold
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with positive Ricci curvature, the metric converges exponentially fast in
every Ck norm to a constant positive sectional curvature metric. Having
derived the evolution equations for the Ricci and scalar curvatures, we de-
rive the evolution equation for the full Riemann curvature tensor (§3). This
takes the form of a heat equation with a quadratic term on the right hand
side. In dimension 3, the form of the quadratic term is especially sim-
ple. To control the curvatures it is convenient to generalize the maximum
principle for symmetric 2-tensors to a maximum principle for the curvature
operator, and more generally, to systems of parabolic equations on a vec-
tor bundle (§4). Using this formalism, we show that the pinching of the
curvatures improves and tends to constant curvature at points and times
where the curvature tends to infinity. This is central estimate in the study
of 3-manifolds with positive Ricci curvature. In proving various versions the
maximum principle for systems, it is useful to consider the time derivative
of the supremum function (§4.1). Once we have a pointwise estimate for the
curvatures, we need a gradient estimate for the curvature in order to com-
pare curvatures at different points at the same time (§5). Based on the fact
that the pinching estimate breaks the scale-invariance, we obtain a gradient
of the scalar curvature estimate which shows that a scale-invariant measure
tends to zero at points where the curvature tends to infinity. Combining the
estimates of the previous sections, we show that indeed the curvatures tends
to constant (§6). With control of the curvatures and assuming derivative
estimates derived in a later chapter, we can show that the normalized Ricci
flow converges exponentially fast in each Ck norm to a constant positive
sectional curvature metric (§7). In the notes and commentary (§8) we state
some of the basic evolution equations under the mean curvature flow. These
formulas are somewhat analogous to the equations for the Ricci flow.

Chapter 4. We discuss Ricci solitons, homogeneous solutions and other
special solutions. From the study of singularity formation we are interested
in solutions which exist for all negative time (§1). Some of these solutions
exist also for all positive time, which makes them even more special. Of fun-
damental importance are gradient Ricci solitons (§2). We carefully formulate
the basic equations of a gradient Ricci soliton and show that gradient soli-
tons can be put in a canonical form. It is interesting that euclidean space, is
not only a steady soliton but also a shrinking and an expanding soliton (§3).
For the Ricci flow on low-dimensional manifolds, it is particularly impor-
tant to consider complete Ricci solitons on surfaces with positive curvature.
The cigar soliton (§5) is such a soliton on the euclidean plane, rotationally
symmetric, asymptotic to a cylinder at infinity and with curvature decaying
exponentially fast. We exhibit the cigar soliton in various coordinate sys-
tems. An interesting rotationally symmetric ancient solution on the 2-sphere
is the Rosenau solution (§6). As time tends to negative infinity, the Rose-
nau solution looks like a pair of cigars, one at each end. Indeed, backward
(in time) limits at the endpoints yield the cigar soliton. Next we describe
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an explicit rotationally symmetric expanding soliton on the plane with pos-
itive curvature (§7). The curvature also decays exponentially fast as the
distance to the origin tends to infinity. Moving up one dimension, we obtain
the Bryant soliton (§8). This is a rotationally symmetric steady gradient
Ricci soliton on euclidean 3-space with positive sectional curvature. Here
the curvature decays inverse linearly and the metric is essentially asymptotic
to a parabola at infinity. This means that at infinity the metric dimension
reduces to a cylinder in the same sense a parabola in the plane dimension re-
duces to two parallel lines after dilating about points which tend to infinity.
Since complete noncompact ancient solutions are important in the study of
singularities, we state some results on the geometry at infinity of such so-
lutions under various hypotheses (§9). Some useful geometric invariants of
the geometry at infinity are the asymptotic scalar curvature ratio and the
asymptotic volume ratio. Some of the most interesting explicit examples
are homogeneous solutions (§10). We consider SU (2) and Nil and analyze
the ode which arises from Ricci flow. Here, since the isometry group acts
transitively on the manifold, the Ricci flow reduces to a system of ordinary
differential equations. In dimension 3, these systems are for the large part
well-understood. Under the Ricci flow, isometries persist (§11). That is,
the isometry group is nondecreasing. It is interesting to ask if the isometry
group remains constant under the Ricci flow. Analogous to the Ricci flow on
surfaces is the curvature shortening flow (CSF) of plane curves (§12). The
analogue of the cigar soliton is the grim reaper for the CSF. The Rosenau
solution also has an analogue for the CSF.

Chapter 5. We collect some useful analytic results and techniques. Es-
timates for all of the derivatives of the curvature (§1) in terms of bounds on
the curvature and time enable one to show that the solution exists as long
as the curvature remains bounds (the long time existence theorem). Thus if
a solution forms a singularity in finite time (i.e., cannot be continued past
a finite time), then the supremum of the curvature is infinity. The basic
tool to study singular solutions is a Cheeger-Gromov type compactness the-
orem for a sequence of solutions of Ricci flow (§2). We present both the
global and local versions of this result. What is needed for this sequence is a
curvature bound and an injectivity radius estimate (to prevent collapsing).
The sequences we usually consider arise from dilating a singular solution
about a sequence of points and times with the times approaching the sin-
gularity time. In §2.1 we give a shorter proof of the classification of closed
3-manifolds with positive Ricci curvature using the compactness theorem
(and other results such as Perelman’s no local collapsing theorem.) Here we
only prove sequential convergence instead of exponential convergence. When
studying the formation of singularities on a 3-manifold, the Hamilton-Ivey
estimate is particularly useful (§3). Roughly speaking, it says that at large
curvature points, the largest sectional curvature is positive and much larger
than any negative sectional curvature in magnitude. It implies that limits
of dilations (which we call singularity models) have nonnegative sectional
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curvature. Since nonnegative sectional curvature metrics are rather limited
geometrically and (especially) topologically, this is crucial first step in the
surgery theory for singular 3-dimensional solutions. The Hamilton-Ivey es-
timate also tells us that ancient 2 and 3-dimensional solutions with bounded
curvature have nonnegative sectional curvature. Nonnegative sectional cur-
vature in dimension 3 is a special case of nonnegative curvature operator
in all dimensions, a curvature condition which is preserved under the Ricci
flow. Such solutions satisfy the strong maximum principle (§4), which says
that either the solution has (strictly) positive curvature operator or the
holonomy reduces and the image and kernel of the curvature operator are
constant in time and invariant under parallel translation. This rigidity re-
sult is especially powerful in dimension 3 (§5), where it implies that a simply
connected nonnegative sectional curvature solution of the Ricci flow either
has positive sectional curvature, splits as the product of a surface solution
with positive curvature (which is topologically a 2-sphere or the plane) and
a line, or is the flat euclidean space. In higher dimensions (§6), a solution
with nonnegative curvature operator either has positive curvature operator,
a Kähler manifold with positive curvature operator on (1, 1)-forms, or is
a locally symmetric space. Except in dimension 4, where it was solved by
Hamilton, it is an open problem whether a closed Riemannian manifold with
positive curvature operator converges under the Ricci flow to a metric with
constant positive sectional curvature (spherical space form). A potentially
useful result in this regard, due to Tachibana, says that an Einstein metric
with positive curvature operator has constant sectional curvature and an
Einstein metric with nonnegative curvature operator is locally symmetric.
In the notes and commentary we note that the derivative estimates may be
improved if we assume bounds on some derivatives of the curvature (§7).

Chapter 6. We deal with identities, inequalities and estimates for vari-
ous flows including the Ricci flow, Yamabe flow, and the cross curvature flow.
It is interesting to compare these techniques. We begin with the Kazdan-
Warner and Bourguignon-Ezin identities (§1), from which it follows that a
Ricci soliton on the 2-sphere has constant curvature. Then we turn our at-
tention to Andrews’s Poincaré type inequality (§2), which holds in arbitrary
dimensions. In dimension 2, it implies that Hamilton’s entropy is monotone.
Another fact (§3) related to Hamilton’s entropy is that in the space of met-
rics on a surface with positive curvature, its gradient is the matrix Harnack
quantity, which in dimension 2 is a symmetric 2-tensor. One of the proofs of
the convergence of the Ricci on the 2-sphere relies on Ye’s gradient estimate
for the Yamabe flow of locally conformally flat manifolds with positive Yam-
abe invariant (§4). This estimate uses the Aleksandrov reflection method
to obtain a gradient estimate. In §4.1 we state Leon Simon’s asymptotic
uniqueness theorem. Another proof, due to Hamilton of the convergence of
the Ricci flow on a 2-sphere uses a monotonicity formula for an isoperimet-
ric ratio (§5). We also discuss Hamilton’s isoperimetric estimate for Type
I singular solutions in dimension three. An interesting fact which follows
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from the contracted second Bianchi identity, is that the identity map from a
Riemannian manifold to itself, where the image manifold has the Ricci ten-
sor as the metric (assuming it is positive), is harmonic (§6). In dimension
3 there is a symmetric curvature tensor, called the cross curvature tensor,
which is dual to the Ricci tensor in the following sense. The identity map
from a Riemannian 3-manifold to itself, where the domain manifold has the
cross curvature tensor as the metric (assuming the sectional curvature is
either everywhere negative or everywhere positive), is harmonic. We show
two monotonicity formulas for the cross curvature flow which suggest that
a negative sectional curvature metric on a closed 3-manifold should con-
verge to a constant negative sectional curvature (hyperbolic) metric. It is
interesting that in higher dimensions, there are arbitrarily pinched negative
sectional curvature metrics which do not support hyperbolic metrics (§7).

Chapter 7. We begin our study of singularities. To study singularities
(§1) one takes dilations about sequences of points and times where the time
tends to the singularity time. It is useful to distinguish singularities accord-
ing to the rate of blow up of the curvature (§2). Type I singularities blow up
in finite time at the rate of the standard shrinking sphere. Type II singular-
ities form slower in the sense that in terms of the curvature scale, the time
to blow up is longer than that of Type I. On the other hand, as a function of
time to blow up the curvature of a Type II singularity is larger than that of
a Type I singularity. Given a singularity type, we describe ways of picking
sequences of points and times about which to dilate. The limit solutions are
ancient solutions. Assuming bounded nonnegative Ricci curvature, we give a
lower bound (gap estimate) for the supremum of the curvature as a function
of time for ancient solutions. A prototype for a Type II singularity is the de-
generate neck pinch (§3). An interesting open problem is to show that Type
II singularities indeed exist, a result which is known for the mean curvature
flow. Considering ancient solutions on 2-dimensional surfaces (§4), we show
using the Harnack inequality that ancient solutions with bounded curvature
whose maximum is attained in space in time must be isometric to the cigar
soliton. On the other hand, using Hamilton’s entropy monotonicity, one can
show that Type I ancient solutions are compact and in fact isometric to the
round shrinking sphere. Complimentarily, Type II ancient solutions (such as
the Rosenau solution) must have a backward limit which is the cigar soliton.
Our discussion includes a corollary the classification of ancient κ-solutions
on surfaces. An interesting result (§5) is that noncompact ancient solutions
on surfaces with time-dependent bounds on the curvature can be extended
to eternal solutions. We conjecture that eternal solutions (without assuming
the supremum of the curvature is attained) are cigar solitons. To study the
geometry at infinity a useful technique is dimension reduction (§6). Here
we assume the asymptotic scalar curvature ratio (ASCR) is infinite, that is,
the lim sup of the scalar curvature times the square distance to an origin is
equal to infinity. Roughly speaking, this says that the scalar curvature has
slower than quadratic decay. Using a point picking type argument, we find
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good sequences of points tending to spatial infinity. Using a result which
says that complete manifolds with nonnegative sectional curvature cannot
have too many disjoint curvature bumps far from an origin, one can show
that when ASCR is infinite, in dimension 3 there exists a limit which splits
as the product of a surface solution with a line (§7). By Perelman’s no local
collapsing theorem, the surface solution cannot be the cigar soliton. By a
previous result of Hamilton, the surface must then be a round shrinking 2-
sphere. In the case of a Type I ancient solution, we either have a shrinking
spherical space form or there exists a backward limit which is a cylinder
(2-sphere product with a line). For κ-solutions the latter cannot exist. We
conjecture that the κ-noncollapsed condition can be removed. Next we pose
some conjectures about ancient solutions in dimensions 2 and 3 (§8). Op-
timistically, one can hope that the only complete ancient surface solutions
with bounded curvature are rotationally symmetric and in fact either the
cigar, constant curvature, or the Rosenau solution. In the notes and com-
mentary we note that numerical studies of a degenerate neck pinch have
been carried out by Garfinkle and Isenberg (§9).

Chapter 8. We discuss various differential Harnack estimates. These
are sharp pointwise derivative estimates which usually enable one compare
a solution at different points in space and time. In Ricci flow they have ap-
plications toward the classification of singularity models. We begin with the
heat equation (§1) and present the seminal Li-Yau estimate for positive solu-
tions. For manifolds with nonnegative Ricci curvature, the estimate is sharp
in the sense that equality is obtained for the fundamental solution on eu-
clidean space. Since the Li-Yau estimate has a precursor in the work of Yau
on harmonic functions, we discuss the Liouville theorem for complete mani-
folds with nonnegative Ricci curvature, which relies on a gradient estimate.
The Li-Yau estimate has a substantial extension to solutions of the Ricci
flow, due to Hamilton. To describe this we begin with surfaces, since the
form of the inequality and its proof are much simpler in this case (§2). Ricci
solitons again motivate the specific quantities we consider. Analogous to as-
suming the solution is positive, here we assume the curvature of the surface
is positive (§3). A perturbation of these arguments enables one to prove a
Harnack estimate for surfaces with variable signed curvature. Interestingly,
the above (trace) inequality may be generalized to a matrix inequality which
roughly speaking, gives a lower bound for the Hessian of the logarithm of the
curvature. In this sense, the Harnack inequalities are somewhat analogous
the Laplacian and Hessian comparison theorems of Riemannian geometry
discussed in Chapter 1. Next we consider a one-parameter family of Har-
nack inequalities for the Ricci flow coupled to a linear type heat equation
(§4). In one instance we have the Li-Yau inequality, and in another instance
we have the linear trace Harnack estimate, which generalizes Hamilton’s
trace estimate. An open problem is to generalize this to higher dimensions.
In the Kähler case, this has be accomplished by Ni. With these prelimi-
naries we move on to Hamilton’s celebrated matrix Harnack estimate for
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solutions of the Ricci flow with nonnegative curvature operator (§5). The
specific Harnack under consideration is motivated directly from the consid-
eration of expanding gradient Ricci solitons. The trace inequality (obtained
from the matrix inequality by summing over an orthonormal basis) is par-
ticularly simple to state and in all dimensions is surprisingly similar to the
2-dimensional inequality. We show that the matrix inequality in dimension
2 is the same as the previous estimate which was in the form of a symmetric
2-tensor being nonnegative. The proof of the matrix estimate depends on
a calculation, which at first glance looks quite complicated (§6). However,
using the formalism of considering tensors as vector-valued functions on the
principal frame bundle (either GL (n,R) or O (n)) we can simplify the com-
putations. The matrix Harnack quadratic is a bilinear form on the bundle of
1-forms direct sum the bundle of 2-forms. It satisfies a heat-type equation
with a quadratic nonlinear term analogous to the heat-type equation satis-
fied by the Riemann curvature tensor. Taking bases of 1-forms and 2-forms,
one can exhibit the quadratic nonlinearity as a sum of squares when the
curvature operator is nonnegative. This is the main reason why the matrix
Harnack inequality may be proved by a maximum principle argument. The
trace Harnack has a generalization to a Harnack inequality for nonnega-
tive definite symmetric 2-tensors satisfying the Lichnerowicz Laplacian heat
equation coupled to the Ricci flow (§7). This Harnack generalizes the trace
Harnack. Using this we give a simplified proof of Hamilton’s result that an-
cient solutions with nonnegative bounded curvature operator which attain
the supremum of their scalar curvatures are steady gradient Ricci solitons.
Further investigating the linearized Ricci flow (§8), we give a pinching es-
timate for solutions to the linearized Ricci flow on closed 3-manifolds. An
open problem is to find applications of this general estimate, perhaps in
conjunction with the linear trace Harnack or other new estimates. In the
notes and commentary (§9) we briefly discuss the matrix Harnack for the
heat equation, the Harnack for the mean curvature flow, and some tools for
calculating evolution equations associated to Ricci flow.

Chapter 9. We discuss various space-time geometries which are rather
similar culminating in Perelman’s metric on space-time product with large
dimensional and large radius spheres. We begin with Hamilton’s notion
of the Ricci flow for degenerate metrics and the space-time connection of
Chu and one of the authors (§1). This connection is compatible with the
degenerate space-time metric and as a pair they satisfy the Ricci flow for de-
generate metrics. We state the formulas for the Riemann and Ricci tensors
of the space-time connection and observe curvature identities which suggest
that the metric-connection pair is a Ricci soliton. We observe (§2) that the
space-time Riemann curvature tensor is the matrix Harnack quadratic and
the space-time Ricci tensor is the trace Harnack quadratic. Next we take
the product of space-time with Einstein metric solutions of the Ricci flow
(§3). We also introduce a scalar parameter into the definition of the poten-
tially infinite space-time metric. We calculate the Levi-Civita connections
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of these metrics and observe that they essentially tend to the space-time
connection defined in §1. It is particularly interesting that the space-time
Laplacians tend to the heat (forward or backward) operator (depending on
the sign the scalar parameter.) This fact depends on the dimension tending
to infinity. Next we compute the Riemann and Ricci curvature tensors of
the potentially infinite metrics. We observe that when the scalar parameter
is −1, the metric tends to Ricci flat (this is due to Perelman). This is related
to the developments on the ℓ-function discussed in a later chapter. We also
recall the observation, again due to Perelman, that the metrics are essen-
tially potentially Ricci soliton (at least he observed this when the parameter
is either −1 or 1.) Renormalizing the space-time length functional, we ob-
tain the ℓ -function (§4). Not only is the space-time metric and connection
related to the matrix Harnack, it is also related to the linear trace Harnack
(§5). Here we need to make some modifications to describe the relation. An
auxiliary function f is introduced and its definition is related to Perelman’s
idea of fixing the measure which he introduced when defining his energy
and entropy. In the notes and commentary we discuss a space-time formu-
lation of flows of hypersurfaces (§6) and its relation with Andrews’ Harnack
inequalities.





Notation

Here we list some of the notation which we use throughout the book.

(1) Area area of a surface or volume of a hypersurface
(2) dA area form (volume form in dimension 2)
(3) ASCR asymptotic scalar curvature ratio
(4) AVR asymptotic volume ratio
(5) B (p, r) ball of radius r centered at p
(6) bounded curvature = bounded sectional curvature
(7) const constant
(8) Cut (p) cut locus of p
(9) Γkij Christoffel symbols

(10) ∇ covariant derivative
(11) + defined to be equal to
(12) d distance
(13) div divergence
(14) · either dot product or multiplication, depending on the context
(15) int interior
(16) ∆, ∆L, ∆d Laplacian, Lichnerowicz and Hodge Laplacians
(17) L length
(18) H mean curvature
(19) Hess (f) or ∇∇f Hessian of f
(20) g (X,Y ) = 〈X,Y 〉 metric or inner product
(21) log natural logarithm
(22) F , W Perelman’s energy, entropy functional
(23) I a time interval for the Ricci flow
(24) J a time interval for the backward Ricci flow
(25) ℓ reduced distance or ℓ-function
(26) L Lie derivative or L-length, depending on the context
(27) ν unit outward normal
(28) ode / odi ordinary differential equation / inequality
(29) pde partial differential equation
(30) rhs right-hand side
(31) R, Rc, Rm scalar, Ricci and Riemann curvature tensors
(32) II or h second fundamental form
(33) S (p, r) distance sphere
(34) tr or Trace trace
(35) Vol volume of a manifold

xxv
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(36) dµ volume form
(37) dσ volume form on the boundary or on a hypersurface
(38) ωn volume of the unit euclidean n-ball
(39) nωn volume of the unit euclidean (n− 1)-sphere
(40) W 1,2 Sobolev space of first derivatives in L2

(41) X♭ dual 1-form to the vector field X
(42) α♮ dual vector field to the 1-form α



CHAPTER 1

Basic Riemannian geometry

Wake up, Neo... The Matrix has you... Follow the white rabbit.

In this first chapter we present some basic Riemannian geometry with an
emphasis on the materials which are related to the techniques encountered
in the study of the Ricci flow. The work of Hamilton has emphasized the
Bochner formulas, maximum principles, and pointwise monotonicity formu-
las. The recent work of Perelman brings into this picture of the Ricci flow:
space-time and comparison geometry, and integral and pointwise monotonic-
ity formulas. The reader familiar with basic Riemannian geometry may skip
the following sections and proceed directly to Chapter 2.

Sections 2-6 discuss the basic definitions of metric, connection, curva-
ture, covariant differentiation, geodesics, Jacobi fields, exponential map,
Hessian, Laplacian, volume, Jacobian, and their properties. We empha-
size local coordinate calculations and review Bochner formulas, integration
by parts, and comparison theory such as the Laplacian and Hessian compar-
ison theorems, the volume and Rauch comparison theorems and Toponogov
comparison theorem. Sections 7-12 review some aspects of the laplace and
heat equations including their fundamental solutions (Green’s function and
heat kernel), spectral theory, and harmonic functions and maps. The rest
of the chapter considers some miscellaneous topics such as Lie groups, the
Bieberbach theorem and a compendium of some of the basic inequalities
that we use later in the book.

1. Introduction

In Riemannian geometry one often asks the following question. Given
a restriction on the curvature of a Riemannian manifold, what topological
conditions follow? Myers’ theorem is a good example of this. It says that
a complete n-dimensional manifold with Ricci curvature1 bounded below by
a positive constant (n− 1) k has diameter at most π/

√
k. Topological conse-

quences of this are that the manifold is compact and has finite fundamental
group. Another nice example is the Cartan-Hadamard theorem which

1For the definition of Ricci curvature and other basic concepts in Riemannian geom-
etry, see section 2 below.

1
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says that a simply connected, complete Riemannian manifold with nonposi-
tive sectional curvature is diffeomorphic to Rn and each exponential map is
a diffeomorphism.

In the subject of Ricci flow one starts with a Riemannian manifold and
deforms the metric in the direction of minus the Ricci tensor. The underlying
differentiable manifold stays the same. Here one hopes to prove that the
geometry of the metric improves as it evolves. The first success, in fact the
main theorem of the seminal paper [255] by Richard Hamilton in 1982, has
the following topological consequence.

Theorem 1.1 (Hamilton 1982 - 3-manifolds with positive Ricci curva-
ture). If

(
M3, g

)
is a closed 3-manifold with positive Ricci curvature, then it

is diffeomorphic to a spherical space form. That is, M3 admits a metric
with constant positive sectional curvature.

Here and throughout this book, closed means compact without bound-
ary. More ambitiously, one would like to use Ricci flow to prove the following
Geometrization Conjecture .

Conjecture 1.2 (Thurston Geometrization). Every closed 3-manifold
admits a geometric decomposition.

A corollary of the Geometrization Conjecture is the Poincaré Conjec-
ture, which says that every simply connected closed topological 3-manifold
is homeomorphic to the 3-sphere and which is one of the Millennium prize
problems. We refer to the survey papers of Thurston [487] and Scott [450]
for background on the Geometrization Conjecture. For more recent surveys
of the geometrization conjecture, see the notes and commentary at the end
of this chapter.

2. Basic conventions and formulas in Riemannian geometry

Let (Mn, g) be a Riemannian manifold. That is, Mn is an n-
dimensional differentiable manifold and g is a Riemannian metric. A
Riemannian metric g (also denoted by 〈 , 〉) is a smoothly varying inner
product on the tangent spaces (Riemann 1854.) Equivalently, we may
think of g either as a positive-definite section of the bundle of symmet-
ric (covariant) 2-tensors T ∗M ⊗S T

∗M or as positive-definite bilinear maps
g(x) : TxM ×TxM → R , for all x ∈M. Here, T ∗M ⊗S T

∗M is the subspace
of T ∗M ⊗ T ∗M generated by elements of the form X ⊗ Y + Y ⊗ X. The
metric g defines an infinitesimal notion of length and angle. The length of
a tangent vector X is defined by:

|X| + g(X,X)1/2

and the angle between two nonzero tangent vectors X and Y is defined by:

∠(X,Y ) + cos−1

(〈X,Y 〉
|X| |Y |

)
.
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Let
{
xi
}

be local coordinates in a neighborhood U of some point of M. In U

the vector fields
{
∂/∂xi

}
form a local basis for TM and the 1-forms

{
dxi
}

form a dual basis for T ∗M, that is, dxi(∂/∂xj) = δij . The metric may be
then written in local coordinates as

g = gijdx
i ⊗ dxj ,

where gij + g(∂/∂xi, ∂/∂xj) and we have used, as we will throughout the
book, the Einstein summation convention. We shall often denote the metric
g (and tensors in general) by its components gij .

Given a smooth immersion ϕ : Nm →Mn and a metric g on Mn we can
pull back g to a metric on N

(ϕ∗g) (V,W ) + g (ϕ∗V, ϕ∗W ) .

Note that if {yα} and
{
xi
}

are local coordinates on N and M respectively,
then

(ϕ∗g)αβ = gij
∂ϕi

∂yα
∂ϕj

∂yβ

where (ϕ∗g)αβ + (ϕ∗g)
(
∂/∂yα, ∂/∂yβ

)
and ϕi + xi ◦ ϕ. More generally,

given any covariant p-tensor α on Mn and a smooth map ϕ : Nm → Mn,
we define the pull back of α to N by

(ϕ∗α) (X1, . . . , Xp) = α (ϕ∗X1, . . . , ϕ∗Xp)

for all X1, . . . , Xp ∈ TyN. If ϕ is a diffeomorphism, then the pull back of
contravariant tensors is defined as the push forward by ϕ−1.

Recall the Levi-Civita connection (or covariant derivative) ∇ :
TM × C∞ (TM) → C∞ (TM) is the unique connection on TM that is
compatible with the metric and torsion free:

X (g (Y,Z)) = g (∇XY,Z) + g (Y,∇XZ)(1.1)

∇XY −∇YX = [X,Y ] ,(1.2)

where it is customary to write ∇XY for (∇Y ) (X) = ∇ (X,Y ) (note ∇Y is
a (1, 1)-tensor) and

[X,Y ] f + X (Y f) − Y (Xf)

defines the Lie bracket acting on functions. From this one can show by
taking a linear combination of the above equations with permutations of the
vector fields X, Y and Z that

2g (∇XY,Z) = X (g (Y,Z)) + Y (g (X,Z)) − Z (g (X,Y ))(1.3)

+ g ([X,Y ] , Z) − g ([X,Z] , Y ) − g ([Y,Z] , X) .

The differentiable structure on Mn enables us to define the directional
derivatives of functions which, besides the linearity properties, satisfy the
product rule X (fh) = hX (f) + fX (h) . Covariant differentiation, which is
defined by using the Riemannian metric, tells us how to differentiate vector
fields. Equation (1.1) is the product rule (compatibility with the metric) and
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(1.2) is a compatibility condition with the differentiable structure (torsion-
free).

Exercise 1.3. Let ∇g denote the Levi-Civita connection of the metric
g. Show that for any constant c > 0 and metric g, ∇cg = ∇g.

Let
{
xi
}n
i=1

be a local coordinate system defined in an open set U

in Mn.2 The Christoffel symbols are defined in U by ∇∂/∂xi∂/∂xj +

Γkij∂/∂x
k. Here and throughout the book, we follow the Einstein sum-

mation convention of summing over repeated indices. By (1.3) and[
∂
∂xi ,

∂
∂xj

]
= 0 we see that they are given by

(1.4) Γkij =
1

2
gkℓ
(
∂

∂xi
gjℓ +

∂

∂xj
giℓ −

∂

∂xℓ
gij

)
.

Exercise 1.4. Let
{
xi
}

and {yα} be coordinate functions on a common

open set. Using gαβ = gij
∂xi

∂yα
∂xj

∂yβ show that

Γγαβ
∂xk

∂yγ
= Γkij

∂xi

∂yα
∂xj

∂yβ
+

∂2xk

∂yα∂yβ
.

Solution. (See also §I.7 of [198].) Let Φi
α = ∂xi

∂yα so that gαβ = gijΦ
i
αΦj

β

and gγδ = gkℓ
(
Φ−1

)γ
k

(
Φ−1

)δ
ℓ
. We compute

ΓγαβΦ
k
γ =

1

2
gkℓ
(
Φ−1

)δ
ℓ

(
∂

∂yα

(
gjmΦj

βΦ
m
δ

)
+

∂

∂yβ
(
gimΦi

αΦm
δ

)
− ∂

∂yδ

(
gijΦ

i
αΦj

β

))

= Φi
αΦj

βΓ
k
ij +

1

2
gkℓ
(
gjℓ

∂

∂yα
Φj
β + giℓ

∂

∂yβ
Φi
α − gij

((
Φ−1

)δ
ℓ

∂

∂yδ
Φi
α

)
Φj
β

)

+
1

2
gkℓ
(
Φ−1

)δ
ℓ

(
gjmΦj

β

∂

∂yα
Φm
δ + gimΦi

α

∂

∂yβ
Φm
δ − gijΦ

i
α

∂

∂yδ
Φj
β

)

= Φi
αΦj

βΓ
k
ij +

∂2xk

∂yα∂yβ
.

where we used

∂

∂yα
Φk
β =

∂

∂yβ
Φk
α =

∂2xk

∂yα∂yβ
,

∂

∂yα
Φi
δ =

∂

∂yδ
Φi
α,

∂

∂yβ
Φj
δ =

∂

∂yδ
Φj
β .

Exercise 1.5. Verify that if (Mn, g) is a Riemannian manifold, ϕ :
Nm →Mn is an immersion, and {yα} and

{
xi
}

are local coordinates on N
and M respectively, then

Γ (ϕ∗g)γαβ
∂ϕk

∂yγ
=
(
Γkij ◦ ϕ

) ∂ϕi
∂yα

∂ϕj

∂yβ
+

∂2ϕk

∂yα∂yβ

where ϕi + xi ◦ ϕ.
2The reason we often carry out computations in local coordinates, as compared to

moving frames, is that under the Ricci flow the metric is time-dependent. However, in
some cases using an evolving moving frame simplifies computations.



2. BASIC CONVENTIONS AND FORMULAS IN RIEMANNIAN GEOMETRY 5

The covariant derivative defines the notion of parallel translation along a
path. In particular a vector field X along a path γ : (a, b) →Mn is parallel
if

∇γ̇X = 0

along γ. We say that a path γ is a geodesic if the unit tangent vector field
is parallel along γ:

∇γ̇

(
γ̇

|γ̇|

)
= 0.

A geodesic has constant speed if |γ̇| is constant along γ; in this case ∇γ̇ γ̇ = 0.
As we shall see in section 5, the shortest path between two points is a
geodesic and locally geodesics minimize length.

Exercise 1.6. Show that if X is parallel along a path γ, then |X|2 is
constant along γ.

Solution.

∇γ̇ |X|2 = 2 〈∇γ̇X,X〉 = 0.

The Riemann curvature (3, 1)-tensor Rm is defined by

(1.5) Rm (X,Y )Z + ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

One easily checks that for any function f

(1.6) Rm (fX, Y )Z = Rm (X, fY )Z = Rm (X,Y ) (fZ) = f Rm (X,Y )Z.

Thus Rm is indeed a tensor. It is also nice to define

∇2
X,Y Z + ∇X∇Y Z −∇∇XY Z

so that

(1.7) Rm (X,Y )Z = ∇2
X,Y Z −∇2

Y,XZ,

(1.8) ∇2
fX,Y Z = ∇2

X,fY Z = f∇2
X,Y Z,

and
(1.9)
∇2
X,Y (fZ) = f∇2

X,Y Z+Y (f) ∇XZ+X (f) ∇Y Z−((∇XY ) f) Z+X (Y (f)) Z

for any function f. Note that from (1.8), (1.9) and (1.7) we can immediately
derive (1.6).

Remark 1.7. The bracket measures the noncommutativity of the direc-
tional derivative acting on functions, whereas Rm measures the noncommu-
tativity of covariant differentiation acting on vector fields.

The components of the (3, 1)-tensor Rm are defined by

Rm

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
+ Rℓijk

∂

∂xℓ
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and Rijkℓ + gℓmR
m
ijk ; note

Rijkℓ = Rm

(
∂

∂xi
,
∂

∂xj
,
∂

∂xk
,
∂

∂xℓ

)
+

〈
Rm

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
,
∂

∂xℓ

〉

are the components of Rm as a (4, 0)-tensor. Some basic symmetries of the
Riemann curvature tensor are

(1.10) Rijkℓ = −Rjikℓ = −Rijℓk = Rkℓij .

If P ⊂ TxM
n is a 2-plane, then the sectional curvature of P is defined by

K (P ) + 〈Rm (e1, e2) e2, e1〉
where {e1, e2} is an orthonormal basis of P ; this definition is independent
of the choice of such a basis.

Exercise 1.8. Show that if X and Y are any two vectors spanning P,
then

K (P ) =
〈Rm (X,Y )Y,X〉
|X|2 |Y |2 − 〈X,Y 〉2

.

Exercise 1.9. Using (1.5) and (1.4) show that

(1.11) Rℓijk = ∂iΓ
ℓ
jk − ∂jΓ

ℓ
ik + ΓpjkΓ

ℓ
ip − ΓpikΓ

ℓ
jp .

The Ricci tensor Rc is the trace of the Riemann curvature tensor:

Rc (Y,Z) + trace (X 7→ Rm (X,Y )Z) .

In terms of an orthonormal frame {ea}na=1 , i.e., a frame with g (ea, eb) = δab,
we have Rc (Y,Z) =

∑n
a=1 Rm (ea, Y )Z · ea. Its components, defined by

Rij + Rc
(
∂
∂xi ,

∂
∂xj

)
, are given by

Rjk =
n∑

i=1

Riijk.

The Ricci curvature of a line L ⊂ TxM
n is defined by

Rc (L) + Rc (e1, e1)

where e1 ∈ TxM
n is a unit vector spanning L.

The scalar curvature is the trace of the Ricci tensor: R =
∑n

a=1 Rc (ea, ea) .
In local coordinates, R = gijRij ; here gij +

(
g−1
)
ij

is the inverse matrix.

Note that we can globally define a metric g−1 on the cotangent bundle
by g−1 + gij ∂

∂xi ⊗ ∂
∂xj in any local coordinate system.

Exercise 1.10. Show that g−1 is well-defined.

Exercise 1.11 (Scaling properties of the curvatures). Given a metric g
and a positive constant C, show that Rm(3,1) (Cg) = Rm(3,1) (g) (as a (3, 1)-
tensor), Rm(4,0) (Cg) = C Rm(4,0) (g) , Rc (Cg) = Rc (g) , and R (Cg) =

C−1R (g) .
Hint: use Exercise 1.3.
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Exercise 1.12 (Geometric interpretation of tracing). Show that the
trace of a symmetric 2-tensor α is given by the following formula:

Trace g (α) =
1

ωn

∫

Sn−1

α (V, V ) dσ (V )

where Sn−1 is the unit (n− 1)-sphere, nωn its volume, and dσ its volume
form. From this show for any unit vector U, that 1

n−1 Rc (U,U) is the aver-
age of the sectional curvatures of planes containing the vector U. Similarly,
1
nR (p) is the average of Rc (U,U) over all unit vectors U ∈ Sn−1 ⊂ TpM

n.

Solution. There exists an orthonormal basis {ei}ni=1 such that α =∑n
i=1 λie

∗
i ⊗ e∗i . Furthermore, Trace g (α) =

∑n
i=1 λi and

1

ωn

∫

Sn−1

〈V, ei〉2 dσ (V ) = 1.

See also [218].

Remark 1.13. As discussed in the introduction, a basic problem is to
understand the effect curvature conditions (such as the curvature having a
given sign) have on the topology and geometry of a manifold. The sectional
curvature tells us the most, the scalar curvature the least, and the Ricci
curvature is somewhere in between.

Just as important as differentiating functions and vector fields is differ-
entiating tensors. By requiring that the covariant differentiation commutes
with contractions and that the product (Leibnitz) rule holds, one defines
covariant differentiation acting on tensors. In particular, acting on (0, s)-
tensors, we define covariant differentiation by

∇X : C∞(⊗sTM) → C∞(⊗sTM),

where

∇X(Z1 ⊗ · · · ⊗ Zs) +
s∑

i=1

Z1 ⊗ · · · ⊗ ∇XZi ⊗ · · · ⊗ Zs.

The covariant derivative of an (r, s)-tensor α is then defined by:
(1.12)

∇X α(Y1, . . . , Yr) + ∇X (α(Y1, . . . , Yr)) −
r∑

i=1

α (Y1, . . . ,∇XYi, . . . , Yr) ,

where each term is an element of C∞(⊗sTM). Let ⊗r,sM = (⊗rTM∗) ⊗
(⊗sTM) . The covariant derivative may be considered as:

∇ : C∞(⊗r,sM) → C∞(⊗r+1,sM),

where
∇α (X,Z1, . . . , Zr) + ∇Xα (Z1, . . . , Zr) ,

or equivalently,

∇α =
n∑

i=1

∇iα⊗ dxi.
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In this way we may square the covariant derivative operator:

∇2 : C∞(⊗r,sM) → C∞(⊗r+2,sM),

which is given by

∇2α (X,Y, Z1, . . . , Zr) = ∇X (∇α) (Y,Z1, . . . , Zr)

= [∇X (∇α(Y )) −∇α (∇XY )] (Z1, . . . , Zr)

= ∇X∇Y α (Z1, . . . , Zr) −∇∇XY α (Z1, . . . , Zr) .

Using the notation

∇2
X,Y α (Z1, . . . , Zr) + ∇2α (X,Y, Z1, . . . , Zr) ,

we may rewrite this as

∇2
X,Y α = ∇X∇Y α−∇∇XY α.

We now have (1.1) is equivalent to

(1.13) ∇g = 0

(i.e., the metric is parallel).3 As a matter of notation, we let ∇Xβ denote
the covariant derivative of a tensor β with respect to a vector X. We shall
usually use local coordinates to express the components of tensors and follow
the classical index notation (Ricci calculus). If β is an (r, s)-tensor, then we

define the components ∇iβ
k1···ks
j1···jr of the covariant derivative ∇β of β by

∇iβ
k1···ks
j1···jr

∂

∂xk1
⊗ · · · ⊗ ∂

∂xks
+
(
∇∂/∂xiβ

)( ∂

∂xj1
, . . . ,

∂

∂xjr

)
.

We then have

∇iβ
k1···ks
j1···jr =

∂

∂xi
βk1···ks
j1···jr −

r∑

m=1

n∑

ℓ=1

Γℓijmβ
k1···ks
j1···jm−1ℓjm+1···jr(1.14)

+
s∑

p=1

n∑

q=1

Γ
kp

iq β
k1···kp−1qkp+1···ks

j1···jr .

For example

∇iRjk + (∇Rc)

(
∂

∂xi
,
∂

∂xj
,
∂

∂xk

)

=
(
∇ ∂

∂xi
Rc
)( ∂

∂xj
,
∂

∂xk

)
=

∂

∂xi
Rjk − ΓℓijRℓk − ΓℓikRjℓ

and

∇iRjkℓm +
(
∇∂/∂xi Rm

)( ∂

∂xj
,
∂

∂xk
,
∂

∂xℓ
,
∂

∂xm

)

=
∂

∂xi
Rjkℓm − ΓpijRpkℓm − ΓpikRjpℓm − ΓpiℓRjkpm − ΓpimRjkℓp.

3In general we say that a tensor is parallel if its covariant derivative is zero.
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Exercise 1.14. Show that

∇i∇jf + (∇∇f)

(
∂

∂xi
,
∂

∂xj

)
=

∂2f

∂xi∂xj
− Γkij

∂f

∂xk

and more generally for a 1-form X

∇iXj =
∂

∂xi
Xj − ΓkijXk.

Besides (1.10) there are additional symmetries the Riemann curvature
tensor satisfies. The first and second Bianchi identities are:

Rijkℓ +Rjkiℓ +Rkijℓ = 0(1.15)

∇iRjkℓm + ∇jRkiℓm + ∇kRijℓm = 0.(1.16)

The (twice) contracted second Bianchi identity is

(1.17) 2gij∇iRjk = ∇kR.

This is equivalent to the Einstein tensor Rc−1
2Rg being divergence-free:

div

(
Rc−1

2
Rg

)
= 0

(see (1.58) below for the definition of divergence). Formula (1.17) follows
from multiplying the second Bianchi identity (1.16) by gimgjℓ.

Exercise 1.15 (Once contracted 2nd Bianchi identity). Show that by
multiplying (1.16) by gim and summing (that is, contracting once), we have

(1.18) gim∇iRjkℓm = ∇jRkℓ −∇kRjℓ.

That is, the divergence of Rm is the exterior covariant derivative of Rc
considered as a 1-form with values in the tangent bundle.

As we shall see in the next section, the Bianchi identities are related to
the diffeomorphism invariance of the curvature.

A Riemannian manifold (Mn, g) has constant sectional curvature if
the sectional curvature of every 2-plane is the same. That is, there exists
k ∈ R such that for every x ∈ M and 2-plane P ⊂ TxM, K (P ) = k.
Similarly we say that a metric has constant Ricci curvature if the Ricci
curvature of every line is the same.

Exercise 1.16 (Schur).

(1) Using (1.17), show that if g is an Einstein metric: Rij = 1
nRgij and

n ≥ 3, then R is a constant. Note that the condition Rij = 1
nRgij

says that the Ricci curvatures depend only on the point and not on
the line at the point. The result of this exercise says that in this
case, if n ≥ 3, then the Ricci curvatures also do not depend on the
point.
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(2) Using the second Bianchi identity (1.16), show that if n ≥ 3 and the
sectional curvatures at each point are independent of the 2-plane,
that is, if

Rijkℓ =
R

n (n− 1)
(giℓgjk − gikgjℓ) ,

then R is a constant.

2.1. Lie derivative. Let α be a tensor and X a complete vector field
generating a global 1-parameter group of diffeomorphisms ϕt (the following
definition extends to the case where X is not complete and only defines
local 1-parameter groups of diffeomorphisms). The Lie derivative of α
with respect to X is defined by

(1.19) LXα + lim
t→0

1

t
(α− (ϕt)∗ α) .

Here (ϕt)∗ : TpM
n → Tϕt(p)M

n is the differential of ϕt. It acts on the

cotangent bundle by (ϕt)∗ =
(
ϕ−1
t

)∗
: T ∗

pM
n → T ∗

ϕt(p)
Mn. We can then

naturally extend the action of (ϕt)∗ to the tensor bundles of Mn, which is
used in (1.19).

Remark 1.17. If ψ : Mn → Nm is a map and α is an (r, 0) tensor on
Nm, then

(ψ∗α) (Y1, . . . , Yr) + α (ψ∗Y1, . . . , ψ∗Yr) .

The Lie derivative, which measures the infinitesimal lack of diffeomor-
phism invariance of a tensor with respect to a 1-parameter group of diffeo-
morphisms generated by a vector field, has the following properties:

(1) If f is a function, then LXf = Xf.
(2) If Y is a vector field, then LXY = [X,Y ] .
(3) If α and β are tensors, then LX (α⊗ β) = (LXα)⊗β+α⊗ (LXβ) .
(4) If α is an (r, 0)-tensor, then for any vector fields X,Y1, . . . , Yr

(LXα) (Y1, . . . , Yr) = X (α (Y1, . . . , Yr))

−
n∑

i=1

α (Y1, . . . , Yi−1, [X,Yi] , Yi+1, . . . , Yr)

= (∇Xα) (Y1, . . . , Yr)(1.20)

+
n∑

i=1

α (Y1, . . . , Yi−1,∇YiX,Yi+1, . . . , Yr) .

For example, if α is a 2-tensor, then

(LXα)ij = ∇Xαij + gkℓ (∇iXkαℓj + ∇jXkαiℓ) .

Exercise 1.18. Given a diffeomorphism ϕ : Mn → Mn, we have ϕ∗ :
T ∗
ϕ(p)M

n → T ∗
pM

n. The pull back acts on the tangent bundle by ϕ∗ =
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(
ϕ−1

)
∗ : Tϕ(p)M

n → TpM
n. These actions extend to the tensor bundles

of Mn. Show that definition (1.19) is equivalent to

LXα = lim
t→0

1

t
(ϕ∗

tα− α) =
d

dt

∣∣∣∣
t=0

ϕ∗
tα.

Recall that the gradient of a function f with respect to the metric g is
defined by g

(
gradg f,X

)
+ Xf = df (X) . In other words, gradg f is the

metric dual of the 1-form df. Throughout this book we shall also use the
notation ∇f to denote both df and gradg f.

Exercise 1.19 (Lie derivative of the metric). Using (1.20), show that
the Lie derivative of the metric is given by

(1.21) (LXg) (Y1, Y2) = g (∇Y1X,Y2) + g (Y1,∇Y2X)

and that in local coordinates this implies

(LXg)ij = ∇iXj + ∇jXi.

In particular, if f is a function, then

(1.22)
(
Lgradg fg

)
ij

= 2∇i∇jf.

Remark 1.20. Formula (1.22) is useful when considering gradient Ricci
solitons.

Exercise 1.21. Show that for any diffeomorphism ϕ : Mn → Mn, ten-
sor α, and vector field X,

(1.23) ϕ∗ (LXα) = Lϕ∗X (ϕ∗α) ,

and if f : Mn → R, then

(1.24) ϕ∗ (gradg f
)

= gradϕ∗g (f ◦ ϕ) .

Solution. Let ψ (t) denote the 1-parameter group of diffeomorphisms
generated by X:

ϕ∗ (LXα) = ϕ∗
(

lim
t→0

ψ (t)∗ α− α

t

)

= lim
t→0

(
ϕ−1 ◦ ψ (t) ◦ ϕ

)∗
ϕ∗α− ϕ∗α

t
= LY (ϕ∗α)

where Y is the vector field generating the 1-parameter group of diffeomor-
phisms ϕ−1 ◦ ψ (t) ◦ ϕ. Now

Y (x) =
d

dt

∣∣∣∣
t=0

ϕ−1 ◦ ψ (t) ◦ ϕ (x) =
(
ϕ−1

)
∗
d

dt

∣∣∣∣
t=0

ψ (t) ◦ ϕ (x)

=
(
ϕ−1

)
∗ (X (ϕ (x))) = (ϕ∗X) (x) .
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For any x ∈Mn and X ∈ Tϕ(x)M
n we have

〈
ϕ∗ (gradg f

)
, ϕ∗X

〉
ϕ∗g

(x) =
〈
gradg f,X

〉
g
(ϕ (x))

= (Xf) (ϕ (x)) = (ϕ∗X) (f ◦ ϕ) (x) .

Remark 1.22. If ϕ(t) : Mn → Mn is the 1-parameter family of diffeo-
morphisms and α is a tensor, then

(1.25)
∂

∂t
(ϕ (t)∗ α) = LX(t)ϕ (t)∗ α

where

X (t0) +
∂

∂t

∣∣∣∣
t=t0

(
ϕ (t0)

−1 ◦ ϕ (t)
)

=
(
ϕ (t0)

−1
)
∗

∂

∂t

∣∣∣∣
t=t0

ϕ (t) .

Here we have not assumed that ϕ (t) is a group.

We say that a diffeomorphism ψ : (Mn, g) → (Nn, h) is an isometry
if ψ∗h = g. Two metrics are said to be isometric if there is an isometry
between them. Geometrically such metrics are indistinguishable. We say
that a vector field X on (Mn, g) is Killing if LXg = 0. Recall that a
vector field X is complete if there is 1-parameter group of diffeomorphisms
{ϕt}t∈R

generated by X. If Mn is closed, then any smooth vector field is
complete. If X is a complete Killing vector field, then the 1-parameter group
of diffeomorphisms ϕt that it generates is a 1-parameter group of isometries
of (Mn, g) .

Exercise 1.23 (2nd Bianchi identity from diffeomorphism invariance of
curvature).

(1) Prove the Jacobi identity

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0

for vector fields X,Y, Z as follows. Let ϕt : Mn →Mn be the one-
parameter group of diffeomorphisms generated by X and take the
time derivative at t = 0 of the ‘invariance of the Lie bracket under
diffeomorphism’ equation:

ϕ∗
t [Y,Z] = [ϕ∗

tY, ϕ
∗
tZ] .

(2) (Hilbert, Kazdan [311]) Similarly, prove the (contracted) second
Bianchi identities by considering the diffeomorphism invariance of
the scalar curvature and Riemannian curvature tensor.
(a) More precisely, to obtain the contracted second Bianchi iden-

tity (1.17) apply (2.4) to the equation:

(1.26) DRg (LXg) = LXR = ∇iRX
i

where DRg (LXg) denotes the linearization of Rg in the direc-
tion LXg ;

(b) to prove the second Bianchi identity (1.16) apply (3.13) to:

(1.27) DRm g (LXg) = LX Rm .
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Solution. 2a) From (2.4) and (1.26) we have

(1.28) ∇R ·X = DRg (LXg) = −2∆ div(X) + div (divLXg) − 〈LXg,Rc〉 .

Now

(divLXg)i = ∇j (∇jXi + ∇iXj)

= ∆Xi + ∇i div (X) +RikXk

and

div (divLXg) = div (∆X) + ∆ div (X) + div (Rc (X)) .

The first term on the lhs may be rewritten as

div (∆X) = ∇i∇j∇jXi

= ∇j∇i∇jXi

= ∆ div (X) + div (Rc (X))

(check the second equality). Hence

div (divLXg) = 2∆ div (X) + 2 div (Rc (X)) .

Substituting this in (1.28) we obtain

∇R ·X = 2 div (Rc (X)) − 〈LXg,Rc〉
= 2 div (Rc) ·X.

Since X is arbitrary, we conclude that ∇R = 2 div (Rc) .
2b) From (3.14) we deduce

∂

∂s
Rijkℓ =

1

2
(∇i∇kvjℓ −∇i∇ℓvjk −∇j∇kviℓ + ∇j∇ℓvik)

+
1

2
(Rijkqvqℓ +Rijqℓvqk)

(note the slight change in the formula due to the lowering of an index in
Rm .) Thus (1.27) implies

1

2

(
∇i∇k (∇jXℓ + ∇ℓXj) −∇i∇ℓ (∇jXk + ∇kXj)
−∇j∇k (∇iXℓ + ∇ℓXi) + ∇j∇ℓ (∇iXk + ∇kXi)

)

+
1

2
(Rijkm (∇mXℓ + ∇ℓXm) +Rijmℓ (∇mXk + ∇kXm))

= DRm g (LXg) = LX Rm
(1.29)

= Xm∇mRijkℓ +Rmjkℓ∇iX
m +Rimkℓ∇jX

m +Rijmℓ∇kX
m +Rijkm∇ℓX

m

First we recognize ∇mRijkℓ as a potential second Bianchi identity term.
Next we look at the terms on the first two lines of the above equation. For
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example the first terms on the top two lines are

∇i∇k∇jXℓ −∇j∇k∇iXℓ = ∇i∇j∇kXℓ −∇j∇i∇kXℓ

−∇i (RkjℓmXm) + ∇j (RkiℓmXm)

= −Rijkm∇mXℓ −Rijℓm∇kXm

−∇i (RkjℓmXm) + ∇j (RkiℓmXm)

Similarly (switch k and ℓ in the above)

−∇i∇ℓ∇jXk + ∇j∇ℓ∇iXk = Rijℓm∇mXk +Rijkm∇ℓXm

+ ∇i (RℓjkmXm) −∇j (RℓikmXm) .

Next we look at

∇i∇k∇ℓXj −∇i∇ℓ∇kXj = −∇i (RkℓjmXm)

and

−∇j∇k∇ℓXi + ∇j∇ℓ∇kXi = ∇j (RkℓimXm) .

Substituting the above into (1.29), we get

−Rijkm∇mXℓ −Rijℓm∇kXm −∇i (RkjℓmXm) + ∇j (RkiℓmXm)

+Rijℓm∇mXk +Rijkm∇ℓXm + ∇i (RℓjkmXm) −∇j (RℓikmXm)

−∇i (RkℓjmXm) + ∇j (RkℓimXm)

+Rijkm (∇mXℓ + ∇ℓXm) +Rijmℓ (∇mXk + ∇kXm)

= 2Xm∇mRijkℓ + 2Rmjkℓ∇iX
m + 2Rimkℓ∇jX

m + 2Rijmℓ∇kX
m + 2Rijkm∇ℓX

m.

Simplifying this yields

0 = ∇i [(Rjkℓm +Rℓjkm +Rkℓjm)Xm] + ∇j [(Rkiℓm +Riℓkm +Rℓkim)Xm]

− 2 (∇iRjmkℓ + ∇mRijkℓ + ∇jRmikℓ)Xm.

Now we choose X so that at a point X = 0 and ∇iXj = δij . Then

0 = (Rjkℓi +Rℓjki +Rkℓji) + (Rkiℓj +Riℓkj +Rℓkij)

= 2 (Rjkℓi +Rℓjki +Rkℓji)

which implies the first Bianchi identity. Hence the first line vanishes and we
conclude

(∇iRjmkℓ + ∇mRijkℓ + ∇jRmikℓ)Xm = 0.

Since X is arbitrary, we obtain the second Bianchi identity.
Since the commutation of covariant derivatives acting on vector fields

defines the Riemann curvature tensor, the commutation of covariant deriva-
tives acting on tensors may be expressed in terms of the curvature. We
shall find particularly useful the standard commutation formulas (Ricci
identities):

(1.30) (∇i∇j −∇j∇i)αk1···kr = −
r∑

ℓ=1

Rmijkℓ
αk1···kℓ−1mkℓ+1···kr .
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In particular, if α is a 1-form, then

(∇i∇j −∇j∇i)αk = −Rℓijkαℓ.
If β is a (2, 0)-tensor, then:

(1.31) ∇i∇jβkℓ −∇j∇iβkℓ = −Rpijk βpℓ −Rpijℓ βkp.

Throughout most of this book we shall find it convenient to compute in
local coordinates rather than in an orthonormal (moving) frame. The reason
for this is that under the Ricci flow the metric is evolving and we can choose a
fixed (time-independent) coordinate system whereas an orthonormal frame,
in order to stay orthonormal with respect to g (t) must evolve. An exception
to this is Uhlenbeck’s trick, which we discuss right after Lemma 3.11.

Exercise 1.24. Show directly using the Killing vector field equation that
the vector space of Killing vector fields is a Lie algebra.

Solution. Using ∇jXi = −∇iXj and ∇jYi = −∇iYj , we compute

∇i (Xk∇kYj − Yk∇kXj) + ∇j (Xk∇kYi − Yk∇kXi)

= Xk (∇i∇kYj + ∇j∇kYi) − Yk (∇i∇kXj + ∇j∇kXi)

= −XkYℓ (Rikjℓ +Rjkiℓ) + YkXℓ (Rikjℓ +Rjkiℓ) = 0.

Remark 1.25. The Bianchi identities and the commutation formulas for
covariant differentiation are often used in the calculations of the equations
governing the evolution of geometric quantities under the Ricci flow.

Exercise 1.26.

∇i∇jα
ℓ1···ℓs
k1 ···kr

−∇j∇iα
ℓ1···ℓs
k1 ···kr

= −
r∑

h=1

n∑

p=1

Rpijkh
αℓ1···ℓsk1 ···kh−1 p kh + 1 ···kr

+
s∑

h=1

n∑

p=1

Rℓhijpα
ℓ1···ℓh−1 pℓh + 1 ···ℓs
k1 ···kr

.(1.32)

2.2. Decomposition of the curvature tensor. The Riemann cur-
vature (4, 0)-tensor is a section of the bundle ∧2Mn ⊗S ∧2Mn. Moreover,
by the first Bianchi identity, Rm is a section of the subbundle ker (b) , the
kernel of the linear map:

b : ∧2Mn ⊗S ∧2Mn → ∧3Mn ⊗S T
∗Mn

defined by

b (Ω) (X,Y, Z,W ) +
1

3
(Ω (X,Y, Z,W ) + Ω (Y,Z,X,W ) + Ω (Z,X, Y,W )) .

We shall call CM + ker (b) the bundle of curvature tensors. For every
x ∈Mn, the fiber CxM has the structure of an O (T ∗

xM)-module, given by

× : O (T ∗
xM) × CxM → CxM

where
A× (α⊗ β ⊗ γ ⊗ δ) + Aα⊗Aβ ⊗Aγ ⊗Aδ
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for A ∈ O (T ∗
xM) and α, β, γ, δ ∈ T ∗

xM. As an O (T ∗
xM) representation space,

CxM has a natural decomposition into its irreducible components. This
yields a corresponding decomposition of the Riemann curvature tensor. To
describe this, it will be convenient to consider the Kulkarni-Nomizu product

⊙ : S2M × S2M → CM

defined by

(α⊙ β)ijkℓ + αiℓβjk + αjkβiℓ − αikβjℓ − αjℓβik.

Here S2M = T ∗M ⊗S T
∗M is the bundle of symmetric 2-tensors. The

irreducible decomposition of CxM as an O (T ∗
xM)-module is given by:

(1.33) CM = Rg ⊙ g ⊕
(
S2

0M ⊙ g
)
⊕ WM

where S2
0M is the bundle of symmetric, trace-free 2-tensors and

WM + ker (b) ∩ ker (c)

is the bundle of Weyl curvature tensors. Here

c : ∧2Mn ⊗S ∧2Mn → S2M

is the contraction map defined by

c (Ω) (X,Y ) +
n∑

i=1

Ω(ei, X, Y, ei) .

The irreducible decomposition of CM yields the following irreducible de-
composition of the Riemann curvature tensor:

Rm = fg ⊙ g ⊕ (h⊙ g) ⊕W

where f ∈ C∞ (M) , h ∈ C∞ (S2
0M
)
, and W ∈ C∞ (WM) . Taking the

contraction c of this equation implies

Rjk = 2 (n− 1) f gjk + (n− 2)hjk.

On the other hand, taking two contractions, we find that

R = 2n (n− 1) f.

Therefore we have

Rm = − R

(n− 1) (n− 2)
g ⊙ g

1

n− 2
Rc⊙g + Weyl(1.34)

=
R

2n (n− 1)
g ⊙ g +

1

n− 2

◦
Rc ⊙ g + Weyl(1.35)

where
◦

Rc + Rc−R
n g is the traceless Ricci tensor and Weyl is the Weyl

tensor, which is defined by (1.34). The Weyl tensor has the same algebraic
symmetries as the Riemann curvature tensor and in addition the Weyl tensor
is totally trace-free, all of its traces are zero, including:

gikWijkℓ = 0
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and conformally invariant:

(1.36) Weyl (ug) = uWeyl (g)

for any positive smooth function u on M.
If n ≤ 3, then the Weyl tensor vanishes. In particular, if n = 2 we have

(1.37) Rijkℓ =
1

2
R (giℓgjk − gikgjℓ) ,

and Rij = 1
2Rgij . When n = 3 we have

(1.38) Rijkℓ = Riℓgjk +Rjkgiℓ −Rikgjℓ −Rjℓgik −
1

2
R (giℓgjk − gikgjℓ) .

One way of seeing (1.37) is that the bundle ∧2M2 ⊗S ∧2M2 has rank one
and both sides of formula (1.37) are sections of this bundle and have the
same double trace R. Equation (1.38) follows from (1.34) and the vanishing
of the Weyl tensor.

Exercise 1.27. Show that the Weyl tensor vanishes when n = 3.

Solution. There are only two possible types of nonzero components of
W. Either there are 3 distinct indices such as W1231 or there are two distinct
indices such as W1221. First we compute, using the trace-free property,

W1231 = −W2232 −W3233 = 0.

Next, we have

W1221 = −W2222 −W3223 = −W3223 = W3113 = −W2112 = −W1221

which implies W1221 = 0.

Exercise 1.28. Show that if g̃ = e2fg for some function f, then

R̃ℓijk = Rℓijk − aℓigjk − ajkδ
ℓ
i + aikδ

ℓ
j + aℓjgik

where

aij = ∇i∇jf −∇if∇jf +
1

2
|∇f |2 gij .

That is, as (4, 0)-tensors,

e−2f R̃m = Rm−a⊙ g.

From this deduce (1.36).

Hint. First show that

R̃ℓijk = Rℓijk + ∇iA
ℓ
jk −∇jA

ℓ
ik +AmjkA

ℓ
im −AmikA

ℓ
jm

where

Akij = Γ̃kij − Γkij = ∇if δ
k
j + ∇jf δ

k
i −∇kf gij .

Exercise 1.29. From (1.33) we have the (reducible) decomposition:

(1.39) CM ∼=
(
S2M ⊙ g

)
⊕ WM.
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(1) Show that

Rm =
1

n− 2
S ⊙ g + Weyl

where

S + Rc− R

2 (n− 1)
g

is the Schouten tensor.
(2) Show that if n ≥ 3, then

∇ℓWijkℓ =
n− 3

n− 2
Bijk

where

Bijk + ∇iSjk −∇jSik

= ∇iRjk −∇jRik −
1

2 (n− 1)
(∇iRgjk −∇jRgik)

is the Bach tensor.

From the above exercise we see that for n ≥ 4, if the Weyl tensor of
(Mn, g) vanishes, then the Bach tensor vanishes. We also see that when
n = 3, the Weyl tensor always vanishes.

Exercise 1.30. Show that when n = 3, if g̃ = ug, then

B̃ijk = u3/2Bijk.

A Riemannian manifold (Mn, g) is said to be locally conformally flat
if for every point p ∈ Mn, there exists a local coordinate system

{
xi
}

in a
neighborhood U of p such that

gij = g

(
∂

∂xi
,
∂

∂xj

)
= v · δij

for some function v defined on U. When n = 2, every Riemannian manifold
is locally conformally flat.

Proposition 1.31 (Weyl 1918, Schouten 1921). A Riemannian mani-
fold (Mn, g) is locally conformally flat if and only if

(1) for n ≥ 4 the Weyl tensor vanishes,
(2) for n = 3 the Bach tensor vanishes.

Proof. By the conformal invariance of the Weyl tensor, it is clear
that if (Mn, g) is locally conformally flat, then the Weyl tensor vanishes.
Conversely, if the Weyl tensor vanishes, then the equation that the metric
g̃ = e2fg is flat:

R̃m = 0
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is equivalent to

0 = e−2f R̃m = Rm−a⊙ g

=

(
1

n− 2

(
Rc− 1

2(n− 1)
Rg

)
− a

)
⊙ g.(1.40)

Since the map

⊙ : S2M → CM

defined by

⊙(h) + h⊙ g

is injective, (1.40) is equivalent to

1

n− 2

(
Rc− 1

2(n− 1)
Rg

)
= a,

that is,

(1.41) ∇i∇jf = bij + ∇if∇jf − 1

2
|∇f |2 gij ,

where

(1.42) bij =
1

n− 2

(
Rij −

1

2(n− 1)
Rgij

)
.

Proposition 1.31 is now a consequence of the following, which gives the
condition for when the flat metric equation for g̃ is locally solvable.

Lemma 1.32. Equation (1.41) is locally solvable if and only if the fol-
lowing integrability condition is satisfied:

(1.43) ∇kbij = ∇ibkj ,

that is, if and only if

∇kRij −
1

2(n− 1)
∇kRgij = ∇iRkj −

1

2(n− 1)
∇iRgkj .

Proof. To solve (1.41) it is necessary and sufficient to find a 1-form X
such that locally

(1.44) ∇iXj = bij +XiXj −
1

2
|X|2 gij .

This is because by the symmetry of the rhs of (1.44),

∇iXj = ∇jXi,

which implies that locally X is the exterior derivative of a some function f.
We rewrite (1.44) as

(1.45) ∂iXj = cij

where

cij = ΓkijXk + bij +XiXj −
1

2
|X|2 gij .
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The integrability condition for (1.45) is ∂kcij = ∂ickj . This can be seen as
follows. For each index j consider equation (1.45) as

(1.46) d(Xj) = cj

where, for each j, cj is the 1-form defined by cj =
∑n

i=1 cijdx
i. The necessary

and sufficient conditions to solve (1.46) locally are

0 = (dcj)ik = ∂ickj − ∂kcij .

Finally, (1.45) is equivalent to

∇kcij −∇ickj = −RpkijXp

which is equivalent to (1.43). �

Corollary 1.33. If (Mn, g) has constant sectional curvature, then (Mn, g)
is locally conformally flat.

The proposition above and the decomposition (1.39) enables one to easily
verify certain examples are locally conformally flat. In particular, we have:

Corollary 1.34.

(1) If (N, gN ) and (P, gP ) are Riemannian manifolds such that

sect
(
gN
)
≡ C and sect

(
gP
)
≡ −C,

where C ∈ R, then their Riemannian product (N × P, gN×P ) is
locally conformally flat.

(2) If (N, gN ) has sect
(
gN
)
≡ C, then the Riemannian product (N ×

R, gN + dt2) is locally conformally flat.

Proof. 1) The Riemann curvature tensor of the product is:

RmN×P = RmN + Rm P =
1

2
gN ⊙ gN − 1

2
gP ⊙ gP

=
1

2

(
gN − gP

)
⊙
(
gN + gP

)
.

Since gN×P = gN + gP , by the uniqueness of the decomposition (1.39), we
have: WN×P = 0.

2) The Riemann curvature tensor of the product is:

RmN×R =
1

2
gN ⊙ gN =

1

2

(
gN − dt2

)
⊙
(
gN + dt2

)
,

where we used the fact that: dt2 ⊙ dt2 = 0. Therefore WN×R = 0. �

Finally, we state a couple of important theorems concerning locally con-
formally flat manifolds.

Theorem 1.35 (Kuiper 1949). If (Mn, g) is a simply connected, locally
conformally flat, closed Riemannian manifold, then (Mn, g) is conformal to
the standard sphere Sn.
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Theorem 1.36 (Schoen-Yau). If (Mn, g) is a simply connected, locally
conformally flat, complete Riemannian manifold, then there exists a one-to-
one conformal map of (Mn, g) into the standard sphere Sn.

When Mn is not simply connected, it is useful to apply the above results

to the universal cover
(
M̃n, g̃

)
.

Exercise 1.37. Show that if (M1, g1) and (M2, g2) are Riemannian
manifolds, then the product Riemannian manifold (M1 ×M2, g1 × g2) satis-
fies:

(1)

Rm g1×g2 (X,Y, Z,W ) = Rm g1 (X1, Y1, Z1,W1) + Rm g2 (X2, Y2, Z2,W2)

where X = (X1, X2) ∈ T (M1 ×M2) , etc.
(2)

(1.47) Rc g1×g2 (X,Y ) = Rc g1 (X1, Y1) + Rc g2 (X2, Y2) .

2.3. Cartan structure equations. We shall often find it convenient
to compute curvatures in a moving (orthonormal) frame. The method of
moving frames, which we describe below, was primarily developed first by
Elie Cartan and then by S.-S. Chern. Let {ei}ni=1 be a local orthonormal
frame field in an open set U ⊂Mn. The dual orthonormal basis (or coframe
field)

{
ωi
}n
i=1

of T ∗Mn is defined by ωi (ej) = δij for all i, j = 1, . . . , n. We
may write the metric as

g =
n∑

i=1

ωi ⊗ ωi.

The connection 1-forms ωji are the components of the Levi-Civita con-
nection with respect to {ei}ni=1 :

(1.48) ∇Xei +
n∑

j=1

ωji (X) ej ,

for all i, j = 1, . . . , n and all vector fields X on U. The connection 1-forms
are antisymmetric:

ωji = −ωij
since for all X

0 ≡ X 〈ei, ej〉 = 〈∇Xei, ej〉 + 〈ei,∇Xej〉 .
From ωi (ej) = δij and the product rule we see that

(1.49) ∇Xω
i = −ωij (X)ωj .

The curvature 2-forms Rm j
i on U are defined by:

Rm (X,Y ) ei +
n∑

j=1

Rm j
i (X,Y ) ej
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so that Rm j
i (X,Y ) = 〈Rm (X,Y ) ei, ej〉 .

Theorem 1.38 (Cartan structure equations). The first and second
Cartan structure equations are:

dωi = ωj ∧ ωij(1.50)

Rm j
i = dωji − ωki ∧ ωjk.(1.51)

Proof. We compute

dωi (X,Y ) =
(
∇Xω

i
)
(Y ) −

(
∇Y ω

i
)
(X)

= −ωij (X)ωj (Y ) + ωij (Y )ωj (X)

and (1.50) follows. From (1.7) and

∇2ei =
(
∇ωki

)
ek + ωki∇ek

we have

Rm j
i (X,Y )

=
〈
∇2
X,Y ei −∇2

Y,Xei, ej
〉

=
〈(

∇Xω
k
i

)
(Y ) ek + ωki (Y )∇Xek −

(
∇Y ω

k
i

)
(X) ek − ωki (X)∇Y ek, ej

〉

= dωki (X,Y ) 〈ek, ej〉 +
(
ωki (Y )ωℓk (X) − ωki (X)ωℓk (Y )

)
〈eℓ, ej〉

and (1.51) follows. �

For a surface M2, we have

dω1 = ω2 ∧ ω1
2, dω2 = ω1 ∧ ω2

1,

Rm 1
2 = dω1

2.

In particular, the Gauss curvature is given by

K + 〈R (e1, e2) e2, e1〉 = Rm 1
2 (e1, e2) = dω1

2 (e1, e2) .

Exercise 1.39 (Formula for connection 1-forms). Show that

dωk (ei, ej) = ωki (ej) − ωkj (ei) .

Using this and the first structure equation (1.50) derive the formula for the
connection 1-forms:

(1.52) ωki (ej) =
1

2

(
dωi (ej , ek) + dωj (ei, ek) − dωk (ej , ei)

)
.

Note the similarity between this and the formula for the Christoffel symbols
(1.4).
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Solution. We compute

dωi (ej , ek) + dωj (ei, ek) − dωk (ej , ei)

=
(
ωℓ ∧ ωiℓ

)
(ej , ek) +

(
ωℓ ∧ ωjℓ

)
(ei, ek) −

(
ωℓ ∧ ωkℓ

)
(ej , ei)

= ωij (ek) − ωik (ej) + ωji (ek) − ωjk (ei) − ωkj (ei) + ωki (ej)

= 2ωki (ej) .

Exercise 1.40 (2nd Bianchi). Prove

(d∇ Rm) ji + dRm j
i − ωki ∧ Rm j

k + ωjk ∧ Rm k
i = 0.

Here d∇ Rm j
i is the exterior covariant derivative of Rm considered as

a 2-form with values in T ∗Mn⊗ TMn. This is an equivalent formulation of
the second Bianchi identity.

Solution. Using the second structure equations, we compute

dRm j
i − ωki ∧ Rm j

k + ωjk ∧ Rm k
i

= −dωki ∧ ωjk + ωki ∧ dωjk − ωki ∧
(
dωjk − ωℓk ∧ ωjℓ

)
+ ωjk ∧

(
dωki − ωℓi ∧ ωkℓ

)

= ωki ∧ ωℓk ∧ ωjℓ − ωjk ∧ ωℓi ∧ ωkℓ = 0

after switching k and ℓ in one of the terms in the last line.

2.4. Moving frame adapted to a hypersurface. The study of hy-
persurfaces in Riemannian manifolds is useful in probing the geometry of
these manifolds. For example, minimal surfaces in 3-manifolds are useful
in understanding the topology of the ambient 3-manifold. Let (Pn, gP ) be
a Riemannian manifold and D denote the associated covariant derivative
(Levi-Civita connection). Given a hypersurface Mn−1 ⊂ Pn, let {ei}ni=1

be a moving frame in a neighborhood U ⊂ Pn of a point in Mn−1. The

connection 1-forms
{
ωji

}n
i,j=1

of (Pn, gP ) satisfy

DXei =
n∑

j=1

ωji (X) ej .

Now assume the frame is adapted to Mn−1, that is, en + ν is normal to
Mn−1. The second fundamental form is:

(1.53) h (X,Y ) + 〈DXν, Y 〉 = ωjn (X) 〈Y, ej〉
for X and Y tangent to Mn−1. The second fundamental form measures the
extrinsic geometry of the hypersurface - e.g., how non-parallel the normal

is. Let hij + h (ei, ej) = ωjn (ei) so that

ωjn =
n−1∑

i=1

hijω
i.
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The mean curvature is the trace of the second fundamental form:

H +
n∑

i=1

h (ei, ei) .

Let gM denote the induced Riemannian metric on Mn−1. The induced
Levi-Civita connection ∇ of gM satisfies

∇Xei + (DXei)
T =

n−1∑

j=1

ωji (X) ej .

where T denotes the tangent component of a vector. Thus
{
ωji

}n−1

i,j=1
are

the connection 1-forms of
(
Mn−1, gM

)
. The second structure equation gives

us the formula for the curvatures of both the ambient manifold and the
hypersurface:

(Rm P )ji = dωji −
n∑

k=1

ωki ∧ ωjk, i, j = 1, . . . , n,

(RmM )ji = dωji −
n−1∑

k=1

ωki ∧ ωjk, i, j = 1, . . . , n− 1.

Thus, for i, j = 1, . . . , n− 1, we have

(RmM )ji = (Rm P )ji + ωni ∧ ωjn
= (Rm P )ji − hikhjℓω

k ∧ ωℓ.
Applying this to (ek, eℓ) we obtain the Gauss equations

(1.54) (RM )ijkℓ = (RP )ijkℓ + hiℓhjk − hikhjℓ.

For j = 1, . . . , n− 1, we have

(Rm P )jn = dωjn −
n−1∑

k=1

ωkn ∧ ωjk.

The (1, 1)-tensor W +
∑n−1

j=1 ω
j
nej is the Weingarten map. Considering

W as a 1-form with values in TMn−1, we have

d∇W =
n−1∑

j=1

(Rm P )jn ej

which is a 2-form with values in TMn−1.

Exercise 1.41 (Codazzi equations). Show that for X,Y, Z tangent to
Mn−1

(∇Xh) (Y,Z) − (∇Y h) (X,Z) = 〈Rm P (X,Y )Z, ν〉 .
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Remark 1.42. Moving frames are often useful in computing the connec-
tions and curvatures of metrics which possess symmetries, such as rotation-
ally symmetric metrics and homogeneous metrics.

2.5. The Laplacian. Let ∆ denote the Laplacian (or Laplace-Beltrami
operator) acting on functions, which is globally defined as the diver-
gence4 of the gradient and given in local coordinates by:

(1.55) ∆ + div∇ = gij∇i∇j = gij
(

∂2

∂xi∂xj
− Γkij

∂

∂xk

)
.

There are other equivalent ways to define ∆ such as

(1.56) ∆f =
n∑

a=1

ea (eaf) − (∇eaea) f,

where {ea}na=1 is an orthonormal frame.

Remark 1.43. In euclidean space ∆ =
∑n

i=1
∂2

∂(xi)2
and the heat equation

is
(
∂
∂t − ∆

)
u = 0. Especially since the Ricci flow is like a heat equation, we

shall often encounter the Laplacian and heat operator.

Exercise 1.44.

(1) Show that the above two definitions of ∆ are the same. Hint: show
that for any function f and vectors X and Y at a point p we have
the following formula for the Hessian ∇∇f :

∇∇f (X,Y ) = X (Y f) − (∇XY ) f

at p independent of how one extends X and Y to a neighborhood of
p. The Laplacian is the trace of the Hessian.

(2) Also show that

(1.57) ∆f =
1√
|g|

n∑

i,j=1

∂

∂xi

(√
|g|gij ∂f

∂xj

)

where |g| + det gij .

We take this opportunity to define the divergence of a (p, 0)-tensor as

(1.58) div (α)i1···ip−1
+ gjk∇jαki1···ip−1 = ∇jαji1···ip−1 .

In particular if X is a 1-form, then

div (X) = gij∇iXj .

The last equality in (1.58) reflects the convention that we take throughout
this book, which is not to bother to raise indices and to sum over repeated
indices. The reader may think of this as computing in local coordinates at
a point where gij = δij . For instance, Rijkℓ = Rℓijk. The Laplacian acting

on functions may be written as ∆f = div (∇f) for any function f. More

4See (1.58).



26 1. BASIC RIEMANNIAN GEOMETRY

generally, the (rough) Laplacian operator acting on tensors is given
by

(1.59) ∆ = div∇ = traceg∇2 = gij∇i∇j = ∇i∇i.

More explicitly, given an (r, s)-tensor β, ∇∇β is an (r + 2, s)-tensor, which
we contract to get

∆β (X1, . . . , Xr) =
n∑

a=1

∇∇β (ea, ea, X1, . . . , Xr) ∈ ⊗sTM

for all vectors X1, . . . , Xr.
A particularly useful identity is the following.

Lemma 1.45 (Commutator of ∆ and ∇ on functions). For any function
f

(1.60) ∆∇if = ∇i∆f +Rij∇jf.

Proof. This follows from

∆∇if = ∇j∇i∇jf = ∇i∇j∇jf −Rjijk∇kf.

�

Exercise 1.46 (Bochner formula for |∇f |2). Suppose Mn is closed.
Show that for any C3 function f

(1.61) ∆ |∇f |2 = 2 |∇i∇jf |2 + 2Rij∇if∇jf + 2∇if∇i (∆f) .

Conclude from this that if Rc ≥ 0, ∆f ≡ 0 and |∇f | ≡ 1, then ∇f is
parallel, i.e., ∇∇f ≡ 0, and Rc (∇f,∇f) ≡ 0. As we shall see, the distance
and Busemann functions satisfy |∇f | = 1 a.e. (see Exercise 1.73).

Solution. We compute

∆ |∇f |2 = ∇i∇i |∇jf |2 = 2∇i (∇i∇jf∇jf)

= 2 |∇i∇jf |2 + 2∆∇jf∇jf

and obtain (1.61) from (1.60). If Rc ≥ 0 and ∆f = 0, then (1.61) implies

∆ |∇f |2 ≥ 2 |∇∇f |2 + 2 Rc (∇f,∇f) ≥ 2 |∇∇f |2 .
Integrating this over M we have

0 ≥
∫

M

[
|∇∇f |2 + Rc (∇f,∇f)

]
dµ.

Since |∇∇f |2 ≥ 0 and Rc (∇f,∇f) ≥ 0, we conclude ∇∇f ≡ 0, and
Rc (∇f,∇f) ≡ 0.

Exercise 1.47. Show that

∆ |∇f | =
1

|∇f |

(
∇f · ∇ (∆f) + Rc (∇f,∇f) + |∇∇f |2 −

∣∣∣∣
〈
∇∇f, ∇f

|∇f |

〉∣∣∣∣
2
)
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wherever |∇f | 6= 0, and conclude that if Rc ≥ 0, then

∆ |∇f | ≥ ∇f
|∇f | · ∇ (∆f) .

In particular, if ∆f = 0, then

(1.62) ∆ |∇f | ≥ 0.

Exercise 1.48. Show that if ∂
∂tgij = −2Rij (Ricci flow), then

(
∆ − ∂

∂t

)
|∇f |2 = 2 |∇i∇jf |2 + 2∇if∇i

((
∆ − ∂

∂t

)
f

)
.

2.6. Integration by parts. Besides pointwise formulas, such as (1.61),
we shall find integral identities useful. A basic tool is integration by parts.
Recall that Stokes’ theorem says that

Theorem 1.49. If α is an (n − 1)-form on a compact differentiable
manifold Mn with (possibly empty) boundary ∂M, then

∫

M
dα =

∫

∂M
α.

The divergence theorem says

Theorem 1.50. Let (M, g) be a compact Riemannian manifold. If X is
a 1-form, then

(1.63)

∫

Mn

div (X) dµ =

∫

∂Mn

〈X, ν〉 dσ.

Here ν is the unit outward normal, dµ denotes the volume form of g (see
(2.12) for its formula in local coordinates), and dσ + ιν(dµ) is the volume
form of the boundary ∂Mn with respect to the induced metric.

Proof. Define the (n− 1)-form α by

α = ιX(dµ).

Using d2 = 0 we compute

dα = d ◦ ιX(dµ) = (d ◦ ιX + ιX ◦ d) (dµ) = LX (dµ) = div(X)dµ,

where to obtain the last equality, we may compute in an orthonormal frame
e1, . . . , en :

LX (dµ) (e1, . . . , en) =
n∑

i=1

dµ (e1, . . . ,∇eiX, . . . , en)

= div(X)dµ (e1, . . . , en) .

Now Stokes’ theorem implies∫

M
div(X)dµ =

∫

M
dα =

∫

∂M
α =

∫

∂M
ιX(dµ) =

∫

∂M
X(ν)dσ,

and the theorem is proved. �
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Exercise 1.51. Derive the following consequences of the divergence the-
orem.

(1) On a closed manifold,
∫
Mn ∆udµ = 0.

(2) (Green) On a compact manifold,

∫

Mn

(u∆v − v∆u) dµ =

∫

∂Mn

(
u
∂v

∂ν
− v

∂u

∂ν

)
dσ.

In particular, on a closed manifold
∫

Mn

u∆vdµ =

∫

Mn

v∆udµ.

(3) Show that if f is a function and X is a 1-form, then
∫

Mn

f div (X) dµ = −
∫

Mn

〈∇f,X〉 dµ+

∫

∂Mn

f 〈X, ν〉 dσ.

Corollary 1.52. Let (Mn, g) be a closed Riemannian manifold. If α
is an (r, s)-tensor and β is an (r − 1, s)-tensor, then

∫

M
〈α,∇β〉 dV =

∫

M
〈div (α) , β〉 dV.

Proof. Let Xj = αk1···ks
ji2···irβ

k1···ks
i2···ir . We compute that

divX = 〈div (α) , β〉 + 〈α,∇β〉 ,

and the result follows from the divergence theorem. �

Exercise 1.53. Show that on a closed manifold

(1.64)

∫

Mn

|∇∇f |2 dµ+

∫

Mn

Rc (∇f,∇f) dµ =

∫

Mn

(∆f)2 dµ.

Since |∇∇f |2 ≥ 1
n (∆f)2 , this implies

(1.65)

∫

Mn

Rc (∇f,∇f) dµ ≤ n− 1

n

∫

Mn

(∆f)2 dµ.

Exercise 1.54 (Lichnerowicz). Suppose f is an eigenfunction of the
Laplacian with eigenvalue λ:

∆f + λf = 0.

Use (1.65) to show that if Rc ≥ (n− 1)Kg, where K > 0 is a constant, then

(1.66) λ ≥ nK.

Equality is obtained by linear functions on the sphere of radius 1/
√
K.
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Solution. If f is an eigenfunction with eigenvalue λ, then by (1.65) we
have

(n− 1)K

∫

Mn

|∇f |2 dµ ≤
∫

Mn

Rc (∇f,∇f) dµ

≤ n− 1

n

∫

Mn

(∆f)2 dµ

=
n− 1

n
λ2

∫

Mn

f2dµ

and (1.66) follows from
∫

Mn

|∇f |2 dµ = λ

∫

Mn

f2dµ > 0.

3. Laplacian and Hessian comparison theorems

Two fundamental results in Riemannian geometry are the Laplacian
and Hessian comparison theorems for the distance function. They
are directly related to the volume comparison theorem and a special case of
the Rauch comparison theorem. The Hessian comparison theorem may also
be used to prove the Toponogov triangle comparison theorem (see §6.6.1).
The ideas behind these elementary results have a profound influence on
geometric analysis and Ricci flow (see especially Volume 2.) Given a point
p ∈Mn, the exponential map expp : TpM

n →Mn is defined by

expp (V ) + γV (1)

where γV : [0,∞) →Mn is the geodesic emanating from p with γ̇V (0) = V.
Note that γV (r) = expp (rV ) . The distance function is defined by

dp (x) + d (x, p) .

From the triangle inequality, it is easy to see that dp is a Lipschitz function
with Lipschitz constant equal to 1:

|dp (x) − dp (y)| ≤ d (x, y) .

Recall also that a Jacobi field J is a variation of geodesics and satisfies
the Jacobi equation:

∇S∇SJ +R (J, S)S = 0

which is derived immediately from the geodesic equation ∇SS ≡ 0 since

0 = ∇J∇SS = ∇S∇JS +R (J, S)S

and [J, S] = 0. Given p ∈Mn and V,W ∈ TpM, define a 1-parameter family
of geodesics

γs : [0,∞) →Mn

by

γs (r) + expp (r (V + sW )) = γV+sW (r) .
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We may define a Jacobi field JW along γ0 = γV by

JW (r) +
∂

∂s

∣∣∣∣
s=0

γV+sW (r) .

Given a point p ∈ Mn and a unit speed geodesic γ : [0,∞) → Mn

with γ (0) = p, either γ is a ray (i.e., minimal on each finite subinterval) or
there exists a unique rγ ∈ (0,∞) such that d (γ (r) , p) = r for r ≤ rγ and
d (γ (r) , p) < r for r > rγ . We say that γ (rγ) is a cut point to p along γ.
The cut locus Cut (p) of p in Mn is the set of all cut points of p. Now let

(1.67) Dp +
{
V ∈ TpM

n : d
(
expp (V ) , p

)
= |V |

}
,

which is a closed subset of TpM
n. We define Cp + ∂Dp to be the cut locus

of p in the tangent space. We have Cut (p) = expp (Cp) . We have expp :
int (Dp) →Mn−Cut (p) is a diffeomorphism. (We call int (Dp) the interior
to the cut locus in the tangent space TpM.)

Definition 1.55. A point x ∈ M is a conjugate point of p ∈ Mn if
x is a singular value of expp : TpM → M. That is, x = expp (V ) , for some

V ∈ TpM, where
(
expp

)
∗ : TV (TpM) → Texpp(V )M is singular.

Equivalently, γ (r) is a conjugate point to p along γ if there is a nontrivial
Jacobi field along γ vanishing at the endpoints. Note that it follows that
r ≥ rγ .

Lemma 1.56. A point γ (r) is a cut point to p along γ if and only if r is
the smallest positive number such that either γ (r) is a conjugate point to p
along γ or there exist two distinct minimal geodesics joining p and γ (r) .

Given V ∈ TpM
n, let γV : [0,∞) → Mn denote the constant speed

geodesic with γ̇V (0) = V, i.e., γV (r) + expp (rV ) . For each unit vector
V ∈ TpM

n there exists at most a unique rV ∈ (0,∞) such that γV (rV ) is a
cut point of p along γV . Furthermore, if we set rV + ∞ when γV is a ray,
then the map from the unit tangent space at p to (0,∞] given by V 7→ rV
is a continuous function (see §11.6 of [50] for example). Hence we have

Cp = ∂Dp = {rV V : V ∈ TpM
n, |V | = 1, γV is not a ray}

has measure zero with respect to the euclidean measure on (TpM
n, g (p)) .5

Since expp is a smooth function, we conclude that

Lemma 1.57. Cut (p) = expp (Cp) has measure zero with respect to the

Riemannian measure on (Mn, g) .6

Now if x /∈ Cut (p) , then dp is smooth at x and |∇dp (x)| = 1 by (1.76).
Since Cut (p) has measure zero, we have |∇dp| = 1 a.e. on Mn.

An alternate proof of Lemma 1.57 can be given as follows. Since dp
is locally Lipschitz, we have dp is C1 a.e. On the other hand it is easy

5For Cp is the radial graph of a continuous function.
6See [438], section 2.5 for a discussion of Riemannian measure.
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to see that dp is not C1 at those points x in Cut (p) for which there are
two distinct minimal geodesics joining p to x. Thus, this set of points in
Cut (p) has measure zero. We also know that by Sard’s theorem, the points
in Cut (p) which are conjugate points form a measure zero set (since these
points are singular values of expp). We conclude that Cut (p) has measure
zero.

Definition 1.58. The injectivity radius inj (p) of a point p ∈ Mn is
defined to be the supremum of all r > 0 such that expp is an embedding when

restricted to B
(
~0, r
)
. Equivalently,

(1) inj (p) is the distance from ~0 to Cp with respect to g (p) ,
(2) inj (p) is the Riemannian distance from p to Cut (p) .

The injectivity radius of a Riemannian manifold is defined to be

inj (Mn, g) + inf {inj (p) : p ∈Mn} .
When Mn is compact, the injectivity radius is always positive.

3.1. Laplacian comparison theorem. The idea of comparison the-
orems is to compare a geometric quantity on a Riemannian manifold with
the corresponding quantity on a model space. Typically, in Riemannian
geometry, model spaces have constant sectional curvature. As we shall see
later, model spaces for Ricci flow are gradient Ricci solitons.

Theorem 1.59 (Laplacian Comparison). If (Mn, g) is a complete Rie-
mannian manifold with Rc ≥ − (n− 1)H, where H > 0, and if p ∈ Mn,
then for any x ∈Mn where dp (x) is smooth, we have

(1.68) ∆dp (x) ≤ (n− 1)
√
H coth

(√
Hdp (x)

)
.

On the whole manifold, the Laplacian comparison theorem (1.68) holds in
the sense of distributions. That is, for any nonnegative C∞ function ϕ
on Mn with compact support, we have

∫

Mn

dp∆ϕdµ ≤
∫

Mn

(n− 1)
√
H coth

(√
Hdp

)
ϕdµ.

See section 4 for the proof. From Theorem 1.59 we can derive the fol-
lowing.

Corollary 1.60. If H ≥ 0, then

(1.69) ∆dp ≤
n− 1

dp
+ (n− 1)

√
H

in the sense of distributions. That is, for any nonnegative ϕ ∈ C∞ (Mn)
with compact support,

∫

Mn

dp∆ϕdµ ≤
∫

Mn

(
n− 1

dp
+ (n− 1)

√
H

)
ϕdµ.
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In particular, if (Mn, g) is a complete Riemannian manifold with Rc ≥ 0,
then for any p ∈Mn

(1.70) ∆dp ≤
n− 1

dp

in the sense of distributions.

Remark 1.61. A statement analogous to (1.68) holds when the Ricci
curvature is bounded from below by a positive constant. Estimate (1.68) is
sharp as can be seen from considering space forms of constant curvature
−H. If H = 0, then (1.70) is sharp since on euclidean space ∆ |x| = n−1

|x| .

A consequence of the Laplacian comparison theorem is (see the next
section for the proof):

Theorem 1.62 (Bishop Volume Comparison). If (Mn, g) is a complete
Riemannian manifold with Rc ≥ (n− 1)K, then for any p ∈Mn, the volume
ratio

Vol(B(p, r))

VolK(B(pK , r))

is a nonincreasing function of r, where pK is a point in the n-dimensional
simply connected space form of constant curvature K and VolK denotes the
volume in the space form. In particular

(1.71) Vol(B(p, r)) ≤ VolK(B(pK , r))

for all r > 0. Given p and r > 0, equality holds in (1.71) if and only if
B(p, r) is isometric to B(pK , r).

In the case of nonnegative Ricci curvature we have the following.

Corollary 1.63. If (Mn, g) is a complete Riemannian manifold with

Rc ≥ 0, then for any p ∈Mn, the volume ratio Vol(B(p,r))
rn is a nonincreasing

function of r. Since limr→0
Vol(B(p,r))

rn = ωn, we have Vol(B(p,r))
rn ≤ ωn for all

r > 0, where ωn is the volume of the euclidean unit n-ball.

One of the many useful consequences of this is the following characteri-
zation of euclidean space.

Corollary 1.64 (Volume characterization of Rn). If (Mn, g) is a com-
plete noncompact Riemannian manifold with Rc ≥ 0 and if for some p ∈Mn

lim
r→∞

Vol (B (p, r))

rn
= ωn,

then (Mn, g) is isometric to euclidean space.

Proof. By the Bishop volume comparison theorem, we have Vol(B(p,r))
rn ≡

ωn for all r > 0. The result now follows from the equality case. �
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The Bishop Volume Comparison Theorem has been generalized to the
Bishop-Gromov relative volume comparison theorem (we follow the presen-
tation given by S. Zhu on pp. 226-8 of [538], see also [340]). Let (Mn, g) be
a complete Riemannian manifold and p ∈ Mn. Given a measurable subset
Γ of the unit sphere Sn−1

p ⊂ TpM and 0 < r ≤ R < ∞, define the annular
type region:

AΓ
r,R(p) +

{
x ∈Mn :

r ≤ d(x, p) ≤ R & there exists a unit speed minimal
geodesic γ from γ (0) = p to x satisfying γ′(0) ∈ Γ

}

⊂ B(p,R)\B(p, r).

Note that if Γ = Sn−1
p , then AΓ

r,R(p) = B(p,R)\B(p, r). Given H ∈ R and
a point pH in the n-dimensional simply connected space form of constant
curvature H, let AΓ

r,R(pH) denote the corresponding set in the space form.

Theorem 1.65. Let (Mn, g) be a complete Riemannian manifold with
Rc (g) ≥ (n − 1)Hg. If 0 ≤ r ≤ R ≤ S, r ≤ s ≤ S and if Γ ⊂ Sn−1

p is a
measurable subset, then

Vol
(
AΓ
s,S(p)

)

VolH
(
AΓ
s,S(pH)

) ≤
Vol

(
AΓ
r,R(p)

)

VolH
(
AΓ
r,R(pH)

) ,

where VolH denotes the volume in the space form.

Taking r = s = 0 and Γ = Sn−1
p yields:

Corollary 1.66 (Bishop-Gromov relative volume comparison theo-
rem). If 0 < R ≤ S, then

Vol(B(p, S))

VolH(B(pH , S))
≤ Vol(B(p,R))

VolH(B(pH , R))
.

Then taking the limit as R→ 0 gives:

Corollary 1.67. If S ≥ 0, then

Vol(B(p, S)) ≤ VolH(B(pH , S)).

As a consequence, we have the following result about the volume growth
of a complete noncompact manifold with nonnegative Ricci curvature.

Corollary 1.68 (Yau - Rc ≥ 0 has at least linear volume growth). Let
(Mn, g) be a complete noncompact Riemannian manifold with nonnegative
Ricci curvature. For any point p ∈ Mn, there exists a constant C > 0 such
that for any r ≥ 1

Vol (B (p, r)) ≥ Cr.

Proof. Let x ∈ Mn be a point with d (x, p) = r ≥ 2. By the Bishop-
Gromov relative volume comparison theorem, we have
(1.72)

Vol (B (x, r + 1)) − Vol (B (x, r − 1))

Vol (B (x, r − 1))
≤ (r + 1)n − (r − 1)n

(r − 1)n
≤ C (n)

r
.
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Since B (p, 1) ⊂ B (x, r + 1) \B (x, r − 1) and B (x, r − 1) ⊂ B (p, 2r − 1) by
(1.72) we have

Vol (B (p, 2r − 1)) ≥ Vol (B (x, r − 1)) ≥ Vol (B (p, 1))

C (n)
r.

We have proved the corollary for r ≥ 3. Clearly it is then true for any r ≥ 1
(or any other positive constant). �

Example 1.69. A simple example of a complete manifold with nonneg-
ative sectional curvature and linear volume growth is Sn−1 × R (we may
replace Sn−1 by any closed manifold with nonnegative sectional curvature).
If we want Mn to also have positive sectional curvature at least at one point,
then we may take a cylinder Sn−1 × [0,∞), attach a hemispherical cap, and
then smooth out the metric (see also Example 5.16)

3.2. Cheeger-Gromoll splitting theorem and manifolds of non-
negative curvature. In the study of manifolds with nonnegative curva-
ture, often (especially when the curvature is not strictly positive) the mani-
folds split as the product of a lower dimensional manifold with a line. Recall
that a geodesic line is a unit speed geodesic γ : (−∞,∞) →Mn such that
the distance between any points on γ is the length of the arc of γ between
those two points; that is, for any s1, s2 ∈ (−∞,∞) , d (γ (s1) , γ (s2)) =
|s2 − s1| . Similarly, a unit speed geodesic β : [0,∞) → Mn is a geodesic
ray if satisfies the same condition as above. Given a ray β : [0,∞) → Mn,
the Busemann function

bβ : Mn → R

associated to β is defined by

(1.73) bβ (x) + lim
s→∞

(s− d (β (s) , x)) .

In euclidean space the Busemann function is linear:

Exercise 1.70. Let (Mn, g) be euclidean space. Show that for any unit
vector V ∈ Rn, the Busemann function bγV associated to the geodesic ray
γV : [0,∞) → Rn defined by γV (s) + sV is the linear function given by

bγV (x) = 〈x, V 〉
for all x ∈ Rn.

The Busemann function is well-defined and finite because of the follow-
ing.

Exercise 1.71. Show that given x ∈Mn, the function s 7→ s−d (β (s) , x)
is nondecreasing and bounded above by d (x, β (0)) .

Just like the distance function to a point, we have:

Exercise 1.72 (Busemann function is Lipschitz). Show that for any
Riemannian manifold (Mn, g) and geodesic ray β, the Busemann function
bβ satisfies

|bβ (x) − bβ (y)| ≤ d (x, y)
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for all x, y ∈ Mn. I.e., bβ is Lipschitz with Lipschitz constant 1. Note that
by Rademacher’s theorem, bβ is C1 a.e.

Exercise 1.73. Show that |∇bβ | = 1 at points where it is C1.

More generally, a Lipschitz function f is called a distance function
if |∇f | = 1 where it is C1; e.g., |∇f | = 1 a.e. The Busemann function
associated to a ray β may be thought of as the renormalized distance function
to the point at infinity determined by the ray.

Exercise 1.74 (Rc ≥ 0 implies Busemann function is subharmonic).
Use Corollary 1.60 to show that if β is a geodesic ray in a Riemannian
manifold with Rc ≥ 0, then ∆bβ ≥ 0 in the sense of distributions.

For the proof of the following, see section 4.5.

Proposition 1.75 (Mean Value Inequality for Rc ≥ 0). If (Mn, g) is a
complete Riemannian manifold with Rc ≥ 0 and if f is a Lipschitz function
bounded from above and with ∆f ≥ 0 in the sense of distributions (subhar-
monic), then for any x ∈Mn and 0 < r < inj (x)

f (x) ≤ 1

ωnrn

∫

B(x,r)
fdµ

where ωn is the volume of the unit euclidean n-ball.

In the case where the sectional curvature is bounded from above we have
the following (see p. 75 of [447]).

Proposition 1.76 (Mean Value Inequality for sect ≤ H). Suppose that
(Mn, g) is a complete Riemannian manifold with sect (g) ≤ H in a ball
B (x, r) where r < inj (g) . If f ∈ C∞ (Mn) is subharmonic: ∆f ≥ 0 and if
f is bounded from below on Mn, then

f (x) ≤ 1

VH (r)

∫

B(x,r)
fdµ

where VH (r) is the volume of a ball of radius r in the complete simply
connected manifold of constant sectional curvature H.

Another fundamental consequence of Corollary 1.60 is the following (see
[104], [105]).

Theorem 1.77 (Cheeger-Gromoll 1971). Suppose (Mn, g) is a complete
Riemannian manifold with Rc ≥ 0 and suppose there is a geodesic line in
Mn. Then (Mn, g) is isometric to R ×

(
Nn−1, h

)
with the product metric,

where
(
Nn−1, h

)
is a Riemannian manifold.

The proof goes follows (we leave it to the reader to fill in any missing
details; see also [447]). Given a geodesic line γ, consider the two Busemann
functions bγ± associated to the geodesic rays γ± : [0,∞) → Mn defined by
γ± (s) = γ (±s) for s ≥ 0. We have ∆bγ± ≥ 0 in the sense of distributions
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and hence ∆
(
bγ+ + bγ−

)
≥ 0. It is also easy to see that

(
bγ+ + bγ−

)
(x) = 0

for x ∈ γ, and from d (γ (s) , γ (−s)) = 2s that bγ+ + bγ− ≤ 0 on Mn. Hence
we may apply the Mean Value Inequality on small balls centered at points
on γ to conclude that bγ+ + bγ− ≡ 0 in a neighborhood of γ. By applying
the Mean Value Inequality again, we see that the set of points in Mn where
bγ+ + bγ− = 0 is open. Since the set is also closed and nonempty, we have

bγ+ + bγ− ≡ 0 on Mn and hence also ∆
(
bγ+ + bγ−

)
≡ 0. Since ∆bγ± ≥ 0,

this implies ∆bγ± = 0 in the sense of distributions. Standard regularity

theory now implies bγ± is smooth. Hence
∣∣∇bγ±

∣∣ ≡ 1. But now Exercise
1.46 implies ∇bγ± is a nonzero parallel gradient vector field on Mn. By the

deRham theorem, this implies (Mn, g) is isometric to R×
(
Nn−1, h

)
, where(

Nn−1, h
)

=
{
x ∈Mn : bγ+ (x) = 0

}
.

Remark 1.78. In the study of the Ricci flow on 3-manifolds one of the
primary singularity models is the round cylinder S2 × R. This singularity
model corresponds to neck pinching.

A submanifold S ⊂Mn is totally convex if for every x, y ∈ S and any
geodesic γ (not necessarily minimal) joining x and y we have γ ⊂ S. We
say that S is totally geodesic if its second fundamental form is zero. In
particular, a path in S is a geodesic in S if and only if it is a geodesic in
Mn.

Given a noncompact manifold (Mn, g) we say that a submanifold is a
soul if it is a closed, totally convex, totally geodesic submanifold such that
Mn is diffeomorphic to its normal bundle.

Generalizing earlier work of Gromoll-Meyer 1969 [240], Cheeger-Gromoll
1972 [105] (see also Poor 1974 [429]) proved the following.

Theorem 1.79 (Soul). Let (Mn, g) be a complete Riemannian mani-
fold with nonnegative sectional curvature. Then there exists a soul. If the
sectional curvature is positive, then the soul is a point (e.g., Mn is diffeo-
morphic to Rn.)

Furthermore, Sharafutdinov [459] proved that any two souls are isomet-
ric. In 1994 Perelman [414] proved the following result.

Theorem 1.80 (Soul Conjecture). If (Mn, g) is a complete Riemann-
ian manifold with nonnegative sectional curvature everywhere and positive
sectional curvature at some point, then the soul is a point.

Exercise 1.81. Show that if (Mn, g) is a complete Riemannian manifold
with nonnegative sectional curvature and β is a ray, then the Busemann
function bβ associated to β is convex.

Solution. Given s ≥ 0, let r (x) + d (β (s) , x) . By (1.110), we have
∇i∇jr ≤ 1

rgij in the C2 sense wherever r is smooth and in the sense of
support functions where r is not C∞. From taking the limit as s → ∞ in
the definition (1.73), we would guess ∇i∇jbβ ≥ 0. To prove this rigorously,
see [234] for example.
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An important tool in the study of manifolds with nonnegative curvature
is the Sharafutdinov retraction (see the above references).

3.3. Hessian comparison theorem. The following roughly says that
the larger the curvature, the smaller the Hessian of the distance function.

Proposition 1.82 (Hessian comparison theorem). Let i = 1, 2. Let
(Mn

i , gi) be complete Riemannian n-manifolds, let γi : [0, L] → Mn
i be

geodesics parametrized by arc length such that γi does not intersect the cut
locus of γi (0) , and let di + d (·, γi (0)) . If for all t ∈ [0, L] we have

Kg1 (V1 ∧ γ̇1 (t)) ≥ Kg2 (V2 ∧ γ̇2 (t))

for all unit vectors Vi ∈ Tγi(t)M
n
i perpendicular to γ̇i (t) , then

∇∇d1 (X1, X1) ≤ ∇∇d2 (X2, X2)

for all Xi ∈ Tγi(t)M
n
i perpendicular to γ̇i (t) and t ∈ (0, L].

See (1.110) at the end of section 4 for the proof of a special case of this.

4. Geodesic polar coordinates

4.1. Exponential map and geodesic coordinate expansion of the
metric and volume form. In this section we give the proofs of the Lapla-
cian and Hessian comparison theorems for the distance function and the
corresponding volume and Rauch comparison theorems. The comparison ge-
ometry viewpoint we take here is foundational for our exposition in Volume 2
of Perelman’s L-function for the Ricci flow. Recall that the exponential map
expp : TpM

n →Mn is defined by expp (V ) + γV (1) where γV : [0,∞) →Mn

is the geodesic emanating from p with γ̇V (0) = V. Given an orthonormal
frame {ei}ni=1 at p, let

{
Xi
}n
i=1

denote the standard euclidean coordinates

on TpM defined by V +
∑n

i=1 V
iei. Geodesic coordinates are defined by

xi + Xi ◦ exp−1
p : Mn − Cut (p) → R.

In geodesic coordinates, we have (see Lemma 3.4 on p. 210 of [447])

gij = δij −
1

3
Ripqjx

pxq − 1

6
∇rRipqjx

pxqxr

+

(
− 1

20
∇r∇sRipqj +

2

45
RipqmRjrsm

)
xpxqxrxs +O

(
r5
)

so that gij = δij +O
(
r2
)
, and

det gij = 1 − 1

3
Rijx

ixj − 1

6
∇kRijx

ixjxk

(1.74)

−
(

1

20
∇ℓ∇kRij +

1

90
RpijqRpkℓq −

1

18
RijRkℓ

)
xixjxkxℓ +O

(
r5
)
.
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This formula exhibits how the curvature and its derivatives affects the vol-
ume form

dµ +
√

det gij dx
1 ∧ · · · ∧ dxn

where
{
xi
}

is a positively oriented local coordinate system. In particular we
see that the leading order term on the rhs of (1.74) is expressed in terms
of the Ricci curvature and that positive Ricci curvature yields a negative
contribution. Next we shall see the more precise effect of a lower bound on
the Ricci curvature.

Exercise 1.83 (Expansion for volumes of balls). Show that

Vol (B (p, r)) = ωnr
n

(
1 − R (p)

6 (n+ 2)
r2 +O

(
r3
))

.

(Compare with [218].)

Hint. Show that (1.74) implies
√

det gij (x) = 1 − 1

6
Rij (p)xixj +O

(
|x|3
)
,

where |x| = d (x, p) and we abused notation by letting x, xi denote both the
point and the coordinates and Exercise 1.12.

Exercise 1.84. Show that in geodesic coordinates centered at a point
p ∈M, we have gij (p) = δij and ∂

∂xi gjk (p) = 0.

Hint. One method is as follows. Show that Γkij (p)V iV j = 0 for all
V ∈ TpM and then use the identity

∂

∂xi
gjk = Γℓijgℓk + Γℓikgℓj .

4.2. Geodesic polar coordinates and the Jacobian. Typically we
say that the geometry is controlled if there is a curvature bound and an
injectivity radius lower bound. Since in the presence of a curvature bound,
a lower bound on the volume gives a lower bound on the injectivity radius
(see Exercise ??), we are interested in the volume of balls. To understand
the volumes of balls and their boundary spheres, it convenient to consider
geodesic polar coordinates. Given a point p ∈Mn, let

{
xi
}n
i=1

be local polar
coordinates on TpM

n − {p} . That is,

xn (v) = r (v) = |v| , and xi (v) = θi
(
v

|v|

)
for 1 ≤ i ≤ n− 1,

where
{
θi
}n−1

i=1
are local coordinates on Sn−1

p + {v ∈ TpM
n : |v| = 1} . Let

expp : TpM
n →Mn be the exponential map. We call the coordinate system

x =
{
xi ◦ exp−1

p

}
: B (p, inj (p)) − {p} → Rn
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a geodesic polar coordinate system.7 Abusing notation we let

r + xn ◦ exp−1
p , and θi + xi ◦ exp−1

p

for i = 1, . . . , n− 1, so that

∂

∂r
=
(
x−1

)
∗
∂

∂xn
, and

∂

∂θi
=
(
x−1

)
∗
∂

∂xi
,

which form a basis of vector fields onB (p, inj (p))−{p} . The Gauss Lemma
says that

(1.75) grad r =
∂

∂r

at all points outside the cut locus of p, so that

(1.76) |grad r|2 =

∣∣∣∣
∂

∂r

∣∣∣∣
2

=

〈
grad r,

∂

∂r

〉
=
∂r

∂r
= 1

and

gin + g

(
∂

∂r
,
∂

∂θi

)
=

∂r

∂θi
= 0

for i = 1, . . . , n− 1. We may then write the metric as

g = dr ⊗ dr + gijdθ
i ⊗ dθj ,

where gij + g
(
∂
∂θi ,

∂
∂θj

)
. Along each geodesic ray emanating from p,

(1.77)
∂

∂θi
is a Jacobi field

before the first conjugate point for each i ≤ n− 1. We call

(1.78) J +
√

det gij =
√

det
〈
∂
∂θi ,

∂
∂θj

〉
g

the Jacobian of the exponential map. The Jacobian of the exponential
map is the volume density in polar coordinates. The volume form of g is:

dµ =
√

det gijdθ
1 ∧ · · · ∧ dθn−1 ∧ dr = J dΘ ∧ dr

in a positively oriented polar coordinate system, where

(1.79) dΘ + dθ1 ∧ · · · ∧ dθn−1.

Note that by the Gauss Lemma, we have gnn = 1 and gin = 0 for i ≤ n− 1,
so that det (gij)

n
i,j=1 = det (gij)

n−1
i,j=1 . If γ (r̄) is a conjugate point to p along

γ, then J (r) → 0 as r → r̄.

Exercise 1.85. Suppose along a geodesic ray emanating from p we have

(1.80) ∇ ∂
∂r

∂

∂θi
(p) = lim

r→0

(
1

r

∂

∂θi

)
+ Ei ∈ TpM

n

7Such coordinates are also called geodesic spherical coordinates.
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exists and is orthonormal (we shall often assume this in the sequel). Show
that

(1.81) lim
r→0

J

rn−1
= 1.

Note that in this case dΘ = dσSn−1 is the volume form of the unit (n− 1)-
sphere. It is convenient to assume the normalization (1.81) when consider-
ing the Jacobian. We shall explicitly say this when we do this.

One way to convince oneself of (1.81) is note that (Mn, cg, p) converges

as c → ∞ in the pointed limit
(
Rn,~0

)
, so that the limit in (1.81) should

equal the euclidean value.

Exercise 1.86. Show that the Gauss Lemma is equivalent to the follow-
ing statement. If p ∈ M, V ∈ TpM, and W ∈ TtV (TpM) ∼= TpM are such
that 〈W,V 〉 = 0, then

〈(
expp

)
∗ (WtV ) ,

(
expp

)
∗ (VtV )

〉
= 0.

4.3. The second fundamental form of the distance spheres and
the Ricatti equation. Now consider the distance spheres

S (p, r) + {x ∈Mn : d (x, p) = r} .
Let h denote the second fundamental form of S (p, r) as defined in (1.53).
We have

hij + h

(
∂

∂θi
,
∂

∂θj

)
=

〈
∇ ∂

∂θi

∂

∂r
,
∂

∂θj

〉

= −
〈
∂

∂r
,∇ ∂

∂θi

∂

∂θj

〉
= −Γnij =

1

2

∂

∂r
gij(1.82)

since ∂
∂r is the unit normal to S (p, r) and gin = gjn = 0. The mean curvature

H of S (p, r) is

(1.83) H = −gijΓnij =
1

2
gij

∂

∂r
gij =

∂

∂r
log
√

det gij =
∂

∂r
log J .

Note that there was no need to normalize J (such as to satisfy (1.81)) to ob-
tain this formula since the normalization only changes J by a multiplicative
constant along a geodesic emanating from p which does not affect ∂

∂r log J .

Exercise 1.87. One may think of the distance spheres S (p, r) as evolv-
ing under the hypersurface flow ∂x

∂r = ν, where ν = ∂
∂r is the unit out-

ward normal. Show that more generally, if the hypersurfaces are evolv-
ing by ∂x

∂r = βν for some function β, then ∂
∂rdσ = βHdσ, where dσ =√

det gijdθ
1 ∧ · · · ∧ dθn−1 is the volume element of the hypersurface ((1.83)

corresponds to the case β = 1). Show also that

(1.84)
∂

∂r
gij = 2βhij ,
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which generalizes (1.82).

Exercise 1.88. Show that for r small enough:

hij =
1

r
gij +O (r)(1.85)

H =
n− 1

r
+O (r) .(1.86)

In polar coordinates, the Laplacian is

∆ = gab
(

∂2

∂xa∂xb
− Γcab

∂

∂xc

)

=
∂2

∂r2
+H

∂

∂r
+ ∆S(p,r) =

∂2

∂r2
+

∂

∂r
log
√

det g
∂

∂r
+ ∆S(p,r)(1.87)

since Γann = 0 for a = 1, . . . , n, and where ∆S(p,r) is the Laplacian with
respect to the induced metric on S (p, r) .

Exercise 1.89. Show that one can also derive (1.87) directly from (1.57).

We compute

∂

∂r
hij = −

〈
∂

∂r
,∇ ∂

∂r
∇ ∂

∂θi

∂

∂θj

〉

= −
〈

Rm

(
∂

∂r
,
∂

∂θi

)
∂

∂θj
,
∂

∂r

〉
−
〈
∂

∂r
,∇ ∂

∂θi
∇ ∂

∂r

∂

∂θj

〉
.

Since〈
∂

∂r
,∇ ∂

∂θi
∇ ∂

∂r

∂

∂θj

〉
=

∂

∂θi

〈
∂

∂r
,∇ ∂

∂r

∂

∂θj

〉
−
〈
∇ ∂

∂θi

∂

∂r
,∇ ∂

∂r

∂

∂θj

〉

= −hikgkℓhℓj

(for
〈
∂
∂r ,∇ ∂

∂r

∂
∂θj

〉
= 0 and ∇ ∂

∂θi

∂
∂r = ∇ ∂

∂r

∂
∂θi ), we obtain the Ricatti equa-

tion

(1.88)
∂

∂r
hij = −Rnijn + hikg

kℓhℓj

where Rnijn +
〈
Rm

(
∂
∂r ,

∂
∂θi

)
∂
∂θj ,

∂
∂r

〉
. Since ∂

∂rH = gij ∂∂rhij− ∂
∂rgij ·hij and

∂
∂rgij = 2hij , tracing this equation yields

(1.89)
∂

∂r
H = −Rc

(
∂
∂r ,

∂
∂r

)
− |h|2 .

Exercise 1.90 (Evolution of mean curvature for a hypersurface flow).
The above formula is a special case (where β = 1) of the fact that under the
hypersurface flow ∂x

∂r = βν, we have the equation

∂

∂r
H = −∆β − |h|2 β − Rc (ν, ν)β
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where the Laplacian is with respect to the induced metric on the hypersurface.
Prove this. Note that when β = −H (the mean curvature flow), we have a
heat-type equation for H:

∂

∂r
H = ∆H + |h|2H + Rc (ν, ν)H.

In particular, if Rc ≥ (n− 1)Kg, then since |h|2 ≥ 1
n−1H

2 we have

(1.90)
∂

∂r

H

n− 1
≤ K −

(
H

n− 1

)2

.

Note that by Exercise 1.88, we have

lim
r→0+

rH

n− 1
= 1.

Remark 1.91. Since
(
∇ ∂

∂r
h
)
ij

=
∂

∂r
hij − Γknihkj − Γknjhik,

and Γkni = −hki , we deduce from (1.88) that

(
∇ ∂

∂r
h
)
ij

= −Rnijn − hikg
kℓhℓj .

Invariantly, we write this as

(1.91)
(
∇ ∂

∂r
h
)

(X,Y ) = −
〈

Rm

(
∂

∂r
,X

)
Y,

∂

∂r

〉
− h2 (X,Y )

for X,Y ∈ TS (p, r) .

4.4. Comparison with space forms and Bishop volume compar-
ison theorem. It is useful to compare with the space forms (Mn

K , gK) . In
this case the metric is given by

(1.92) gK = dr2 + sK (r)2 gSn−1

where

(1.93) sK (r) +





1√
K

sin
(√

Kr
)

if K > 0

r if K = 0

1√
|K|

sinh
(√

|K|r
)

if K < 0

.

Recall that more generally, if

g = dr2 + φ (r)2 gSn−1

for some function φ, which is a rotationally symmetric metric, then the
sectional curvatures are

(1.94) Krad = −φ
′′

φ
, and Ksph =

1 − (φ′)2

φ2
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where Krad or Ksph is the sectional curvature of planes containing (rad for
radial) or perpendicular (sph for spherical) to the radial vector, respectively.
Moreover, if φ : [0, ρ) → [0,∞), with φ (r) > 0 for r > 0, then the metric
g extends smoothly over the origin if and only if φ (0) = 0 and φ′ (0) = 1.
We easily check that for any K ∈ R, if we take φ (r) = sK (r) , then g = gK
is a constant sectional curvature K metric. If K ≤ 0, then gK is defined

on Rn ; and if K > 0, then the metric gK defined on B
(
0, π/

√
K
)

extends

smoothly to a metric on Sn by taking the 1-point compactification.

Exercise 1.92 (Curvatures of a rotationally symmetric metric). Use
moving frames and the Cartan structure equations to derive (1.94) for g =

dr2 + φ (r)2 gSn−1 .

Hint: Let
{
ηi
}n−1

i=1
be a local orthonormal coframe field for

(
Sn−1, gSn−1

)

and let ηji be the corresponding connection 1-forms which satisfy

dηi = ηj ∧ ηij
dηij − ηki ∧ ηjk = Rm (gSn−1)ji = ηi ∧ ηj .

Use the orthonormal frame for g defined by ωn = dr and ωi = φ (r) ηi for
i = 1, . . . , n− 1. For the solution of this exercise, see §16.

Note that one way of deriving (1.94) is to consider the distance spheres.

From (1.82) we have hij = φ′

φ gij . That is, the spheres are totally umbillic

with principal curvatures κ equal to κ = φ′

φ . The intrinsic curvature of the

hypersurface S (p, r) is

Kintrinsic =
1

φ2
.

From the Gauss equations, we have Ksph = Kintrinsic − κ2. Note that the

mean curvature H of S (p, r) is H = (n− 1) φ
′

φ . In particular for the con-

stant curvature K metric given by (1.92), the mean curvature HK (r) of the
distance sphere SK (p, r) is

HK (r) +





(n− 1)
√
K cot

(√
Kr
)

if K > 0

n−1
r if K = 0

(n− 1)
√
|K| coth

(√
|K|r

)
if K < 0

.

Since HK (r) is a solution to the equality case of (1.90), that is,

(1.95)
∂

∂r

HK

n− 1
= K −

(
HK

n− 1

)2

,

and limr→0+
rHK
n−1 = 1. An easy calculus exercise shows: HK = n−1

r +O (r);

in fact, (1.86) is more general.
By the ode comparison theorem, we have:
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Lemma 1.93 (Mean curvature of distance spheres comparison). If the
Ricci curvature of (Mn, g) satisfies the lower bound Rc ≥ (n− 1)Kg for
some K ∈ R, then the mean curvatures of the distance spheres S (p, r) satisfy

(1.96) H (r, θ) ≤ HK (r) .

Proof. To see (1.96) more clearly we compute from (1.90) and (1.95)
that

(1.97)
∂

∂r
(H −HK) ≤ −(HK +H)

n− 1
(H −HK) .

Note from (1.86) that (H −HK) (r) = O (r) . Integrating (1.97), we get that
for any r ≥ ε > 0,

(1.98) (H −HK) (r) ≤ (H −HK) (ε) · exp

{
−
∫ r

ε

(HK +H)

n− 1
(s) ds

}
.

Clearly for all r > 0 we have

lim
ε→0

(
(H −HK) (ε) · exp

{
−
∫ r

ε

(HK +H)

n− 1
(s) ds

})
= 0.

Hence (1.98) implies (H −HK) (r) ≤ 0 for all r > 0. �

Given a point pK ∈ Mn
K , let ψpK : TpKM

n
K −

{
~0
}

→ Sn−1
pK

be the

standard projection ψpK (v) + v
|v| . The volume element of the space form

satisfies

dµK +
√

det (gK)ijdθ
1 ∧ · · · ∧ dθn−1 ∧ dr = sK (r)n−1 dσK ∧ dr,

where dσK is the pull back by ψpK◦exp−1
pK

of the standard volume form on the

unit sphere Sn−1
pK

. If
{
θi
}n−1

i=1
are coordinates on Sn−1

pK
with dθ1∧· · ·∧dθn−1 =

dσK , then √
det (gK)ij = sK (r)n−1 .

When K ≤ 0, the above formula holds for all r > 0 and when K > 0 we

need to assume r ∈
(
0, π/

√
K
)
.

Now consider a Riemannian manifold (Mn, g) with Rc ≥ (n− 1)Kg.
From (1.83) and (1.96) we obtain

(1.99)
∂

∂r
log

√
det gij

sK (r)n−1 ≤ 0.

Assume the coordinates
{
θi
}n−1

i=1
on Sn−1

p satisfy limr→0+
1
r
∂
∂θi + ei ∈ TpM

n

are orthonormal. Then we have

lim
r→0+

√
det gij

sK (r)n−1 = 1,
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from which we conclude

(1.100) J =
√

det gij ≤ sK (r)n−1 .

Without making any normalizing assumption on the coordinates
{
θi
}

this
says

J (θ, r) dΘ (θ) ≤ sK (r)n−1 dσSn−1 (θ) .

In other words, if dµ and dµK (for the purpose of this discussion) denote the
pull backs of the volume forms of g and gK to TpM

n and TpKM
n
K , which we

identify with each other via choices of orthonormal frames, then independent
of these frames we have

dµ ≤ dµK .

Integrating this proves the Bishop Volume Comparison Theorem 1.62, at
least within the cut locus. To see this result holds on the whole manifold,
we argue as follows (see Peter Li’s book [340]). Let

C (r) +
{
V ∈ TpM : |V | = 1 and γV (s) = expp (sV ) , s ∈ [0, r] , is minimizing

}
.

It is easy to see that if r1 ≤ r2, then C (r2) ⊂ C (r1) . Since the cut locus of
p has measure zero and exp∗

p (dµ) = J dΘ ∧ dr inside the cut locus of p, for
any integrable function ϕ on a geodesic ball B (p, r̄) we have

∫

B(p,r̄)
ϕ (x) dµ (x) =

∫ r̄

0

(∫

C(r)
ϕ
(
expp (θ, r)

)
J (θ, r) dΘ (θ)

)
dr

where dΘ is defined by (1.79). In particular, by (1.100)

Vol (B (p, r̄)) =

∫ r̄

0

(∫

C(r)
J (θ, r) dΘ (θ)

)
dr

≤
∫ r̄

0

(∫

C(r)
sK (r)n−1 dσSn−1 (θ)

)
dr

≤
∫ r̄

0

(∫

Sn−1

sK (r)n−1 dσSn−1 (θ)

)
dr = VolK(B(pK , r̄)).

This completes the proof of (1.71).

Exercise 1.94. Complete the proof of Theorem 1.62 by proving that

Vol(B(p, r))

VolK(B(pK , r))

is a nonincreasing function of r.

We also leave it as an exercise that the Bishop-Gromov relative volume
comparison theorem may also be proved along these lines; see Corollary 1.66
for the statement.
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4.5. Mean value inequality, Laplacian and Hessian comparison
theorems. Now we are ready to give the proof of the Mean Value Inequality.

Proof of Proposition 1.75. Let (Mn, g) be a complete Riemannian
manifold with Rc ≥ 0 and f ≤ 0 be a Lipschitz function with ∆f ≥ 0 in the
sense of distributions. (By adding a constant to f if necessary, we obtain the
general case where f is bounded from above.) By the divergence theorem,
we have

0 ≤ 1

rn−1

∫

B(x,r)
∆f dµ =

∫

∂B(x,r)

∂f

∂r

√
det gij

rn−1
dθ,

where dθ + dθ1 ∧ · · · ∧ dθn−1. Since ∂
∂r

√
det gij

rn−1 ≤ 0 and f ≤ 0, we have

0 ≤
∫

∂B(x,r)

(
∂f

∂r

√
det gij

rn−1
+ f

∂

∂r

√
det gij

rn−1

)
dθ

=
d

dr

(
1

rn−1

∫

∂B(x,r)
fdσ

)

since dσ =
√

det gijdθ. Since limr→0
1

rn−1

∫
∂B(x,r) fdσ = nωnf (x) , where

nωn is the volume of the unit (n− 1)-sphere, integrating the above inequality
over [0, s] yields

sn−1f (x) ≤ 1

nωn

∫

∂B(x,s)
fdσ.

Integrating this again, now over [0, r] , implies

f (x) ≤ n

nωnrn

∫

B(x,r)
fdµ.

�

Exercise 1.95. Prove Proposition 1.76.

Remark 1.96 (Laplacian of a rotationally symmetric metric). From

(1.87) the Laplacian of the metric g = dr2 + φ (r)2 gSn−1 is

(1.101) ∆ =
∂2

∂r2
+ (n− 1)

φ′

φ

∂

∂r
+ ∆S(p,r).

In general, if r (x) + d (x, p) is the distance function to p, then since r is
constant on each sphere ∆S(p,r), then from (1.87) we have the Laplacian of
the distance function is the radial derivative of the logarithm of the Jacobian
(and is the mean curvature of the distance spheres)

(1.102) ∆r = H =
∂

∂r
log J .

Hence, if Rc ≥ (n− 1)Kg, then

(1.103) ∆r ≤ HK .
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This proves the Laplacian Comparison Theorem 1.59, again, assuming we are
within the cut locus. To prove that (1.103) holds in the sense of distributions
on all of Mn, we argue as follows (see [340], p. 26). For any nonnegative
ϕ ∈ C∞ (Mn) with compact support
∫

Mn

ϕ (x)HK (dp (x)) dµ (x) =

∫ ∞

0

∫

C(r)
ϕ
(
expp (θ, r)

)
HK (r) J (θ, r) dΘ (θ) dr.

Given a unit vector θ ∈ TpM
n, let rθ be the largest value of r such that

s 7→ γθ (s) = expp (sθ) minimizes up to s = r. By the Fubini Theorem, we
have∫

Mn

ϕ (x)HK (dp (x)) dµ (x) =

∫

Sn−1

∫ rθ

0
ϕ
(
expp (θ, r)

)
HK (r) J (θ, r) drdΘ (θ) .

Now for 0 < r < rθ, by (1.96) and (1.102)

HK (r) J (θ, r) ≥ H (r, θ) J (θ, r) =
∂

∂r
J (θ, r) .

Hence∫

Mn

ϕ (x)HK (dp (x)) dµ (x) ≥
∫

Sn−1

∫ rθ

0
ϕ
(
expp (θ, r)

) ∂
∂r

J (θ, r) drdΘ (θ)

= −
∫

Sn−1

∫ rθ

0

∂

∂r

(
ϕ ◦ expp

)
(θ, r) J (θ, r) drdΘ (θ)

+

∫

Sn−1

ϕ
(
expp (θ, rθ)

)
J (θ, rθ) dΘ (θ)

where we integrated by parts and used limr→0 J (θ, r) = 0. Since the last line
is nonnegative, we have by the Gauss Lemma (1.75)

∫

Mn

ϕ (x)HK (dp (x)) dµ (x) ≥ −
∫

Mn

〈∇ϕ,∇r〉 dµ =

∫

Mn

r∆ϕdµ

where the last equality follows from the fact that r is Lipschitz on Mn. This
completes the proof of Theorem 1.59.

We take this opportunity to make some further remarks about the vol-
ume comparison theorem. If Rc (g) ≥ 0, then by (1.96) we have H (r, θ) ≤
n−1
r . Hence the area A (r) of the distance sphere S (p, r) satisfies

d

dr
A (r) =

∫

S(r)
Hdσ ≤ n− 1

r
A (r) .

Integrating this we see that for s ≥ r

A (s) ≤ A (r)
sn−1

rn−1
.

Combining this with

(1.104) VolB (p, r) =

∫ r

0
A (ρ) dρ ≥

∫ r

0
A (r)

ρn−1

rn−1
dρ =

r

n
A (r) ,
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we obtain, on a Riemannian manifold with nonnegative Ricci curvature, for
s ≥ r

(1.105) A (s) ≤ n
VolB (p, r)

rn
sn−1.

Let

(1.106) AVR (g) + lim
r→∞

Vol (B (p, r))

ωnrn

be the asymptotic volume ratio.

Exercise 1.97. Show that for s ≤ r

A (s) ≥ n
VolB (p, r)

rn
sn−1 ≥ nωn AVR (g) sn−1.

Now we consider the Hessian in polar coordinates. We have

∇n∇n =
∂2

∂r2
− Γann

∂

∂xa
=

∂2

∂r2

∇n∇i =
∂2

∂r∂θi
− Γani

∂

∂xa
=

∂2

∂r∂θi
+ hji

∂

∂θj

∇i∇j =
∂2

∂θi∂θj
− Γaij

∂

∂xa
= ∇S

i ∇S
j + hij

∂

∂r

where ∇S is the intrinsic covariant derivative of the hypersurface S (p, r) .
In particular, if f = f (r) is a radial function, then

∇n∇nf =
∂2f

∂r2

∇n∇if = 0

∇i∇jf = hij
∂f

∂r
.

Note that the Hessian of the distance function is the second fundamental
form of the distance sphere, which in turn is the radial derivative of the
metric, telling us the about the inner products of the Jacobi fields ∂

∂θi :

(1.107) ∇i∇jr = hij =
1

2

∂

∂r
gij =

1

2

∂

∂r

〈
∂

∂θi
,
∂

∂θj

〉

g

.

More invariantly, if J1 and J2 are Jacobi fields along a geodesic γ : [0, L] →
Mn without conjugate points and if Ji (0) = ~0 and 〈∇γ̇Ji (0) , γ̇ (0)〉 = 0 for
i = 1, 2, then we have

(1.108)
1

2

∂

∂r
〈J1, J2〉 = ∇J1∇J2r = h (J1, J2) .

Note that in a manifold with constant sectional curvature K, if J is a
Jacobi field along a unit speed geodesic γ with J (0) = ~0 and 〈∇γ̇J, γ̇〉 (0) =
0, then

|J | (γ (r)) = |∇γ̇J | (0) sK (r)
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where sK (r) is defined in (1.93). In general we have the expansion (see
[103], p.16)

|J |2 (γ (r)) = r2 − 1

3
〈Rm(∇γ̇J, γ̇)γ̇,∇γ̇J〉 (0) · r4 +O(r5).

Now suppose sect (g) ≥ K. From (1.91) we have

∇ ∂
∂r
h ≤ −Kg − h2.

Since along a geodesic ray γ : [0, L) →Mn emanating from p we have

lim
r→0+

rh
(
Xγ(r), Yγ(r)

)
= g (Xp, Yp) ,

for parallel vector fields X and Y along γ, we obtain

(1.109) h (r, θ) ≤ hK (r) g (r, θ)

where

hK (r) +





√
K cot

(√
Kr
)

if K > 0
1
r if K = 0√
|K| coth

(√
|K|r

)
if K < 0

=
1

n− 1
HK (r) .

Hence if f (r) = r is the distance function, then we get

(1.110) ∇i∇jr = hij ≤ hK (r) gij

for i, j = 1, . . . , n−1 inside the cut locus when sect (g) ≥ K. This is a special
case of the Hessian Comparison Theorem 1.82. We also obtain:

Corollary 1.98. Let (Mn, g) be Riemannian manifold with sect (g) ≥
K and γ : [0, L] →Mn be a unit speed geodesic. If J is a Jacobi field along

γ with J (0) = ~0 and 〈∇γ̇J (0) , γ̇ (0)〉 = 0, then

|J (r)| ≤ |∇γ̇J (0)| · sK (r) .

Proof. By our hypotheses, 〈J (r) , γ̇ (r)〉 ≡ 0 for all r. From (1.108) and
(1.109) we have for all r > 0,

∂

∂r

( |J (r)|
sK (r)

)
=

(
h
(
J
|J | ,

J
|J |

)
− s′K (r)

sK (r)

)
· |J |
sK (r)

≤ 0,

since
s′K(r)

sK(r) = hK (r) (recall sK (r) is defined by (1.93).) The result now

follows from limr→0
|J(r)|
sK(r) = |∇γ̇J (0)| . �

More generally, applying standard ode comparison theory to the Jacobi
equation, one has the following.
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Theorem 1.99 (Rauch Comparison). Let (Mn, g) and (Mn
0 , g0) be Rie-

mannian manifolds and γ : [0, L] → Mn and γ0 : [0, L] → Mn
0 be unit speed

geodesics. Suppose that γ0 has no conjugate points and for any r ∈ [0, L]
and any X ∈ Tγ(r)M

n, X0 ∈ Tγ(r)M
n
0 we have

sect (X ∧ γ̇ (r)) ≤ sect (X0 ∧ γ̇0 (r)) .

If J and J0 are Jacobi fields along γ and γ0 with J (0) and J0 (0) tangent to
γ and γ0, and

|J (0)| = |J0 (0)| ,
〈∇γ̇J (0) , γ̇ (0)〉 = 〈∇γ̇0J0 (0) , γ̇0 (0)〉 ,

|∇γ̇J (0)| = |∇γ̇0J0 (0)| ,
then

(1.111) |J (r)| ≥ |J0 (r)| .

For the proof of this see Chapter 1 of [103].

Exercise 1.100. Show that the Rauch Comparison Theorem may be used
to prove the Hessian Comparison Theorem. Similarly, show that the Bishop
Volume Comparison Theorem implies the Laplacian Comparison Theorem.

Exercise 1.101. Show that if sect (g) ≤ K, then ∇i∇jr ≥ hK (r) gij .

Exercise 1.102. Under the assumption of sect (g) ≥ K prove the fol-
lowing Hessian comparisons:

∇∇ cos
(√

Kr
)
≥ −K cos

(√
Kr
)
g if K > 0(1.112)

∇∇
(
r2
)
≤ 2g if K = 0(1.113)

∇∇ cosh
(√

|K|r
)
≤ |K| cosh

(√
|K|r

)
g if K < 0.(1.114)

Here the comparisons are the same in any direction, not just the spherical
directions as in the case of the distance function. Note that

r2 = lim
r→0+

2

K

(
1 − cos

(√
Kr
))

= lim
r→0−

2

|K|
(
cosh

(√
|K|r

)
− 1
)
.

The reason the sign in the equality is reversed when K > 0 is because
d
dx cosx = − sinx < 0.

5. First and second variation of arc length and energy formulas

5.1. Arc length. We recall the first and second variation of arc length
formulas. Let γr : [a, b] → Mn, r ∈ J ⊂ R, be a 1-parameter family of
paths. From this we may define the map Γ : [a, b] × J →Mn by

Γ (s, r) + γr (s) .
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We define the vector fields R and S along γr by R + Γ∗ (∂/∂r) and S +
Γ∗ (∂/∂s) .We call R the variation vector field and S the tangent vector
field. The length of γr is given by

L (γr) +

∫ b

a
|S (γr (s))| ds.

The first variation of arc length formula is given by

Lemma 1.103 (1st variation of arc length). Suppose 0 ∈ J . If γ0 is
parametrized by arc length, that is, |S (γ0 (s))| ≡ 1, then

(1.115)
d

dr

∣∣∣∣
r=0

L (γr) = −
∫ b

a
〈R,∇SS〉 ds+ 〈R,S〉|ba .

Proof. We compute

d

dr

∣∣∣∣L (γr) =
1

2

∫ b

a
|S|−1R 〈S, S〉 ds =

∫ b

a
|S|−1 〈S,∇RS〉 ds

=

∫ b

a
〈S/ |S| ,∇SR〉 ds(1.116)

since ∇RS − ∇SR = [R,S] = Γ∗ ([∂/∂r, ∂/∂s]) = 0. Using |S| ≡ 1 and
integrating by parts yields the desired formula. �

Corollary 1.104. If γr : [0, b] → Mn, r ∈ J ⊂ R, is a 1-parameter
family of paths emanating from a fixed point p ∈ Mn (i.e., γr (0) = p) and
γ0 is a geodesic parametrized by arc length, then

(1.117)
d

dr

∣∣∣∣
r=0

L (γr) =

〈
∂

∂r

∣∣∣∣
r=0

γr (b) ,
∂γ0

∂s
(b)

〉
.

Observe that at a point where the distance function r (x) + d (x, p)
is smooth (i.e., outside the cut locus), the first variation formula (1.117)
implies

(1.118) ∇r (x) =
∂γ0

∂s
(b)

where γ0 : [0, b] →Mn is the unique unit speed minimal geodesic from p to
x. This is because if γ0 is a minimal geodesic, then L (γr) ≥ d (p, γr (b)) with
L (γ0) = d (p, γ0 (b)) . Hence

〈
∇r, ∂

∂r

∣∣∣∣
r=0

γr (b)

〉
=

d

dr

∣∣∣∣
r=0

L (γr) =

〈
∂

∂r

∣∣∣∣
r=0

γr (b) ,
∂γ0

∂s
(b)

〉
.

This is an alternative way to view a formula we already knew from the Gauss
Lemma.

Remark 1.105. If we do not assume γ0 is parametrized by arc length,
then we have

d

dr

∣∣∣∣
r=0

L (γr) = −
∫ b

a

〈
R,∇S

(
S

|S|

)〉
ds+

〈
R,

S

|S|

〉∣∣∣∣
b

a

.
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Hence, among all paths fixing two endpoints, the critical points of the length
functional are the geodesics γ, which satisfy

∇γ̇

(
γ̇

|γ̇|

)
= 0.

Now suppose we have a 2-parameter family of paths γq,r : [a, b] → Mn,
q ∈ I ⊂ R and r ∈ J ⊂ R. Define Φ : [a, b] × I × J →Mn by

Φ (s, q, r) + γq,r (s)

and Q + Φ∗ (∂/∂q) , R + Φ∗ (∂/∂r) and S + Φ∗ (∂/∂s) . The second vari-
ation of arc length formula is given by

Lemma 1.106 (2nd variation of arc length). Suppose 0 ∈ I and 0 ∈ J .
If γ0,0 is parametrized by arc length, then

∂2

∂q∂r

∣∣∣∣
(q,r)=(0,0)

L (γq,r)(1.119)

=

∫ b

a
(〈∇SQ,∇SR〉 − 〈∇SQ,S〉 〈∇SR,S〉 − 〈Rm (Q,S)S,R〉) ds

−
∫ b

a
〈∇QR,∇SS〉 ds+ 〈∇QR,S〉|ba .

Proof. Differentiating (1.116), we compute that

∂2

∂q∂r

∣∣∣∣
(q,r)=(0,0)

L (γq,r)

=
∂

∂q

∣∣∣∣
(q,r)=(0,0)

∫ b

a
〈S/ |S| ,∇SR〉 ds =

∫ b

a
Q 〈S/ |S| ,∇SR〉 ds

=

∫ b

a
(〈S/ |S| ,∇Q∇SR〉 + 〈∇Q (S/ |S|) ,∇SR〉) ds

=

∫ b

a
(〈Rm (Q,S)R,S/ |S|〉 + 〈S/ |S| ,∇S∇QR〉) ds

+

∫ b

a
|S|−1 〈∇QS,∇SR〉 ds−

∫ b

a
|S|−3 〈∇QS, S〉 〈S,∇SR〉 ds

and the result follows from an integration by parts. �

Corollary 1.107. If γr is a 1-parameter family of paths with fixed end
points and such that γ0 is a geodesic parametrized by arc length, then

(1.120)
∂2

∂r2

∣∣∣∣
r=0

L (γr) =

∫ b

a

(∣∣∣(∇SR)⊥
∣∣∣
2
− 〈Rm (R,S)S,R〉

)
ds.

where (∇SR)⊥ is the projection of ∇SR onto S⊥, i.e., (∇SR)⊥ + ∇SR −
〈∇SR,S〉S.

In particular, we have
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Corollary 1.108. If in addition, (Mn, g) has nonpositive sectional cur-

vature and the paths γr are smooth and closed, then ∂2

∂r2

∣∣∣
r=0

L (γr) ≥ 0. That

is, any smooth closed geodesic γ0 is stable.

With the idea of minimizing in a homotopy class of an element of π1 (Mn)
and some simple linear algebra, one also obtains:

Theorem 1.109 (Synge). If (Mn, g) is an even-dimensional, orientable,
closed Riemannian manifold with positive sectional curvature, then Mn is
simply connected.

Proof. Suppose Θ is a nontrivial free homotopy class of loops. Then
since Mn is compact, there exists a smooth closed geodesic γ representing Θ
with minimal length among all such loops (see p. 99 of [103] for the proof.)
Fix a point p ∈ γ and consider parallel translation around γ to obtain a
linear isometry of an even-dimensional vector space: ι : TpM → TpM. Now

ι (γ̇) = γ̇ because γ is a geodesic. Since Mn is orientable, ι : γ̇⊥ → γ̇⊥ is an
orthogonal transformation with determinant 1 of an odd-dimensional vector
space with an inner product. Now the eigenvalues of an orthogonal matrix
are complex numbers with length 1 coming in conjugate pairs. Since the
dimension of γ̇⊥ is odd and the determinant of ι is 1, we conclude that 1 is
an eigenvalue. Hence there exists a smooth parallel unit vector field R along
γ normal to γ̇. The second variation formula (1.120) implies that

∂2

∂r2

∣∣∣∣
r=0

L (γr) = −
∫ b

a
〈Rm (R,S)S,R〉 ds < 0

since the sectional curvatures are positive. This contradicts the fact that
γ has minimal length in its free homotopy class. Hence Mn is simply con-
nected. �

If γq : [0, r] →Mn is one-parameter family of paths, q ∈ (−ε, ε) , γ0 is a

unit speed geodesic, and Q (0) = ~0, then
(1.121)
∂2

∂q2

∣∣∣∣
q=0

L (γq) − 〈∇QQ,S〉 (r) =

∫ r

0

(∣∣∣(∇SQ)⊥
∣∣∣
2
− 〈Rm (Q,S)S,Q〉

)
ds.

In particular, given V ∈ Tγ0(r)M, we extend V along γ0 by defining

Q (γ0 (s)) +
s

r
V (γ0 (s))

where V (γ0 (s)) is the parallel translation of V along γ. We then have

(1.122)
∂2

∂q2

∣∣∣∣
q=0

L (γq)−〈∇QQ,S〉 (r) =
1

r

∣∣∣V ⊥
∣∣∣
2
−
∫ r

0
〈Rm (Q,S)S,Q〉 ds
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where V ⊥ + V − 〈V, S〉S. Now let β : (−ε, ε) →Mn where β (q) = γq (r) so

that β̇ (q) = Q and in particular β̇ (0) = V. We have

d (β (q) , p) ≤ L (γq)

d (β (0) , p) = L (γ0) .

That, is the function q 7→ d (β (q) , p) is a lower support function for the
function q 7→ L (γq) at q = 0.

Definition 1.110. Suppose that u ∈ C0 (Mn) and V ∈ TpM. Let βV :

(−ε, ε) →Mn be the constant speed geodesic with β (0) = p and β̇ (0) = V ∈ .
If v : (−ε, ε) → R is a C2 function such that u (β (q)) ≤ v (q) for q ∈ (−ε, ε)
and u (β (0)) = v (0) , then we say that

∇V∇V u ≤ v′′ (0)

in the sense of support functions.

Exercise 1.111. Show that if u : Mn → R satisfies ∇V∇V u ≤ 0 for
every V ∈ TM in the sense of support functions, then u is concave; that is,
for every unit speed geodesic β : [a, b] →Mn we have

u (β ((1 − s) a+ sb)) ≥ (1 − s)u (β (a)) + su (β (b))

for all s ∈ [0, 1] .

Now continuing our discussion above, assume β is a geodesic so that
∇QQ = 0. In particular, if the sectional curvatures are nonnegative and
r (x) = d (x, p) is the distance function, then (compare (1.110))

(1.123) ∇V∇V r ≤
∂2

∂q2

∣∣∣∣
q=0

L (γq) ≤
1

r

∣∣∣V ⊥
∣∣∣
2

in the sense of support functions. Note that this inequality holds in the
usual C2 sense outside the cut locus of p.

Exercise 1.112. Generalize (1.123) to the case sect ≥ K, where K ∈ R.

Exercise 1.113. Show that equation (1.123) implies (compare (1.113))

(1.124) ∇V∇V

(
r2
)
≤ 2 |V |2 .

Hint: assuming β is a geodesic, we have

(1.125)
∂2

∂q2

∣∣∣∣
q=0

L (γq)
2 ≤ 2

∣∣∣V ⊥
∣∣∣
2
+ 2

(
∂

∂q

∣∣∣∣
q=0

L (γq)

)2

.

If γ : [a, b] → Mn is a path and Q and R are vector fields along γ, we
define the index form by

I (Q,R) +

∫ b

a
(〈∇SQ,∇SR〉 − 〈∇SQ,S〉 〈∇SR,S〉 − 〈Rm (Q,S)S,R〉) ds.
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Note that if either 〈Q,S〉 ≡ 0 on γ or 〈R,S〉 ≡ 0 on γ, then

I (Q,R) =

∫ b

a
(〈∇SQ,∇SR〉 − 〈Rm (Q,S)S,R〉) ds.

If γq,r is a 1-parameter family of paths with fixed endpoints and if γ0,0 is a
unit speed geodesic, then

∂2

∂q∂r

∣∣∣∣
(q,r)=(0,0)

L (γq,r) = I (Q,R) .

5.2. Energy. Analogous to the length functional is the energy func-
tional of a path:

Energy (γ) +

∫ b

a

∣∣∣∣
dγ

ds
(s)

∣∣∣∣
2

ds.

Given a 1-parameter family of paths γr : [a, b] → Mn, r ∈ J ⊂ R, the first
variation formula is given by (R and S defined the same as above)
(1.126)

1

2

d

dr

∣∣∣∣
r=0

Energy (γr) =

∫ b

a
〈∇SR,S〉 ds = −

∫ b

a
〈R,∇SS〉 ds+ 〈R,S〉|ba .

Note we have not assumed that γ0 is parameterized by arc length. Hence the
critical points of the energy functional, among all paths fixing two endpoints,
are the constant speed geodesics γ, which satisfy

∇γ̇ γ̇ = 0.

The speed of γ is constant since γ̇ |γ̇|2 = 2 〈∇γ̇ γ̇, γ̇〉 ≡ 0.
Now let γq,r : [a, b] →Mn, q ∈ I ⊂ R and r ∈ J ⊂ R, be a 2-parameter

family of paths. A similar computation as in the proof of Lemma 1.106
shows that the second variation is given by

∂2

∂q∂r

∣∣∣∣
(q,r)=(0,0)

Energy (γq,r) =

∫ b

a
Q 〈S,∇SR〉 ds

=

∫ b

a
(〈S,∇Q∇SR〉 + 〈∇QS,∇SR〉) ds

=

∫ b

a
(〈∇SQ,∇SR〉 + 〈Rm (Q,S)R,S〉) ds(1.127)

−
∫ b

a
〈∇QR,∇SS〉 ds+ 〈∇QR,S〉|ba

5.3. Jacobi fields. Recall that a Jacobi field J is a variation of geodesics
and satisfies the Jacobi equation:

∇S∇SJ +R (J, S)S = 0

Given a geodesic γ : [0, L] → Mn without conjugate points and vectors
A ∈ Tγ(0)M

n and B ∈ Tγ(L)M
n with 〈A,S〉 = 0 and 〈B,S〉 = 0, there exists

a unique Jacobi field J with J (0) = A and J (L) = B.
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Moreover,

Lemma 1.114. In the space ΞA,B of vector fields X along γ with X (0) =
A and X (L) = B, the Jacobi field minimizes the index form:

I (X) + I (X,X) =

∫ L

0

(
|∇SX|2 − 〈Rm (X,S)S,X〉

)
ds.

Remark 1.115. The idea is that geodesic variations should minimize the
second variation among all variations with given endpoint values.

Proof. Note that if X and Y are vector fields along γ, then

1

2

d

dt

∣∣∣∣
t=0

I (X + tY ) = −
∫ L

0
〈(∇S∇SX + Rm (X,S)S) , Y 〉 ds.

Hence the critical points of I on ΞA,B are the Jacobi fields. We also see that
if γ has no conjugate points, then

(1.128)
1

2

d2

dt2

∣∣∣∣
t=0

I (X + tY ) =

∫ L

0

(
|∇SY |2 − 〈Rm (Y, S)S, Y 〉

)
ds > 0

when Y (0) = 0, Y (L) = 0 and Y 6≡ 0, so that the index form I is convex.
(Note that the tangent space TXΞA,B is the space of all vector fields along γ
which vanish at its endpoints.) Hence the Jacobi fields minimize I in ΞA,B
(see Lemma 1.169).

We now give a variational proof of inequality (1.128). Given a unit speed
geodesic γ : [0, L] →Mn without conjugate points and a vector field Y along
γ, define

It (Y ) +

∫ t

0

(
|∇SY |2 − 〈Rm (Y, S)S, Y 〉

)
ds

for t ∈ [0, L] . Normalize the index by defining

ι (t) + inf
Z(0)=0, Z(t)=0

Z 6≡0

It (Z)∫ t

0
|Z (s)|2 ds

.

Note that limt→0+ ι (t) = ∞. This is because

d

ds
|Z| ≤ |∇SZ| , 〈Rm (Z, S)S,Z〉 ≤ C |Z|2

and

lim
t→0

λ1 ([0, t]) = lim
t→0

π2

t2
= ∞

where λ1 is the first eigenvalue of d2/ds2 with Dirichlet boundary conditions.
For t ∈ (0, L] where γ|[0,t] is minimizing (e.g., for t > 0 small enough),

we have ι (t) ≥ 0 since It (Z) is a second variation of γ|[0,t] vanishing at

the endpoints 0 and t. Now if for some t0 ∈ (0, L] we have ι (t0) = 0, then
It0 (Z0) = 0 for some Z0 with Z0 (0) = 0, Z0 (t) = 0, and Z0 6≡ 0. By
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considering the Euler-Lagrange equation for E (Z) + It0 (Z)/
∫ t0
0 |Z (s)|2 ds

at Z0, we have for all W vanishing at 0 and t0

0 =
1

2

d

du

∣∣∣∣
u=0

E (Z0 + uW )

= − 1∫ t
0 |Z0 (s)|2 ds

∫ t

0
〈(∇S∇SZ0 + Rm (Z0, S)S) ,W 〉 ds,

since It0 (Z0) = 0. Thus Z0 is a nontrivial Jacobi field along γ|[0,t0] with

Z0 (0) = 0 and Z0 (t0) = 0. This contradicts the assumption that there are
no conjugate points along γ. Hence ι (t) > 0 for all t ∈ (0, L]. �

Remark 1.116. Since in the of ι (t) we make take Z to be piecewise
smooth, we see that ι (t) is nonincreasing in t.

We briefly return to the Laplacian and Hessian comparison theorems,
now from the point of view of Jacobi fields. (See Exercise 2.16 in [98].) Let
p ∈Mn, γ be a unit speed geodesic emanating from p, and r (x) + d (x, p) .
Let J be a Jacobi field along γ perpendicular to γ̇ and with J (p) = 0. Then
for any s such that γ is minimizing past γ (s) , we have

(1.129) I
(
J |[0,s] , J |[0,s]

)
=
(
∇2
J(s),J(s)r

)
(γ (s)) = h (J (s) , J (s))

where h is the second fundamental form of the distance sphere S (p, s) . In

particular, given any orthonormal basis {ei}n−1
i=1 for γ̇⊥ at γ (s) , let Ji denote

the Jacobi fields along γ with Ji (0) = 0 and Ji (s) = ei. We have

∆r =

n−1∑

i=1

I (Ji, Ji) .

Since Jacobi fields minimize the index form, we have for x /∈ Cut (p)

(1.130) ∆r (x) ≤
n−1∑

i=1

I (Yi, Yi) (x)

for any vector fields Yi along the minimal geodesic γ joining p to x with
Yi (0) = 0 and {Yi (r (x))}n−1

i=1 orthonormal.
We now prove (1.129). Let β : [0, ε] → Mn be a geodesic with β (0) =

γ (s) and β̇ (0) = J (s) . Since γ is minimizing and γ (s) /∈ Cut (p) , there
exists a unique smooth 1-parameter family of geodesics

γu : [0, s] →Mn

with γu (0) = p and γu (s) = β (u) for u ∈ [0, ε] . We have ∂
∂u

∣∣
u=0

γu (t) =
J (t) ∈ Tγ(t)M

n for t ∈ [0, s] . Now we apply the second variation formula
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(1.119) to obtain
(
∇2
J(s),J(s)r

)
(γ (s)) =

∂2

∂u2

∣∣∣∣
u=0

r (β (u)) =
∂2

∂u2

∣∣∣∣
u=0

L (γu)

=

∫ s

0

(
|∇TJ |2 − 〈Rm (J, T )T, J〉

)
dt = J |[0,s] , J |[0,s]

where we used ∇γ̇ γ̇ = 0, 〈J, γ̇〉 = 0 and ∇β̇β̇ = 0.

Remark 1.117. Perelman has defined a new space-time geometry for so-
lutions of the Ricci flow (see Volume 2.) There we shall carry out analogous
calculations for the first and second variation of the L-length.

6. Geometric applications of second variation

6.1. Toponogov comparison theorem. As a consequence of our dis-
cussion in §5, we have the following (see also [308] and pp. 105-106 of [234]).

Lemma 1.118. Let (Mn, g) be a complete Riemannian manifold with
nonnegative sectional curvature and p ∈ Mn. If β : (a, b) → Mn is a unit
speed geodesic, then the function

φ : (a, b) → R

defined by

φ (r) + r2 − d (β (r) , p)2

is convex.

Proof. This is essentially contained in the arguments leading up to
Exercise 1.113; for completeness we repeat part of the arguments. Given
r0 ∈ (a, b) , let γr : [0, L] →Mn be a 1-parameter family of paths from p to
β (r) with γr0 : [0, L] →Mn a unit speed minimal geodesic from p to β (r0)
and

∂

∂r

∣∣∣∣
r=r0

γr (s) =
s

L
V (γ (s)) ,

where V is the parallel translation of β̇ (r0) ∈ Tγ(L)M along γ. By (1.125)
we have

d2

dr2

∣∣∣∣
r=r0

(
r2 − L (γr)

2
)
≥ 0

since |V |2 = 1. Since

r2 − d (β (r) , p)2 ≥ r2 − L (γr)
2 , r20 − d (β (r0) , p)

2 = r20 − L (γr0)
2 ,

we conclude that φ (r) is convex. �

Remark 1.119. In general, if φ : (a, b) → R is a Lipschitz function such
that for all r0 ∈ (a, b) there exists a C2 function ψr0 (r) defined in a neigh-

borhood of r0 with ψr0 (r) ≤ φ (r) , ψr0 (r0) = φ (r0) and d2

dr2

∣∣∣
r=r0

ψr0 (r) ≥ 0,

then φ is convex.
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Using Lemma 1.118 one can give an elementary proof ([234]) of the
Toponogov comparison theorem [492], [3] (see [103] for a different proof of
the more general version).

Theorem 1.120 (Toponogov - sect ≥ 0). Let (Mn, g) be a complete
Riemannian manifold with nonnegative sectional curvature and α : [0, A] →
Mn be a unit speed minimal geodesic joining p to q. If β : [0, B] →Mn is a

unit speed geodesic with β (0) = q and if θ ∈ [0, π] is the angle between β̇ (0)

and −α̇ (A) (so that cos θ =
〈
β̇ (0) ,−α̇ (A)

〉
), then

d (β (r) , p)2 ≤ r2 +A2 − 2Ar cos θ

for all r > 0. In particular of course,

(1.131) d (β (B) , p)2 ≤ A2 +B2 − 2AB cos θ.

By the law of cosines, equality is attained for euclidean space. That is, the
rhs of (1.131) is the length squared of the side in the corresponding euclidean
triangle with the same A,B and θ.

Proof. For ε > 0, let

fε (r) + r2 − d (β (r) , p)2 +A2 − 2Ar cos θ + εr.

By the previous lemma, fε is convex. We also have fε (0) = 0 and by a first
variation argument, fε (r) > 0 for r > 0 and small enough, depending on ε.
Note that at a point where the distance function to p is smooth, we actually
have

f ′ε (0) = −2d (β (0) , p)
〈
β̇ (0) , α̇ (A)

〉
− 2A cos θ + ε = ε > 0.

Since fε is convex, we conclude that fε (r) > 0 for all r > 0. In particular,
limε→0 fε (r) ≥ 0 for all r > 0, which proves the theorem. �

Exercise 1.121. Show that given ε > 0, indeed fε (r) > 0 for r > 0 and
small enough.

Solution. Let αr : [0, A] → Mn, r ∈ [0, r0] , be a 1-parameter family
of paths with αr (0) = p, αr (A) = β (r) and α0 = α. Consider the smooth
barrier function

hε (r) + r2 − L (αr)
2 +A2 − 2Ar cos θ + εr.

Clearly fε (r) ≥ hε (r) and hε (0) = 0 since α is minimal. We compute

h′ε (0) = −2A cos θ − 2A
d

dr

∣∣∣∣
r=0

L (αr) + ε = ε > 0

since d
dr

∣∣
r=0

L (αr) =
〈
β̇ (0) , α̇ (A)

〉
= − cos θ by the first variation formula

(1.117). Thus fε (r) ≥ hε (r) > 0 for r > 0 sufficiently small.
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6.2. Long geodesics. Let γ : [0, s̄] →Mn be a unit speed geodesic in a
Riemannian n-manifold with Rc ≤ (n− 1)K in B (γ (0) , r) and B (γ (s̄) , r)

where K > 0 and 2r < s̄. Let {Ei}n−1
i=1 be a parallel orthonormal frame along

γ perpendicular to γ̇. By the second variation of arc length formula (1.120)
we have:

0 ≤
n−1∑

i=1

∫ s̄

0

(∣∣∣(∇γ̇ (ϕEi))
⊥
∣∣∣
2
− 〈Rm (ϕEi, γ̇) γ̇, ϕEi〉

)
ds

=

∫ s̄

0

(
(n− 1)

(
dϕ

ds

)2

− ϕ2 Rc (γ̇, γ̇)

)
ds

for any function ϕ : [0, s̄] → R. Now consider the piecewise smooth function

ϕ (s) +





s

r
if 0 ≤ s ≤ r

1 if r < s < s̄− r

s̄− s

r
if s̄− r ≤ s ≤ s̄

.

We then have
∣∣∣dϕds (s)

∣∣∣ = 1
r for s ∈ [0, r] and s ∈ [s̄− r, s̄] , and

∫

γ
Rc (γ̇, γ̇) ds ≤ 2 (n− 1)

r
+

∫ r

0

(
1 − ϕ2

)
Rc (γ̇, γ̇)+ ds

+

∫ s̄

s̄−r

(
1 − ϕ2

)
Rc (γ̇, γ̇)+ ds

≤ 2 (n− 1)

(
1

r
+Kr

)

where Rc (γ̇, γ̇)+ + max {Rc (γ̇, γ̇) , 0} .
A fundamental result about noncompact manifolds with positive sec-

tional curvature is the following [240] (see also p. 312 of [153] for an expo-
sition).

Theorem 1.122 (Gromoll-Meyer). If (Mn, g) is a complete Riemannian
manifold with positive sectional curvature bounded above by K, then

inj (Mn, g) ≥ π/
√
K.

The Gromoll-Meyer Theorem is important in the study of singularity
formulation of solutions to the Ricci flow in dimension 3. The reason is
because singularity models of finite time singular solutions have nonnegative
sectional curvature (see §3.3.2 of Chapter 5).



7. GREEN’S FUNCTION 61

7. Green’s function

In euclidean space the Green’s function, or fundamental solution of the
Laplace equation, is given by:

G (x, y) +





1

n (n− 2)ωn
|x− y|2−n if n ≥ 3

− 1

2π
log |x− y| if n = 2

,

where ωn is the volume of the unit euclidean n-ball. Note that G (x, y) > 0
for n ≥ 3 and G (x, y) changes sign for n = 2. One calculates that for any
function ϕ with compact support in Rn we have (see p. 17-18 of [227])

ϕ (x) = −
∫

Rn

G (x, y)∆ϕ (y) dy.

Let

h (x, y, t) + (4πt)−n/2 exp

(
−|x− y|2

4t

)

be the euclidean heat kernel. Recall that the Gamma function is defined by

Γ (x) +

∫ ∞

0
tx−1e−tdt

for x > 0, and satisfies Γ (x+ 1) = xΓ (x) . The volume of the unit n-ball is
given by

ωn =
πn/2

Γ
(
n
2 + 1

) .

Hence making the change of variables u = |x−y|2
4t , we have for n ≥ 3

∫ ∞

0
h (x, y, t) dt =

1

4
π−n/2 |x− y|2−n

∫ ∞

0
u(n−4)/2e−udu

=
1

n (n− 2)ωn
|x− y|2−n = G (x, y) .

Given a complete, noncompact Riemannian manifold (Mn, g) , a non-
negative Green’s function is a smooth function

G : Mn ×Mn − ∆ (M) → R,

where ∆ (M) + {(x, x) : x ∈Mn} , such that

(1) G (x, y) = G (y, x) ≥ 0
(2) Given any y ∈Mn,

∆xG (x, y) = 0 for all x ∈Mn − {y} .
(3) Given y ∈Mn, for x close to y we have

G (x, y) =

{
(1 + o (1)) d (x, y)2−n if n > 2

− (1 + o (1)) log d (x, y) if n = 2
.
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On a complete Riemannian manifolds there always exists a Green’s func-
tion. There is also a characterization of when there exists a positive Green’s
function.

Theorem 1.123 (Li-Tam [342]). For any complete Riemannian man-
ifold (Mn, g) there exists a Green’s function G (x, y) which is smooth on
M ×M −D, where D is the diagonal. G (x, y) can be taken to be positive
if and only if there exists a positive superharmonic function f on M − Ω,
where Ω is some compact domain, satisfying

lim inf
x→∞

f (x) < inf
x∈∂Ω

f (x) .

If (Mn, g) is a complete Riemannian manifold, then we can define a
Green’s function G0 (x, y) in terms of the heat kernel by:

G0 (x, y) +

∫ ∞

0
H (x, y, t) dt

whenever the rhs converges.

Lemma 1.124. G0 (x, y) > 0 and

∆xG0 (x, y) = −δy (x) .

8. Comparison theory for the heat kernel

The fundamental solution of the heat equation (or heat kernel)
on Rn is

(1.132) h(x, y, t) + (4πt)−n/2 exp

{
−|x− y|2

4t

}
.

The heat kernel is symmetric in x and y and it is easy to see that
(
∂

∂t
− ∆x

)
h (·, y, ·) = 0.

We also have limt→0 h(·, y, t) = δy, that is,

lim
t→0

∫

Rn

h (x, y, t) f (x) dx = f (y)

for all f ∈ C0 (Rn) ∩ L∞ (Rn) . Analogous to the Laplacian and volume
comparison theorem, we have the following [110].

Theorem 1.125 (Cheeger-Yau). If (Mn, g) is a complete Riemannian
manifold with Rc ≥ − (n− 1)H for some H ∈ R, then the fundamental
solution h (x, y, t) of the heat equation, that is, the minimum positive heat
kernel on Mn satisfies

h (x, y, t) ≥ hn,H (dg (x, y) , t)

where hn,H is the heat kernel of the simply connected, complete, n-dimensional
manifold of constant sectional curvature H.
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Here we have used the fact that at each time hn,H is a radial function.
Taking H = 0, we have the following.

Corollary 1.126. If (Mn, g) is a complete Riemannian manifold with
nonnegative Ricci curvature, then the fundamental solution h (x, y, t) of the
heat equation on Mn satisfies

(1.133) h (x, y, t) ≥ (4πt)−n/2 e−d(x,y)
2/4t.

In fact, Cheeger and Yau prove comparison theorems for fundamental so-
lutions on geodesic balls with Dirichlet and Neumann boundary conditions.
Inequality (1.133) is also a consequence of the Li-Yau differential Harnack
inequality for positive solutions of the heat equation (see (8.8)).

For the hyperbolic plane H2 (the complete surface with constant curva-
ture −1), we have (see p. 246 of [97])

h2,−1 (x, y, t) =

√
2e−t/4

(4πt)3/2

∫ ∞

d(x,y)

se−s
2/4t

√
cosh s− cosh d (x, y)

ds

for x, y ∈ H2 and t > 0. More generally, we have the following explicit
formulas (see Grigor’yan and Noguchi [239].)

Theorem 1.127. The heat kernel of hyperbolic space Hn is given in even
dimensions by:

h2(m+1),−1 (x, y, t)

=

(−1

2π

)m √
2e−(2m+1)2t/4

(4πt)3/2

(
1

sinh r

∂

∂r

)m(∫ ∞

r

se−s
2/4t

√
cosh s− cosh r

ds

)

and in odd dimensions by:

h2m+1,−1 (x, y, t) =

(−1

2π

)m e−m
2t

(4πt)1/2

(
1

sinh r

∂

∂r

)m (
e−r

2/4t
)

where r + d (x, y) .

Exercise 1.128. Using the fact that ∆ = ∂2

∂r2
+coth r ∂∂r acting on radial

functions on H2 (see (1.101)), show that h2,−1 (x, y, t) is a solution of the
heat equation on H2. Furthermore, show that it is a fundamental solution.

Li and Yau [346] have proved the following lower bound for the heat
kernel (see also p. 333 of [97] for this statement).

Theorem 1.129. If (Mn, g) is a complete Riemannian manifold with
Rc ≥ − (n− 1)H where H ≤ 0, then for any ε ∈ (0, 4) there exists c (n, ε) >
0 and C (n) <∞ such that

h (x, y, t) ≥ c (n, ε)

Vol
(
B
(
x,

√
t
)) 1

2 Vol
(
B
(
y,
√
t
)) 1

2

exp

{
−d (x, y)2

(4 − ε) t
+ C (n) εHt

}
.

As one might expect, limε→0 c (n, ε) = 0.
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Remark 1.130. See §8.1 for a related discussion of positive solutions of
the heat equation. Chavel’s book [97] is a good source for the material on the
heat equation (see especially Chapters 6-8). See §12.4 of [97] for a heuristic
derivation of (1.132) as the euclidean heat kernel.

Comparison theory for the heat kernel is related to volume comparison
theory (§4) and also Perelman’s comparison theory for the Ricci flow (see
Volume 2.)

9. Parametrix for the heat equation

We now consider the heat kernel associated to a 1-parameter family of
metrics g (t) , t ∈ [0, T ), on a manifoldMn. In this section we sketch the ideas
behind obtaining an asymptotic expansion for the heat kernel associated to
an evolving metric. The idea we follow is to modify the techniques in the
fixed metric case. Our main interest will be to apply this to the case where
the metrics are evolving by the Ricci flow. We hope the interested reader
will pursue these ideas since we are not aware of the variable metric case
being considered in the literature.

Let u (x, y, t) + (4πt)−n/2 exp

(
−d2

g(0)
(x,y)

4t

)
, which in the case of eu-

clidean space is the heat kernel. For each N ∈ N we shall construct a
function of the form:

hN (x, y, t) + u (x, y, t)

N∑

k=0

φk (x, y) tk

where φk (x, y) , to be defined for all x, y ∈ Mn such that dg(0) (x, y) <
inj (g (0)) , will be chosen so that

(
∆g(t) −

∂

∂t

)
hN = O

(
tN
)

lim
t→0+

hN (x, y, t) = δx (y) .

Here O
(
tN
)

means that there exists C <∞ such that
∣∣∣∣
(

∆g(t) −
∂

∂t

)
hN (x, y, t)

∣∣∣∣ ≤ CtN

for all x, y ∈ Mn with dg(0) (x, y) < inj (g (0)) and t < 1. For each (x, y) ∈
Mn×Mn, we are writing the ratio hN (x,y,t)

u(x,y,t) as a finite power series in t and

we want hN to be a fundamental solution to the heat equation up to order
N in time.

Recall that the Laplacian of a radial function f = f (r) is given inside
the cut locus Cut (x) by (1.87):

∆f =
d2f

dr2
+

∂

∂r
log
√

det g
df

dr
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where r + dg (x, y) . Since
(
∂2

∂r2
+ n−1

r
∂
∂r − ∂

∂t

)
u = 0, we have

(
∆g(0) −

∂

∂t

)
u =

∂ logα (0)

∂r

du

dr
= − r

2t

∂ logα (0)

∂r
u

where α (0) +
√

det g (0)
/
rn−1. Note that α (0) is bounded if r is bounded

and

(1.134)
∂ logα (0)

∂r
=

∂

∂r
log
√

det g (0) − n− 1

r
= o (1)

for r small.

Remark 1.131. In the following we will exhibit in our notation the de-
pendence on time of the metric and its associated quantities and operators
when necessary for clarity.

We assume the metric at time t may be written as

g (t) = g (0) +

N∑

m=1

hmt
m +O

(
tN+1

)
,

where

hm +
1

m!

∂mg

∂tm
(0)

which are symmetric 2-tensors. For example, if g (t) is a solution of the Ricci
flow, then h1 = −2 Rc (g (0)) . Let

g (t)ij + g (0)ij +
N∑

m=1

wijmt
m +O

(
tN+1

)
,

logα (t) = log

√
det g (t)

rn−1
+ logα (0) +

N∑

k=1

zkt
k +O

(
tN+1

)

and

Γ (t)kij + Γ (0)kij +
N∑

p=1

(Ap)
k
ij t

p +O
(
tN+1

)

where wm are (0, 2)-tensors, zk are functions, and Ap are (2, 1)-tensors. We
have (see (2.14))

wij1 = −g (0)ik (h1)kℓ g (0)ℓj , z1 =
1

2
g (0)ij (h1)ij

and (see (2.18))

(A1)
k
ij =

1

2

(
∇i (h1)

k
j + ∇j (h1)

k
i −∇k (h1)ij

)
.

where the covariant derivatives and raising of indices are with respect to
g (0) . Note that for a solution of the Ricci flow

wij1 = 2gikRkℓg
ℓj , z1 = −R
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and

(A1)
k
ij = −∇iR

k
j −∇jR

k
i + ∇kRij

where all of the quantities on the rhs are with respect to g = g (0) .
The Laplacian at time t is:

∆g(t) = g (t)ij
(

∂2

∂xi∂xj
− Γ (t)kij

∂

∂xk

)

=

(
g (0)ij +

N∑

m=1

tmwijm +O
(
tN+1

)
)

×


 ∂2

∂xi∂xj
−


Γ (0)kij +

N∑

p=1

tp (Ap)
k
ij +O

(
tN+1

)

 ∂

∂xk




= ∆ +
N∑

m=1

tmwijm∇i∇j −
N∑

p=1

tpgij (Ap)
k
ij ∇k

−
2N∑

q=2

∑

m+p=q

tq
(
wijm (Ap)

k
ij

)
∇k +O

(
tN+1

)

+ ∆ +
N∑

m=1

tm
(
wijm∇i∇j + vkm∇k

)
+O

(
tN+1

)
,

where again the rhs is with respect to g (0) and last equality defines the
vector fields vm = vkm

∂
∂xk . In particular

∆g(t) = ∆ + t
(
wij1 ∇i∇j − gij (A1)

k
ij ∇k

)
+O

(
t2
)
.

Let ψN +
∑N

k=0 φk (x, y) tk so that hN = uψN . We compute

(
∆g(t) −

∂

∂t

)
hN = ψN

(
∆g(t) −

∂

∂t

)
u+u

(
∆g(t) −

∂

∂t

)
ψN+2 〈du, dψN 〉g(t) .

Since 〈du, dψN 〉g = gij ∂u
∂xi

∂ψN

∂xj we have

〈du, dψN 〉g(t) = 〈du, dψN 〉g(0) +
N∑

m=1

wijmt
m ∂u

∂xi
∂ψN
∂xj

=
∂u

∂r

∂φ0

∂r
+

N∑

k=1

tk
∂u

∂r

∂φk
∂r

+
N∑

m=1

N∑

k=0

tm+kwijm
∂u

∂xi
∂φk
∂xj
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since u is a radial function at t = 0. From this we obtain

(
∆g(t) −

∂

∂t

)
hN = u

N∑

k=0

(
∆g(t)φk −

r

2t

∂ logα

∂r
φk −

r

t

∂φk
∂r

− k

t
φk

)
tk

+ 2
N∑

m=1

N∑

k=0

tm+kwijm
∂u

∂xi
∂φk
∂xj

= tNu∆g(t)φN − r

t
u

(
1

2

∂ logα

∂r
φ0 +

∂φ0

∂r

)

+
u

t

N∑

k=1

(
∆g(t)φk−1 −

(
k +

r

2

∂ logα

∂r

)
φk − r

∂φk
∂r

)
tk

− u
r

t

N∑

m=1

N∑

k=0

tm+kwijm
∂r

∂xi
∂φk
∂xj

Now we apply the expansion for ∆g(t) and α to get

(
∆g(t) −

∂

∂t

)
hN = −r

t
u

(
1

2

∂ logα (0)

∂r
φ0 +

∂φ0

∂r

)
− r

2t
u

N∑

k=1

tk
∂zk
∂r

φ0

+
u

t

N∑

k=1

tk

(
∆φk−1 +

N∑

m=1

tm
(
wijm∇i∇j + vℓm∇ℓ

)
φk−1

)

+
u

t

N∑

k=1

(
−
(
k +

r

2

∂ logα (0)

∂r

)
φk − r

∂φk
∂r

)
tk

− r

2t
u

N∑

m=1

tm
∂zm
∂r

N∑

k=1

φkt
k − u

r

t

N∑

m=1

N∑

k=0

tm+kwijm
∂r

∂xi
∂φk
∂xj

+O
(
tN
)
.
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We write this as(
∆g(t) −

∂

∂t

)
hN

= −r
t
u

(
1

2

∂ logα (0)

∂r
φ0 +

∂φ0

∂r

)

+
u

t

N∑

k=1

tk
(
−r∂φk

∂r
−
(
k +

r

2

∂ logα (0)

∂r

)
φk + ∆φk−1 −

r

2

∂zk
∂r

φ0

)

+
u

t

2N∑

k=2

∑

m+p=k,
m,p≥1

((
wijm∇i∇j + vℓm∇ℓ

)
φp−1 −

r

2

∂zm
∂r

φp

)
tk

− u
r

t

2N∑

k=1

∑

m+p=k
m≥1, p≥0

tkwijm
∂r

∂xi
∂φp
∂xj

+O
(
tN
)
.

When k = 0 we require φ0 to be a solution of the ode

∂

∂r
φ0 +

1

2

∂ logα (0)

∂r
φ0 = 0

so that

φ0 (x, y) = α (0)−1/2 (x, y) .

When k = 1 we impose the ode

(1.135) r
∂φ1

∂r
+

(
1 +

r

2

∂ logα (0)

∂r

)
φ1 = ∆φ0 − rwij1

∂r

∂xi
∂φ0

∂xj
− r

2

∂z1
∂r

φ0.

For 2 ≤ k ≤ N, define φk inductively by the following ode along rays
emanating from x

r
∂φk
∂r

+

(
k +

r

2

∂ logα (0)

∂r

)
φk

+ Φk = ∆φk−1 −
r

2

∂zk
∂r

φ0 − rwijk
∂r

∂xi
∂φ0

∂xj

+
∑

m+p=k
m,p≥1

((
wijm∇i∇j + vℓm∇ℓ

)
φp−1 −

r

2

∂zm
∂r

φp − rwijm
∂r

∂xi
∂φp
∂xj

)
.(1.136)

for k = 0, . . . , N where φ−1 + 0 and φ0 (x, x) + 1. Then
(

∆ − ∂

∂t

)
hN = O

(
tN
)
.

Now (1.136) implies for k ≥ 1

∂

∂r

(
rkα1/2φk

)
= rk−1α1/2Φk
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so that

φk (x, y) = r−kα−1/2

∫ r

0
r̄k−1α1/2Φkdr̄.

where the integration is along the unit speed minimal geodesic emanating
from x and and ending at y.

We have

∂2

∂r2
log

√
det gij

rn−1
=
∂H

∂r
+
n− 1

r2
= −Rc

(
∂

∂r
,
∂

∂r

)
− |h|2 +

n− 1

r2
.

Since limr→0+

(
− |h|2 + n−1

r2

)
= 0, for any unit vector V ∈ TpM

n, by taking

limit along the geodesic γV : [0, L) →Mn emanating from p with γ̇V (0) = V,
we have

(∇V∇V logα (0)) (p) = lim
r→0+

∂2

∂r2
log

√
det gij

rn−1

= −Rc

(
∂

∂r
,
∂

∂r

)
= −Rc (V, V ) .

Hence

(∆ logα (0)) (p) = −R (p) .

From taking the limit as r → 0+ in (1.134) we have

|∇ logα (0)|2 (p) = 0.

Since α (0) (p) = 1, we conclude that

(∆α (0)) (p) = −R (p)

and

∆φ0 (p) =
1

2
R (p) .

The parametrix is defined by

pN (x, y, t) + η
(
dg(0) (x, y)

)
hN (x, y, t)

where η : Mn → [0, 1] is a smooth radial cutoff function with η (y) = 1 if
dg(0) (x, y) ≤ 1

2 inj (g (0)) and η (y) = 0 if dg(0) (x, y) ≥ inj (g (0)) .
The asymptotics of the heat kernel on Riemannian manifolds are re-

lated to the determinant of the Laplacian (see §11) and index theorems.
For time-dependent metrics, the asymptotics of the heat kernel are related
to Perelman’s Harnack type inequality for the adjoint heat equation (see
Volume 2.)

10. Eigenvalues and eigenfunctions of the Laplacian

Let (Mn, g) be a complete Riemannian manifold. Let L2 (Mn, g) denote
the Hilbert space of measurable square integrable functions with the L2-
inner product:

〈f, h〉L2 =

∫

Mn

fhdµ.
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As usual, by a measurable function we mean an equivalence class of
measurable functions under the equivalence relation of differing on a set of
measure zero. When we say that a measurable function satisfies a pointwise
property such as being in C∞ or having L∞ (sup) norm bounded by some
constant, we mean that some function in the equivalence class satisfies the
property. Given C∞ functions f and h, let

〈f, h〉W 1,2 = 〈f, h〉L2 +

∫

Mn

〈df, dh〉 dµ.

Let W 1,2 denote the Hilbert space completion of C∞ (Mn) with respect to
the inner product 〈 · , · 〉W 1,2 .

The eigenfunction equation is

(1.137) ∆φ+ λφ = 0

where φ : Mn → R is called the eigenfunction and λ ∈ R is called the
eigenvalue. If Mn is closed, then assuming φ 6≡ 0 we have

λ =

∫
Mn |∇φ|2 dµ∫
Mn φ2dµ

,

which is obtained from multiplying (1.137) by φ and integrating by parts.
On a closed manifold, the set of eigenvalues

0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · ·
is discrete. This may be seen as follows. The operator −∆ + 1 is invert-
ible and its inverse (−∆ + 1)−1 : L2 (Mn) → W 2,2 (Mn) →֒ L2 (Mn) is a
compact operator by elliptic regularity. Thus the eigenvalues

· · · ≤ µk ≤ · · · ≤ µ0 = 1

of (−∆ + 1)−1 are discrete and limk→∞ µk = 0. From λk = 1−µk
µk

we see that

limk→∞ λk = ∞. The Weyl asymptotic formula says that

(1.138) λk ∼ cn Vol (g)−2/n k2/n

where cn = 4π2ω
−2/n
n and ωn is the volume of the unit euclidean n-ball (∼

means the ratio of the rhs to the lhs approaches 1 as k → ∞.) See §11.1 for a
sketch of the proof of (1.138). For each λk we may choose the corresponding
eigenfunction φk so that {φk}∞k=1 is orthonormal. Then {φk}∞k=1 is a basis
for L2 (Mn) . For any function f ∈ L2 (Mn) we have

f =
∞∑

k=1

〈f, φk〉L2 φk

and

‖f‖2
L2 =

∞∑

k=1

〈f, φk〉2L2 .
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The Rayleigh principle says that

λk = inf
f⊥Hk−1

∫
Mn |∇f |2 dµ∫
Mn f2dµ

where Hk−1 + span {φ0, . . . , φk−1} ⊂ L2
1 (Mn) . In particular

λ1 = inf

{∫
Mn |∇f |2 dµ∫
Mn f2dµ

: f ∈ L2
1 (Mn) ,

∫

Mn

fdµ = 0

}
.

10.1. Lower bound for the first eigenvalue of the Laplacian. A
beautiful eigenvalue lower bound, depending on a gradient estimate is the
following.

Theorem 1.132 (Li-Yau). Let (Mn, g) be a closed Riemannian manifold
with nonnegative Ricci curvature. Then

λ1 ≥ π2

4 diam (g)2

where diam (g) is the diameter of (Mn, g) .

Proof. Suppose ∆u+ λu = 0 and define f by

f = |∇u|2 + (λ+ ε)u2

where ε > 0. We compute

1

2
∆f = (uij)

2 + uiuijj + (λ+ ε)u∆u+ (λ+ ε) |∇u|2 .

Now

uijj = ujij = ujji −Rjijkuk = −λui +Rikuk.

Therefore, using the eigenvalue equation, we have

1

2
∆f = (uij)

2 − λ (λ+ ε)u2 + ε |∇u|2 + Rc (∇u,∇u) .

By the maximum principle, at a point x where f attains its maximum,
∇f (x) = 0 and ∆f (x) ≤ 0. We have

1

2
fi = ujuji + (λ+ ε)u · ui.

Choose special coordinates so that at x, ui = 0 for i = 2, . . . , n. Then

0 =
1

2
f1 (x) = u1 (u11 + (λ+ ε)u) (x) .

Therefore, if ∇u (x) 6= 0, then

0 ≥ 1

2
∆f ≥ u11 (x)2 − λ (λ+ ε)u (x)2 + ε |∇u|2 (x)

≥ ε (λ+ ε)u (x)2 + ε |∇u|2 (x) ,
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which is a contradiction. Hence ∇u (x) = 0 at a point x where f attains its
maximum. Let µ + maxy∈M |u (y)| . Then

f (y) ≤ f (x) = (λ+ ε)u (x)2 ≤ (λ+ ε)µ2

for all y ∈M. Thus, for all y ∈M

|∇u|2 (y) ≤ (λ+ ε)
(
µ2 − u (y)2

)
.

Since the above inequality is true for all ε > 0, we have

|∇u|2 ≤ λ
(
µ2 − u2

)
.

Now u is zero somewhere since

0 =

∫

M
(∆u+ λu) dµ = λ

∫

M
udµ.

Let γ be a geodesic joining points x and y, where u (x) = 0 and |u (y)| = µ.
Then by the inequality above,

diam (g)
√
λ ≥

∫

γ

√
λds ≥

∫

γ

|∇u|√
µ2 − u2

ds

≥
∫ µ

0

du√
µ2 − u2

=
π

2
.

The theorem follows. �

The above result extends to manifolds with boundary.

Theorem 1.133 (Li-Yau). Suppose that (Mn, g) is compact with Rc ≥
0 and boundary ∂M. Let λD and λN denote the first eigenvalues of the
Laplacian with Dirichlet and Neumann boundary conditions, respectively.

(1) If the mean curvature H of ∂M is nonnegative, then

λD ≥ π2

4 diam (g)2
.

(2) If ∂M is convex, that is, IIij ≥ 0, then

λN ≥ π2

4 diam (g)2
.

Proof. Let f = |∇u|2 + (λ+ ε)u2 as before. If the maximum of f
is attained in the interior of M, then we can apply the arguments of the
previous theorem to obtain the desired estimates. Therefore we suppose the
maximum of f is attained on the boundary, say at x ∈ ∂M, and derive a
contradiction. Choose an orthonormal frame field {ei}ni=1 in a neighborhood
of x in ∂M so that en = ν is the outward unit normal. The strong maximum
principle implies

fn (x) =
∂f

∂ν
(x) > 0.
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We claim that

(1.139)
1

2
fn = −Hu2

n −
n−1∑

j,k=1

hjkujuk.

Assuming (1.139), for the Dirichlet problem we have at x

0 <
1

2
fn = −Hu2

n

which is impossible. Similarly, for the Neumann problem, at x

0 <
1

2
fn = −

n−1∑

j,k=1

hjkujuk

which is also impossible by our convexity assumption.
Now we prove (1.139). We have at a point on the boundary

1

2
fn =

n∑

j=1

ujujn + (λ+ ε)u · un

= ununn +
n−1∑

j=1

ujujn

in either the case of the Dirichlet problem (u = 0) or the Neumann problem
(un = 0). Now for the Dirichlet problem u = ui = 0 for i 6= n. Thus

unn = ∆u−
n−1∑

i=1

uii = −λu−
n−1∑

i=1

(eieiu− (∇eiei)u)

=
n−1∑

i=1

〈∇eiei, ν〉un = −Hun.

For the Neumann problem, un = 0. So in either case

ununn = −Hu2
n.

We are left to compute
∑n−1

j=1 ujujn. For j 6= n

ujn = unj = ejenu−
(
∇ejen

)
u

= ej (un) −
n−1∑

k=1

ωkn (ej)uk

= ej (un) −
n−1∑

k=1

IIjk uk.



74 1. BASIC RIEMANNIAN GEOMETRY

Therefore
n−1∑

j=1

ujujn =
n−1∑

j=1

ujej (un) −
n−1∑

j,k=1

IIjk ujuk

= −
n−1∑

j,k=1

IIjk ujuk

since either uj = 0 (Dirichlet) or ej (un) = 0 (Neumann). The claim follows.
�

Next we consider an elementary example. Let Mn ⊂ Rn+1 be an em-
bedded hypersurface and f a function defined in a neighborhood of Mn. We
can compute the Hessian of f with respect to both the induced connection
∇ on Mn and the ambient flat connection D on Rn+1. Comparing, we get

∇i∇jf −DiDjf = − II ij
∂f

∂ν
where ν is the unit normal to Mn used to define the second fundamental
form II . In particular, if Mn = Sn (1) is the unit sphere and if ℓ is a linear
function on Rn+1, then II = g, ∂ℓ∂ν = ℓ and DDℓ = 0 so that

∇i∇jℓ = −gijℓ.
Tracing this, we see that

∆ℓ = −nℓ
so that ℓ is an eigenfunction of the Laplacian on Sn (1) . In fact, the corre-
sponding eigenvalue n is the first eigenvalue.

In the case where the Ricci curvature is bounded from below by a pos-
itive constant we have the following. In contrast to the pointwise gradient
estimate of Li-Yau, Lichnerowicz’ Theorem below uses an integral identity
obtained by integration by parts (i.e., the divergence theorem). However,
the estimates are related in that they both rely on computing the Laplacian
of a gradient quantity.

Theorem 1.134 (Lichnerowicz). If (Mn, g) is a closed Riemannian man-
ifold with Rc ≥ K > 0, then

λ1 ≥ n

n− 1
K.

Remark 1.135. Note that this estimate is sharp on constant curvature
spheres.

Proof. If ∆u+ λu = 0, then

1

2
∆ |∇u|2 = |∇∇u|2 + 〈∇∆u,∇u〉 + Rc (∇u,∇u)

≥ 1

n
(∆u)2 − λ |∇u|2 +K |∇u|2

=
1

n
λ2u2 + (K − λ) |∇u|2 .
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Integrating this, we have

0 ≥ 1

n
λ2

∫

M
u2dµ+ (K − λ)

∫

M
|∇u|2 dµ.

Dividing by
∫
M u2dµ and using the fact that λ =

∫
M |∇u|2 dµ

/∫
M u2dµ

implies

0 ≥ 1

n
λ2 + (K − λ)λ.

The theorem follows. �

To understand the case where Mn has boundary, we need an identity
which follows from integration by parts.

Lemma 1.136 (Reilly’s Formula). If (Mn, g) is a compact Riemannian
manifold with boundary ∂M, then for any function f on Mn

∫

M

(
(∆f)2 − |∇∇f |2

)
dµ =

∫

M
Rc (∇f,∇f) dµ+

∫

∂M

(
∆∂f +H

∂f

∂ν

)
∂f

∂ν
dσ

+

∫

∂M

(
−
〈
∇∂f,∇∂

(
∂f

∂ν

)〉
+ II (∇∂f,∇∂f)

)
dσ

where ∆∂ and ∇∂ denote the Laplacian and gradient on ∂M with its induced
metric.

Proof. We compute (summing on both i and j and setting en = ν)

∫

M
(∆f)2 dµ =

∫

M
fiifjjdµ =

∫

M

(
(fiifj)j − fiijfj

)
dµ

=

∫

∂M
fiifjνjdσ −

∫

M
(fiji −Rjkfk) fjdµ

=

∫

∂M
(∆f) fndσ +

∫

M

(
(fij)

2 + Rc (∇f,∇f)
)
dµ

−
∫

∂M
fijfjνidσ

so that
∫

M

(
(∆f)2 − |∇∇f |2

)
dµ =

∫

M
Rc (∇f,∇f) dµ

+

∫

∂M

∑

i6=n
(fiifn − fnifi) dσ

since in the last term when i = n we have a cancellation.
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Now

∑

i6=n
fii =

∑

i6=n
∇i∇if =

∑

i6=n

(
∇i∇if −∇∂

i∇∂
i f
)

+ ∆∂f

=
∑

i6=n

(
−∇eiei + ∇∂

ei
ei

)
f + ∆∂f

= Hfn + ∆∂f

where ∇∂ is the covariant derivative of ∂M. We also have

fni = ∇i∇nf = eienf − (∇eien) f = ei (fn) − IIik fk

so that

∑

i6=n
fnifi =

〈
∇∂f,∇∂

(
∂f

∂ν

)〉
− IIik fifk.

Therefore

∫

∂M

∑

i6=n
(fiifn − fnifi) dσ =

∫

∂M
(Hfn + ∆∂f) fndσ

+

∫

∂M

(
−
〈
∇∂f,∇∂

(
∂f

∂ν

)〉
+ II (∇∂f,∇∂f)

)
dσ

and the lemma follows. �

The analogue of Lichnerowicz’ Theorem for manifolds with boundary is
the following.

Theorem 1.137 (Reilly). Let (Mn, g) be a compact manifold with bound-
ary ∂M and Rc ≥ K > 0.

(1) (Dirichlet problem) If H (∂M) ≥ 0, then

λD ≥ n

n− 1
K.

(2) (Neumann problem) If II (∂M) ≥ 0, then

λN ≥ n

n− 1
K.

Proof. Using Reilly’s formula and

|∇∇u|2 ≥ 1

n
(∆u)2 =

1

n
λ2u2,
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we compute

n− 1

n
λ2

∫

M
u2dµ ≥

∫

M

(
(∆u)2 − |∇∇u|2

)
dµ

=

∫

M
Rc (∇u,∇u) dµ+

∫

∂M

(
∆∂u+H

∂u

∂ν

)
∂u

∂ν
dσ

+

∫

∂M

(
−
〈
∇∂u,∇∂

(
∂u

∂ν

)〉
+ II (∇∂u,∇∂u)

)
dσ

≥
∫

M
K |∇u|2 dµ+

∫

∂M

(
H

(
∂u

∂ν

)2

+ II (∇∂u,∇∂u)

)
dσ

where we integrated by parts on ∂M. The theorem follows. �

Another beautiful application of Reilly’s formula is the following eigen-
value estimate for minimal hypersurfaces.

Theorem 1.138 (Choi-Wang). Let (Mn, g) be a closed orientable man-
ifold with Rc ≥ K > 0 and let Pn−1 ⊂ Mn be an embedded minimal hyper-
surface dividing Mn into two submanifolds Mn

1 and Mn
2 . Then

λ1

(
Pn−1

)
≥ K

2
.

Proof. Taking into account orientations, we may assume ∂M1 = −∂M2 =
P. Suppose

∆Pu+ λu = 0

on P. Choose i ∈ {1, 2} so that
∫

∂Mi

II (∇Pu,∇Pu) dσ ≥ 0.

We can do this since the sign of II depends on the orientation of ∂Mi. Define
f on Mi so that

∆f = 0 on Mi and f = u on ∂Mi.

By Reilly’s formula

−
∫

Mi

|∇∇f |2 dµ =

∫

Mi

Rc (∇f,∇f) dµ+

∫

∂Mi

(∆Pu)
∂f

∂ν
dσ

+

∫

∂Mi

(
−
〈
∇Pu,∇P

(
∂f

∂ν

)〉
+ II (∇Pu,∇Pu)

)
dσ.

Thus, by our curvature assumption on (Mn, g) , we have

0 ≥ K

∫

Mi

|∇f |2 dµ− λ

∫

∂Mi

u
∂f

∂ν
dσ −

∫

∂Mi

〈
∇Pu,∇P

(
∂f

∂ν

)〉
dσ

= K

∫

Mi

|∇f |2 dµ− 2λ

∫

∂Mi

u
∂f

∂ν
dσ.
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However

2

∫

∂Mi

u
∂f

∂ν
dσ =

∫

∂Mi

∂

∂ν

(
f2
)
dσ =

∫

Mi

∆
(
f2
)
dµ = 2

∫

Mi

|∇f |2 dµ

since ∆f = 0. Therefore

0 ≥ (K − 2λ)

∫

Mi

|∇f |2 dµ.

Since
∫
Mi

|∇f |2 dµ > 0, the theorem follows. �

11. The determinant of the Laplacian

11.1. The trace of the heat operator. Let (Mn, g) be a closed Rie-
mannian manifold. We define the heat operator

et△ : L2(M) → L2(M)

by

(et△f)(y) +

∫

M
h(x, y, t)f(x)dµ(x),

for f ∈ L2(M), and where h(·, y, t) is the heat kernel. The heat operator is
self-adjoint and takes a function f to the solution to the heat equation at
time t with initial value f. (See Chapter VI of Chavel [97] for example.) The
reason for the notation et△ is that we may also express the heat operator
formally as

et△ =
∞∑

k=0

tk△k

k!
,

where △k = △◦ · · · ◦︸ ︷︷ ︸
k times

△ . Indeed, we formally compute that

∂

∂t
et△ =

∞∑

k=1

tk−1△k

(k − 1)!
= △ ◦ et△

and

lim
t→0

et△ = id .

Let {ϕk}∞k=0 denote the eigenfunctions of the Laplacian △ with corre-
sponding eigenvalues {λk} where

0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · ·
and λk → ∞ as k → ∞ from Weyl’s asymptotic formula (1.138). Then
{ϕk}∞k=0 are also the eigenfunctions of the heat operator et△, where the

corresponding eigenvalues are
{
e−tλk

}
where

1 = e−tλ0 > e−tλ1 ≥ e−tλ2 ≥ · · · ≥ e−tλk ≥ · · · .
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In terms of these eigenfunctions and eigenvalues, we may write the heat
kernel as

h(x, y, t) =

∞∑

k=0

e−tλkϕk(x)ϕk(y).

The trace of the heat operator is defined by

tr
(
et△
)

+
∞∑

k=0

e−λkt.

From (1.138): λk ∼ cn Vol (g)−2/n k2/n, the series on the rhs converges for
all t > 0.

Exercise 1.139. To see that the series does indeed converge, show that
for any a > 1 and ε > 0, the series

∑∞
k=0 a

−kε
converges by making a

comparison with a series to which one can apply the integral test.

Since
∫
M ϕk(x)

2dµ(x) = 1, we have

tr
(
et△
)

=

∫

M
h(x, x, t)dµ(x).

The heat kernel along the diagonal has an asymptotic expansion of the form

h(x, x, t) =
1

(4πt)n/2





k∑

j=0

tj · cj(x) +O(tk+1)



 ,

where the functions cj depend only on the Riemann curvature tensor and
its covariant derivatives. The first two terms of this expansion are given by

(1.140) h(x, x, t) =
1

(4πt)n/2

{
1 +

R(x)

6
t+O(t2)

}

so that c0(x) ≡ 1 and c1 (x) = R(x)
6 . For more terms in this expansion the

reader may refer to Gilkey’s book [228]. Hence the trace of the heat operator
has the expansion

∞∑

k=0

e−λkt = tr
(
et△
)

= (4πt)−
n
2




k∑

j=0

aj · tj +O(tk+1)


(1.141)

=
1

(4πt)n/2

{
Vol(M) +

1

6

∫

Mn

R(x)dµ(x) · t+O(t2)

}
(1.142)

as t → 0, where {aj}∞j=0 are constants. In particular, a0 = Vol(M) and

a1 = 1
6

∫
Mn R(x)dµ(x).

Exercise 1.140. Show that tr(et△)−1 =
∑∞

k=1 e
−tλk is an exponentially

decreasing function of t as t→ ∞.
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Let N (λ) denote the number of eigenvalues less than equal to λ counting
multiplicity. Equation (1.142) implies, using the Karamata theorem (see p.
446 of [208]),

(1.143) N (λ) ∼ ωn Vol (g)

(2π)n
λn/2

as λ → ∞. This implies the Weyl asymptotic formula (1.138) by taking
λ = λk:

k = N (λk) ∼
ωn Vol (g)

(2π)n
(λk)

n/2

as k → ∞. (See also [97], p. 155.)

11.2. The zeta function and its regularization. Recall that the
Riemann zeta function

ζRm : {s ∈ C : Re(s) > 1} → C

is defined by

ζRm(s) +
∞∑

k=1

k−s.

Since
∞∑

k=1

∣∣k−s
∣∣ =

∞∑

k=1

k−Re(s),

the series on the rhs converges absolutely if and only if Re(s) > 1. It is
well-known that one can extend ζRm meromorphically to all of C. We shall
prove this in more generality later.

Again let (Mn, g) be a closed Riemannian manifold. The Laplacian −△
acting on functions is a nonnegative operator and has a discrete spectrum.
We define the zeta function using the eigenvalues of the Laplacian instead
of the positive integers by

ζ(s) +
∞∑

k=1

λ−sk .

By Weyl’s asymptotic formula, we see that the series on the rhs converges
absolutely if and only if Re(s) > n

2 .Note that when the Riemannian manifold

(Mn, g) is the unit circle S1, the zeta function ζ is, up to a constant, the
Riemann zeta function ζRm.

To meromorphically continue the zeta function ζ(s) we recall the impor-
tant relationship between the heat kernel et△, the Gamma function Γ(s),
and the zeta function ζ(s). First recall that the Gamma function is given by
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Γ(s) +
∫∞
0 tse−t dtt . We compute

ζ(s) · Γ(s) =
∞∑

k=1

λ−sk ·
∫ ∞

0
tse−t

dt

t

=
∞∑

k=1

∫ ∞

0

(
t

λk

)s
e
− t

λk
λk d (t/λk)

t/λk

=

∫ ∞

0

( ∞∑

k=1

e−τλk

)
τ s
dτ

τ
,

where to obtain the last line we made the substitution τ = t/λk. Since

tr(et△) =

∞∑

k=0

e−tλk ,

we have the formula

ζ(s) =
1

Γ(s)

∫ ∞

0

(
tr(et△) − 1

)
ts
dt

t
.

Remark 1.141. The Mellin transform of a function f is defined by

(M f) (s) +

∫ ∞

0
f (t) ts

dt

t
.

So up to the Gamma function, the zeta function is the Mellin transform of
the trace of the heat kernel.

We now write the zeta function as

ζ(s) =
1

Γ(s)

∫ 1

0

(
tr(et△) − 1

)
ts
dt

t
+
φ(s)

Γ(s)
,

where

φ(s) +

∫ ∞

1

(
tr(et△) − 1

)
ts
dt

t

is an entire function (this is because tr(et△) − 1 is exponentially decreasing
as t→ ∞.) Hence we have from (1.141)

(1.144) ζ(s) =
1

Γ(s)

∫ 1

0
(4πt)−

n
2




k∑

j=0

ajt
j +O(tk+1)


 ts

dt

t
+
φ(s)

Γ(s)
.

We compute that
(1.145)∫ 1

0
tj−

n
2
+sdt

t
=

1

j − n
2 + s

tj−
n
2
+s
∣∣∣
1

0
=

1

j − n
2 + s

for Re(s) >
n

2
− j.

Substituting (1.145) into (1.144), we obtain

ζ(s) =
(4π)−n/2

Γ(s)




k∑

j=0

aj
j − n

2 + s


+ αk(s),
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where αk(s) is a meromorphic function on Re(s) > n
2 − k − 1. Since 1

Γ(s) is

a meromorphic function and k ∈ N is arbitrary, by taking k → ∞ we have
meromorphically extended ζ(s) to all of C.

11.3. The determinant of the Laplacian. Formally, the determi-
nant of the Laplacian is given by

det∆ =
∞∏

k=1

λk.

Of course, since limk→∞ λk = ∞, the product on the rhs diverges. However,
we can use the zeta function to define the determinant of the Laplacian as
follows. We compute

ζ ′(s) = −
∞∑

k=1

log λk · λ−sk ,

for s ∈ C such that Re(s) > n
2 . Formally, we have

ζ ′(0) = −
∞∑

k=1

log λk,

which implies that formally,

e−ζ
′(0) =

∞∏

k=1

λk.

Now ζ(s) is defined for all s ∈ C by meromorphic extension. We shall show
that ζ(s) is regular at s = 0. The determinant of the Laplacian is then
defined by

det∆ + e−ζ
′(0).

In particular, ζ ′(0) = − log det ∆.
We now consider the determinant of the Laplacian on a closed Riemann-

ian surface. In this case, by (1.142) and the Gauss-Bonnet formula

tr(et△) =
1

4πt

(
Area(M) +

2π

3
χ(M) · t+O(t2)

)
.

Although it is not possible to compute the determinant of the Laplacian of
a given metric, one can compute the difference of the determinant of the
Laplacian of two conformally equivalent metrics on a surface.

We first compute the conformal variation of the determinant of the
Laplacian. Let g be a metric on a surface and g(u) a family of metrics
with

g(0) = g and
∂

∂u
g(0) = ψ · g,

where ψ is a C∞ function on M. The variation of the Laplacian is then given
by (2.21):

d

du

∣∣∣∣
u=0

△g(u) = −ψ△g .
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We compute that the variation of the zeta function is

d

du

∣∣∣∣
u=0

ζg(u)(s) =
d

du

∣∣∣∣
u=0

{
1

Γ(s)

∫ ∞

0

(
tr(et△g(u)) − 1

)
ts
dt

t

}

=
1

Γ(s)

∫ ∞

0

d

du

∣∣∣∣
u=0

tr(et△g(u)) · ts−1dt

=
1

Γ(s)

∫ ∞

0
tr

(
t
d

du

∣∣∣∣
u=0

△g(u) ◦ et△g

)
· ts−1dt

=
1

Γ(s)

∫ ∞

0
tr
(
−ψ · △g ◦ et△g

)
· tsdt

=
1

Γ(s)

∫ ∞

0
tr

(
−ψ · ∂

∂t

(
et△g − 1

A

))
· tsdt

= − 1

Γ(s)

∫ ∞

0

∂

∂t

[
tr

(
ψ

(
et△g − 1

A

))]
· tsdt

=
s

Γ(s)

∫ ∞

0
tr

(
ψ

(
et△g − 1

A

))
· ts−1dt

where 1
A denotes f 7→ 1

A

∫
M fdµ and A = Area (g) . Thus we need to compute

tr
(
ψ · et△g

)
=

∞∑

k=0

〈
ψ · et△g(ϕk), ϕk

〉
L2

=
∞∑

k=0

∫

M
ψ(y)

∫

M
h(x, y, t)ϕk(x)dA(x) · ϕk(y)dA(y)

=
∞∑

k=0

∫

M
ψ(y) · e−tλkϕk(y) · ϕk(y)dA(y)

=

∫

M
ψ(y) · h(y, y, t)dA(y).

Hence the variation of the zeta function is given by

d

du

∣∣∣∣
u=0

ζg(u)(s) =
s

Γ(s)

∫ ∞

0

(∫

M
ψ(x)

(
h(x, x, t) − 1

A

)
dA(x)

)
ts−1dt.

The integrand has an expansion of the form

(1.146)

∫

M
ψ(x)

(
h(x, x, t) − 1

A

)
dA(x) =

k∑

k=−1

djt
j +O(tk+1),

where dj are real constants.
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The variation of the logarithm of the determinant of the Laplacian is
given by

d

du

∣∣∣∣
u=0

log det△g(u) = − d

du

∣∣∣∣
u=0

ζ ′g(u)(0)

= − d

ds

∣∣∣∣
s=0

[
s

Γ(s)

∫ ∞

0

(∫

M
ψ(x)

(
h(x, x, t) − 1

A

)
dA(x)

)
ts−1dt

]
.

Since Γ(s) = 1
s +O (1) , we have

d

du

∣∣∣∣
u=0

log det△g(u)

= − d

ds

∣∣∣∣
s=0


(s2 +O

(
s3
)) ∫ ∞

0




k∑

j=−1

dj · tj +O(tk+1)


 · ts−1dt




= − d

ds

∣∣∣∣
s=0


s2




k∑

j=−1

dj
s+ j

+ β(s)




 ,

where β(s) is analytic on {s ∈ C : Re(s) > −k − 1} . Hence

d

du

∣∣∣∣
u=0

log det△g(u) = −d0.

Substituting (1.140) with n = 2 into (1.146), we obtain

d0 =

∫

M
ψ(x)

(
R(x)

24π
− 1

Area (g)

)
dA(x).

Thus

Lemma 1.142. The variation in a conformal class of the determinant of
the Laplacian on a Riemannian surface is given by if

g(0) = g and
∂

∂u
g(0) = ψ · g,

then

d

du

∣∣∣∣
u=0

log det△g(u) = −
∫

M
ψ(x)

(
Rg(x)

24π
− 1

Area(M, g)

)
dAg(x).

Now let h and g be two metrics on M2 conformally related by

g = eψh

where ψ : M2 → R. Define

g(u) + euψh

for u ∈ [0, 1]. We have
∂

∂u
g(u) = ψ · g(u).
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The difference of the logarithms of the determinants of the Laplacians of g
and h is:

log det△g − log det△h

=

∫ 1

0

∂

∂u
log det△g(u)du

= −
∫ 1

0

∫

M
ψ(x)

(
Rg(u)(x)

24π
− 1

Area (M2, g(u))

)
dAg(u)(x) du.

Using the formulas

Rg(u) = e−uψ (−u△h ψ +Rh)

and

∂

∂u
log
(
Area

(
M2, g(u)

))
=

1

Area (M2, g(u))

∫

M
ψ(x)dAg(u)(x) du,

we compute that

log det△g − log det△h = − 1

24π

∫ 1

0

∫

M
ψ (−u△h ψ +Rh) dAh du

+

∫ 1

0

∂

∂u
log
(
Area

(
M2, g(u)

))
du

= − 1

24π

∫

M

(
1

2
|∇ψ|2h + ψRh

)
dAh(1.147)

+ log
(
Area

(
M2, g

))
− log

(
Area

(
M2, h

))
,

where we integrated by parts in space to obtain the last line. Hence we have
(see also [433], [428], [412]):

Proposition 1.143. If h and g are two metrics on M2 with the same
area and conformally related by g = eψh, then the difference of the determi-
nants of the Laplacian is

log det△g − log det△h = − 1

48π

∫

M

(
|∇ψ|2h + 2Rhψ

)
dAh,

where Rh is the scalar curvature of h. In particular, this difference is the
same as the relative energy defined by (??).

The determinant of the Laplacian on a surface is the energy functional
for the Ricci flow; see Volume 2.

12. Monotonicity for harmonic functions and maps

For comparison with other monotonicity formulas in this book, we recall
a fundamental monotonicity formula used in the study of harmonic functions
and maps.
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Lemma 1.144. If u is a harmonic function in a ball B (p, r) ⊂ Rn, then

(1.148) (n− 2)

∫

B(p,r)
|∇u|2 dµ = r

∫

∂B(p,r)

(
|∇u|2 − 2

(
∂u

∂r

)2
)
dσ.

Proof. We derive the more general identity
(1.149)∫

B(p,r)

(
δij |∇u|2 − 2∇iu∇ju

)
∇iVjdµ =

∫

∂B(p,r)

(
δij |∇u|2 − 2∇iu∇ju

)
νiVjdσ

for any V ∈ C∞ (B (p, r)) and where ν = ∂
∂r is the unit outward normal.

Taking V (x) = x − p = r ∂∂r in (1.149), we have ∇iVj = δij and therefore
obtain (1.148). Now since ∆u = 0, two integrations by parts yield

2

∫

∂B(p,r)
(∇u · V ) · (∇u · ν) dσ = 2

∫

B(p,r)
∇ (∇u · V ) · ∇u dµ

=

∫

B(p,r)

(
∇j |∇u|2 Vj + 2∇iVj∇iu∇ju

)
dµ

=

∫

B(p,r)

(
− |∇u|2 ∇jVj + 2∇iVj∇iu∇ju

)
dµ

+

∫

∂B(p,r)
|∇u|2 νjVj dσ,

which is (1.149). A more geometric way to derive (1.149) is to consider the
1-parameter family of functions

us (x) = u (x+ sV (x)) ,

where V ∈ C∞
0 (B (p, r)) , which satisfy

d

ds

∣∣∣∣
s=0

us (x) = ∇u · V.

Since u is a stationary point of the energy E (u) +
∫
B(p,r) |∇u|

2 dµ under

variations with us = u on ∂B (p, r) , we have

0 =
d

ds

∣∣∣∣
s=0

E (us) =

∫

B(p,r)

(
− |∇u|2 ∇jVj + 2∇iVj∇iu∇ju

)
dµ

for V ∈ C∞
0 (B (p, r)) . From this one can derive (1.149). �

A direct consequence of Lemma 1.144 is the following monotonicity for-
mula.

Theorem 1.145. If u is a harmonic in B (p, r) ⊂ Rn, then

∂

∂r

(
r2−n

∫

B(p,r)
|∇u|2 dµ

)
= 2r2−n

∫

∂B(p,r)

(
∂u

∂r

)2

dσ ≥ 0
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and

R2−n
∫

B(p,R)
|∇u|2 dµ−r2−n

∫

B(p,r)
|∇u|2 dµ = 2

∫

B(p,R)−B(p,r)
|x|2−n

(
∂u

∂r

)2

dµ.

Proof. This follows from

∂

∂r

(
r2−n

∫

B(p,r)
|∇u|2 dµ

)
= r2−n

∫

∂B(p,r)
|∇u|2 dσ

+ (2 − n) r1−n
∫

B(p,r)
|∇u|2 dµ

and the lemma. �

See §2.8 for more about harmonic maps and their relation to DeTurck’s
trick (where one couples the Ricci flow with the harmonic map flow to pro-
duce a strictly parabolic system in order to prove short time existence for
the Ricci flow). Harmonic maps also provide good parametrizations. There
are a number of sources for the study of harmonic maps, including [195],
[254], [277], [350], and [448].

13. Lie groups and left invariant metrics

Recall that a Lie group is a C∞ manifold G with the structure of a
group, such that the map µ : G × G → G, defined by µ(σ, τ) = σ · τ−1 is
C∞. Given σ ∈ G, we define left multiplication by σ, σL : G → G where
σL(τ) = σ ·τ and right multiplication by σ, σR : G→ G where σR(τ) = τ ·σ.

Definition 1.146. A Riemannian metric g on G is left-invariant if
for any σ ∈ G, σL is an isometry of (G, g): (σL)∗ g = g.

The connection and curvature of a left-invariant metric may be computed
algebraically (and metrically) using the following.

Lemma 1.147. Let g be a left-invariant metric on G. If X,Y, Z,W are
left-invariant vector fields, then

(1) the Levi-Civita connection is given by:

(1.150) 〈∇XY,Z〉 =
1

2
(〈[X,Y ] , Z〉 − 〈[X,Z] , Y 〉 − 〈[Y,Z] , X〉) ,

(2) the Riemann curvature tensor is given by:
(1.151)

〈Rm(X,Y )Z,W 〉 = 〈∇XZ,∇YW 〉 − 〈∇Y Z,∇XW 〉 −
〈
∇[X,Y ]Z,W

〉
,

so that in particular

(1.152) 〈Rm(X,Y )Y,X〉 = 〈∇XY,∇YX〉 − 〈∇Y Y,∇XX〉 −
〈
∇[X,Y ]Y,X

〉
.

Proof. 1). The formula for the Levi-Civita connection follows from
(1.3) and the fact that X 〈Y,Z〉 = 0, etc.
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2). By the definition of the Riemann curvature tensor

〈Rm(X,Y )Z,W 〉 = 〈∇X∇Y Z,W 〉 − 〈∇Y∇XZ,W 〉 −
〈
∇[X,Y ]Z,W

〉

= X 〈∇Y Z,W 〉 − 〈∇Y Z,∇XW 〉
− Y 〈∇XZ,W 〉 + 〈∇XZ,∇YW 〉 −

〈
∇[X,Y ]Z,W

〉
.

The formula for the Riemann curvature tensor now follows from this and
the fact that 〈∇XZ,W 〉 is a constant function. �

On a general manifold, the covariant derivative with respect to Killing
vector fields can be expressed in terms of the Lie brackets.

Lemma 1.148. If (M, g) is a Riemannian manifold and X,Y, and Y are
Killing vector fields, then

(1.153) 〈∇XY,Z〉 =
1

2
(〈[X,Y ] , Z〉 + 〈[X,Z] , Y 〉 + 〈[Y,Z] , X〉) .

Proof. Since Y is a Killing vector field, we have by (1.21)

0 = 〈∇XY,Z〉 + 〈∇ZY,X〉 .
We have two more similar formulas following from the fact that X and Z
are Killing vector fields. These three formulas imply:

〈∇XY,Z〉 = −〈∇ZY,X〉 = 〈[Y,Z] , X〉 − 〈∇Y Z,X〉 = 〈[Y,Z] , X〉 + 〈∇XZ, Y 〉
= 〈[Y,Z] , X〉 + 〈[X,Z] , Y 〉 + 〈∇ZX,Y 〉
= 〈[Y,Z] , X〉 + 〈[X,Z] , Y 〉 − 〈∇YX,Z〉
= 〈[Y,Z] , X〉 + 〈[X,Z] , Y 〉 + 〈[X,Y ] , Z〉 − 〈∇XY,Z〉 ,

and the lemma follows. �

A left-invariant metric is bi-invariant if it is also invariant under right
multiplication.

Exercise 1.149. Show that if (G, g) is bi-invariant and if X is a left-
invariant vector field, then X is a Killing vector field.

Lemma 1.150. Let g be a bi-invariant metric on G. If X,Y, Z,W are
left-invariant vector fields, then

(1) the Levi-Civita connection is given by:

∇XY =
1

2
[X,Y ] ,

(2) the Riemann curvature tensor is given by:

(1.154) 〈Rm(X,Y )Z,W 〉 =
1

4
(〈[X,W ] , [Y,Z]〉 − 〈[X,Z] , [Y,W ]〉) .

Proof. 1) Since in this case, X,Y and Z are Killing vector fields, we
have both (1.150) and (1.153). Adding these two equations together implies:

2 〈∇XY,Z〉 = 〈[X,Y ] , Z〉 .
�
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2) From (1.151) and part 1), we have
(1.155)

〈Rm(X,Y )Z,W 〉 =
1

4
〈[X,Z] , [Y,W ]〉−1

4
〈[Y,Z] , [X,W ]〉−1

2
〈[[X,Y ] , Z] ,W 〉 .

On the other hand, by the Jacobi identity

〈[[X,Y ] , Z] ,W 〉 = −〈[[Y,Z] , X] ,W 〉 − 〈[[Z,X] , Y ] ,W 〉
= 2 〈∇X [Y,Z] ,W 〉 + 2 〈∇Y [Z,X] ,W 〉
= −2 〈[Y,Z] ,∇XW 〉 − 2 〈[Z,X] ,∇YW 〉
= −〈[Y,Z] , [X,W ]〉 − 〈[Z,X] , [Y,W ]〉 ,

and the result follows from substituting this into (1.155).

Corollary 1.151. A bi-invariant metric on a Lie group G has nonneg-
ative sectional curvature.

Proof. From (1.154) we have

〈Rm(X,Y )Y,X〉 = −1

4
〈[X,Y ] , [Y,X]〉 =

1

4
|[X,Y ]|2 ≥ 0.

�

Left-invariant metrics on Lie groups (and more generally, homogeneous
metrics) provide nice examples to study the behavior of the Ricci flow. See
§4.10.

14. Bieberbach Theorem

In this section we present the Bieberbach Theorem classifying closed flat
manifolds. The ideas of the proof are based on Gromov’s proof of his almost
flat manifolds theorem [241], [66]. The main reference we follow for this
section is Buser’s expository paper [65]. First we give some definitions.

Definition 1.152. Let G be a Hausdorff topological group.

(1) A discrete subgroup of G is a subgroup which is a discrete subset,
that is, each element g of the subset is contained in a neighborhood
whose intersection with the subset is g.

(2) A closed subgroup H ⊂ G is uniform if the left coset space G/H +
{gH : g ∈ G} is a compact space.

Definition 1.153. An n-dimensional crystallographic group is a
discrete, uniform group of isometries (rigid motions) of Rn.

If G is an n-dimensional crystallographic group, then Rn/G with the
quotient metric induced by the euclidean metric is a closed flat Riemannian
manifold. Conversely, a closed flat Riemannian n-manifold is the quotient
of Rn by an n-dimensional crystallographic group. The main result on the
classification of flat manifolds is the following.
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Theorem 1.154 (Bieberbach). If G is an n-dimensional crystallographic
group, then G contains a subgroup generated by n linearly independent trans-
lations. This subgroup is normal and of finite index.

In particular, if Mn is a closed flat Riemannian n-manifold, then a fi-
nite cover of Mn is a flat torus, which is the quotient of Rn by n linearly
independent translations. The rest of this section is devoted to a sketch of
the proof of the above theorem.

Let AO (n) denote the group of isometries of Rn. An isometry may be
written uniquely in the form

α (x) = Ax+ a

where A + rot (α) ∈ O(n) is called the rotational part and a + trans (α) ∈
R is called the translational part. Let [α, β] = αβα−1β−1 denote the
bracket of α and β. One easily computes that the rotational and transla-
tional parts of the bracket are give by

rot ([α, β]) = [A,B]

trans ([α, β]) = (A− I) b+ (I − [A,B]) b+A (I −B)A−1a.

We also define the distance function on the orthogonal group O (n)
by

d (A,B) + sup
x∈Rn−{0}

∣∣AB−1x− x
∣∣

|x| = max
x∈Sn−1

∣∣AB−1x− x
∣∣ .

Exercise 1.155. Show that d (A,B) = d (B,A) .

We define the norm of an orthogonal matrix by

‖A‖ + d (A, I) = max
x∈Sn−1

|Ax− x| ,

which is the operator norm of A− I.
The following result implies that the group commutator of two orthog-

onal matrices which are close to the identity is much closer to the identity
than the two matrices.

Lemma 1.156 (Estimate for the norm of the commutator). If A,B ∈
O (n) , then

‖[A,B]‖ ≤ 2 ‖A‖ · ‖B‖ .

In particular, if ‖A‖ , ‖B‖ ≤ ε, then ‖[A,B]‖ ≤ 2ε2.

Remark 1.157. On the other hand, if ‖A‖ ≤ 1/2, then ‖[A,B]‖ ≤ ‖B‖ .
Thus, taking a commutator with an element of norm less than 1/2 decreases
the norm.

Proof. We have the identity

[A,B] − I = {(A− I) (B − I) − (B − I) (A− I)}A−1B−1.
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Thus

‖[A,B]‖ = max
x∈Sn−1

∣∣{(A− I) (B − I) − (B − I) (A− I)}A−1B−1x
∣∣

= max
x∈Sn−1

|{(A− I) (B − I) − (B − I) (A− I)}x|

≤ 2 ‖A‖ · ‖B‖ .
�

The follow establishes the existence of almost translations in almost any
direction in a crystallographic group.

Lemma 1.158 (Existence of almost translations in almost any direction).
Let G be an n-dimensional crystallographic group. For every v ∈ Sn−1 and
ε, δ > 0, there exists an element γ ∈ G, where γ (x) = Cx+ c, such that

(1) the translational part points almost in the direction of v: c 6= 0 and
∡ (c, v) < δ

(2) the rotational part is small: ‖C‖ < ε.

The following is the main lemma used to prove the existence of n lin-
early independent translations. Roughly speaking, it says that an almost
translation is a pure translation. So it goes well with the previous lemma.

Lemma 1.159 (Elements with small rotational parts are translations).
Let G be an n-dimensional crystallographic group. If α ∈ G, where α (x) =
Ax+a, is such that ‖A‖ ≤ 1/2, then A = I; that is, α is a pure translation.

The Bieberbach Theorem is a consequence of the following.

Proposition 1.160. If G is an n-dimensional crystallographic group,
then G contains a subgroup generated by n linearly independent translations.

Proof of the proposition from the lemma. Choose any linearly
independent set of n vectors v1, . . . , vn in Rn such as the standard basis.
Since the vectors are linearly independent, there exists δ > 0 such that

(1.156) ∡ (vi, vj) > 2δ for all i 6= j.

By Lemma 1.158, taking ε = 1/2, δ as above and v = vi/ |vi| , there exist n
elements γ1, . . . , γn ∈ G, where γi (x) = Cix+ ci, such that ci 6= 0,

(1.157) ∡ (ci, vi) < δ,

and ‖Ci‖ < 1/2. Inequalities (1.156) and (1.157) imply that c1, . . . , cn are
linearly independent. Furthermore, Lemma 1.159 implies Ci = I for all i.
Hence γ1, . . . , γn ∈ G are linearly independent pure translations. �

Now we give in a number of steps the

Proof of Lemma 1.159. Step 1. Among the elements of G with
nonzero small rotational part, choose one, which we call α, with the smallest
translational part. In particular, let

S + {γ ∈ G : 0 < ‖C‖ ≤ 1/2} .
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If the lemma is not true, then the set is nonempty. Since G is discrete and
O (n) is compact, there exists an element α ∈ S such that

|a| = |trans (α)| = min
γ∈S

|trans (γ)| .

Step 2. A = rot (α) yields an orthogonal decomposition of Rn into the
subspace of maximal rotation directions and its orthogonal complement. In
particular, let α ∈ G be an element as given by Step 1 and define

EA + span {x ∈ Rn : |Ax− x| = ‖A‖ · |x|} .
EA is a nonempty and we claim that it is also an A-invariant subspace.
Indeed, if x ∈ EA, then

|A (Ax) −Ax| = |A (Ax− x)| = |Ax− x| = ‖A‖ · |x| = ‖A‖ · |Ax| .
Clearly, if x ∈ EA and c ∈ R, then cx ∈ EA. Since A is orthogonal,

(EA)⊥ + {x ∈ Rn : 〈x, y〉 = 0 for all y ∈ EA}
is also A-invariant. We define the norm of A restricted to (EA)⊥ by

‖A‖⊥ + max
x∈(EA)⊥−{0}

|Ax− x|
|x|

if (EA)⊥ 6= 0, and ‖A‖⊥ + 0 if (EA)⊥ = 0. In any case, we have

‖A‖⊥ < ‖A‖ whenever A 6= I.

Corresponding to the decomposition Rn = EA ⊕ (EA)⊥ , for any vector
x ∈ Rn, we write

x = xE ⊕ x⊥.

Step 3. By Lemma 1.158, for any unit vector v ∈ EA, δ < π/4 with

ε = 1
8

(
‖A‖ − ‖A‖⊥

)
, there exists an element β ∈ G, where β (x) = Bx+ b,

such that

b 6= 0,
∣∣∣b⊥
∣∣∣ <

∣∣bE
∣∣ , and ‖B‖ < 1

8

(
‖A‖ − ‖A‖⊥

)
.

Since‖B‖ < 1
8 ‖A‖ ≤ 1

16 <
1
2 , if β is not a pure translation, then β ∈ S, so

that

|b| ≥ |a| .
Let

T +

{
γ ∈ G : c 6= 0,

∣∣∣c⊥
∣∣∣ <

∣∣cE
∣∣ , ‖C‖ < 1

8

(
‖A‖ − ‖A‖⊥

)}
.

We may assume that β ∈ T is chosen so that

(1.158) |b| = min
γ∈T

|trans (γ)| > 0.

Step 4. Lemma 1.159 follows from:

(1.159) [α, β] ∈ T and |trans ([α, β])| < |b|



14. BIEBERBACH THEOREM 93

since this is a contradiction to (1.158) and hence to our assumption that S
is nonempty. The rest of the section is devoted to the proof of (1.159).

Since ‖A‖ ≤ 1
2 , we have

‖rot ([α, β])‖ = ‖[A,B]‖ ≤ 2 ‖A‖ · ‖B‖ ≤ ‖B‖ ≤ 1

8

(
‖A‖ − ‖A‖⊥

)
.

Now consider

trans ([α, β]) = (A− I) b+ (I − [A,B]) b+A (I −B)A−1a

= (A− I) bE + (A− I) b⊥ + r

where

r + (I − [A,B]) b+A (I −B)A−1a.

If β is not a translation, then β ∈ S and |b| ≥ |a| . This implies that

|r| ≤ (‖[A,B]‖ + ‖B‖) |b| .

Since ‖[A,B]‖ ≤ ‖B‖ , we have

|r| ≤ 2 ‖B‖ · |b| .

Since
∣∣b⊥
∣∣ <

∣∣bE
∣∣ , we have

(1.160) |r| < 4 ‖B‖ ·
∣∣bE
∣∣ ≤ 1

2

(
‖A‖ − ‖A‖⊥

) ∣∣bE
∣∣ .

The above inequality also holds when β is a translation since then B = I,
which implies r = 0 (and the rhs of (1.160) is positive). We conclude that

∣∣∣trans ([α, β])⊥
∣∣∣ =

∣∣∣(A− I) b⊥ + r⊥
∣∣∣

≤ ‖A‖⊥
∣∣∣b⊥
∣∣∣+ 1

2

(
‖A‖ − ‖A‖⊥

) ∣∣bE
∣∣

<
1

2

(
‖A‖ + ‖A‖⊥

) ∣∣bE
∣∣

and
∣∣∣trans ([α, β])E

∣∣∣ =
∣∣(A− I) bE + rE

∣∣

≥ ‖A‖ ·
∣∣bE
∣∣−
∣∣rE
∣∣

> ‖A‖ ·
∣∣bE
∣∣− 1

2

(
‖A‖ − ‖A‖⊥

) ∣∣bE
∣∣

=
1

2

(
‖A‖ + ‖A‖⊥

) ∣∣bE
∣∣ .

Therefore ∣∣∣trans ([α, β])⊥
∣∣∣ <

∣∣∣trans ([α, β])E
∣∣∣ ,
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so that [α, β] ∈ T. Finally

|trans ([α, β])| = |(A− I) b+ r|
≤ ‖A‖ · |b| + |r|

<
1

2
|b| + 1

2

(
‖A‖ − ‖A‖⊥

) ∣∣bE
∣∣

≤ 3

4
|b| < |b| .

Thus we have (1.159) and the proof is complete. �

15. Compendium of inequalities

In this section we list a few of the inequalities that are used somewhere
in the book.

For all x ∈ R, ex ≥ 1 + x.
Arithmetic-geometric mean inequality: If x1, x2, . . . , xn ≥ 0, then

x1 + x2 + · · · + xn
n

≥ (x1x2 · · ·xn)1/n

with equality if and only x1 = x2 = · · · = xn.
The Lp-norm of a measurable function is defined by

‖f‖p +

(∫

M
|f |p dµ

)1/p

.

Hölder’s inequality: If p, q ∈ [1,∞] are such that 1
p + 1

q = 1 and if

f ∈ Lp (M) and h ∈ Lq (M) , then
∫

M
|fh| dµ ≤ ‖f‖p ‖h‖q

and equality holds if and only if a |f |p = b |h|q a.e. for some constants a and
b not both zero.

Jensen’s inequality: If ϕ : R → R is convex and f ∈ L1 (Mn) , then

1

Vol (g)

∫

Mn

ϕ ◦ f dµ ≥ ϕ

(
1

Vol (g)

∫

Mn

f dµ

)
.

Exercise 1.161. Prove that if {fi}ki=1 and {pi}ki=1 are sequences of non-
negative numbers with p1 + · · · + pk = 1, then

fp11 · · · fpk
1 ≤ p1f1 + · · · + pkfk

where 00 + 1. Derive Jensen’s inequality from this.8

Exercise 1.162. Work out the statement of Jensen’s inequality when
ϕ (x) = x log x.

8See also §25 of [178].
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L2 Sobolev inequality: If
∫
Mn ϕ

2dµ = 1, where n > 2, then

Cs (g)

[∫

Mn

ϕ
2n

n−2dµ

]n−2
n

≤
∫

Mn

|∇ϕ|2 dµ+ Vol (g)−2/n

where Cs (g) > 0 depends only on g.

Remark 1.163. If we consider a power function of the distance function
to a point (such as the origin): ϕ (x) = |x|p , then the borderline exponent for

ϕ ∈W 1,2
loc is p = 2−n

2 . This is also the borderline exponent for ϕ ∈ L
2n/(n−2)
loc .

Logarithmic Sobolev inequality: For any a > 0, there exists a con-
stant C (a, g) such that if ϕ > 0 satisfies

∫
Mn ϕ

2dµ = 1, then
∫

Mn

ϕ2 logϕdµ ≤ a

∫

Mn

|∇ϕ|2 dµ+ C (a, g) .

Remark 1.164. Note that if ϕ (x) = e−|x|2/2, then |∇ϕ|2 = |x|2 e−|x|2 =
−2ϕ2 logϕ.

16. Notes and commentary

§1. Additional references on the geometry and topology of 3-manifolds
include the books by Benedetti-Petronio [43], Hatcher [278], Hempel [280],
Jaco [304], Kapovich [307], Morgan-Bass [387], and Thurston [488].

§2. There are several good books on Riemannian geometry including
Chavel [98], Cheeger-Ebin [103], do Carmo [183], Eisenhart [198], Gallot-
Hulin-Lafontaine [218], Gromov [242], Hicks [282], Kobayashi-Nomizu [327],
O’Neill [410], Petersen [423], and for bigger game, the five volume Spivak
[478].

The notion of connection extends to arbitrary vector bundles as follows.

Definition 1.165. A linear connection D on a vector bundle E over
a differentiable manifold Mn is an R-linear map:

D : C∞(E ⊗ TM) → C∞(E),

satisfying the product rule:

DX(f · s) = f ·DX s+Xf · s,
where we used the notation: DX s = D(s⊗X).

If (Mn, g) is a Riemannian manifold, the connection D induces linear
connections, also denoted by D, on the bundles of E-valued differential
forms ∧pT ∗M ⊗E. Let Ωp(E) = C∞ (∧pT ∗M ⊗ E) . The exterior covariant
derivative dD acting on E-valued differential forms is then defined as follows:

dD : Ωp(E) → Ωp+1(E),

where

dD α(X0, . . . , Xp) +
p∑

j=0

(−1)j DXjα(X0, . . . , Xj−1, Xj+1, . . . , Xp).
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In local coordinates, we write this as:

(
dD α

)
i0···ip =

p∑

j=0

(−1)j Dijαi0··· ij−1ij+1···ip .

The Riemann curvature tensor is a section of the bundle ∧2M⊗T ∗M⊗TM,
or equivalently, Rm ∈ Ω2(T ∗M ⊗ TM). Hence the second Bianchi identity
may be rephrased as:

0 = d∇ Rm ∈ Ω3(T ∗M ⊗ TM),

where d∇ denotes exterior covariant derivative using the connection on
T ∗M ⊗ TM induced by the Levi-Civita connection.

§3. There are many references for the Laplacian and Hessian comparison
theorems. We note in particular the books by Schoen-Yau [447], P. Li [340]
and the lectures of Schoen [443]. Most of the presentation in this section
follows [447].

The fact that a locally Lipschitz function is a.e. C1 is a special case of
the following more general result (see Theorem 3 on p. 250 of [479]). Let
(Mn, g) be a Riemannian manifold and let f be a function on a open set
U ⊂Mn. Then f is C1 a.e. in U if and only if for a.e. x ∈ U

f (y) − f (x) = O (d (x, y)) as d (x, y) → 0.

§4. Exercise 1.92 is equivalent to:

Exercise 1.166. Use the Cartan structure equations to compute the
connection 1-forms and curvatures for the metric

g = h (r)2 dr2 + f (r)2 gSn−1 .

Remark 1.167. By making the substitution ds = h (r) dr we see that
this is equivalent to Exercise 1.92.

Solution. Let {ēi}n−1
i=1 and

{
ω̄i
}n−1

i=1
be local orthonormal frame and

coframe fields for
(
Sn−1, gSn−1

)
and let ω̄ji be the corresponding connection

1-forms which satisfy the first and second structure equations:

dω̄i = ω̄j ∧ ω̄ij
Rm

i
j = dω̄ij − ω̄ki ∧ ω̄jk.

For g define the orthonormal frame en + 1
h(r)

∂
∂r , ei + 1

f(r) ēi and the or-

thonormal coframe ωn + h (r) dr, ωi + f (r) ω̄i, for i = 1, . . . , n − 1. By
Exercise 1.39 we have

ωki (ej) =
1

2

(
dωi (ej , ek) + dωj (ei, ek) − dωk (ej , ei)

)
.

Using this and dωn = 0 we compute for i, k ≤ n− 1

(1.161) ωki = ω̄ki
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(1.162) ωkn =
enf

f
ωk.

Now by the second structure equation we have

Rm (g) ji = dωji −
n−1∑

k=1

ωki ∧ ωjk − ωni ∧ ωjn

=
1 − (enf)2

f2
ωj ∧ ωi

and

Rm (g) jn = dωjn −
n−1∑

k=1

ωkn ∧ ωjk

= d

(
enf

f

)
∧ ωj +

enf

f

(
dωj − ωk ∧ ωjk

)

= −enenf
f

ωj ∧ ωn.

§5. [103] is an excellent reference for the first and second variation
formulas and more generally, comparison geometry.

§5.3. We say that a C0 function φ : M → R is convex if for every
constant speed geodesic γ : [0, 1] →M, we have

φ (γ (s)) ≤ (1 − s)φ (γ (0)) + sφ (γ (1))

for all s ∈ [0, 1] .

Exercise 1.168. Show that if φ is a C2 function, then ∇i∇jφ ≥ 0 if
and only if φ is convex.

Lemma 1.169. Let (Mn, g) be a complete Riemannian manifold and let
φ : M → R be a C2 convex function. Then a point is critical point of φ if
and only if it is a global minimum of φ.

Proof. Suppose that p ∈ M is a critical point of φ. Given any point
x ∈ M, let γ : [0, 1] → M be a geodesic joining p to x (since (Mn, g) is
complete a minimal such geodesic exists). We have

d2

du2
φ (γ (u)) =

d

du
〈∇φ, γ̇〉

= 〈∇∇φ, γ̇ ⊗ γ̇〉 ≥ 0

(we used ∇γ̇ γ̇ = 0.) Since d
du

∣∣
u=0

〈∇φ, γ̇〉 = 0, we have

d

du
〈∇φ, γ̇〉 ≥ 0

for all u ∈ [0, 1] . Hence φ (x) ≥ φ (p) . �
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In our study of Ricci flow, we shall find it useful to make comparisons
with the mean curvature flow of hypersurfaces and other geometric flows.
For this reason we recall here some basic facts about hypersurfaces. Let
X : Mn → Rn+1 be a smooth immersed hypersurface and N a choice of unit
normal vector to X (Mn) (actually N is a vector field with values in Rn+1

along Mn.) When X (Mn) is embedded closed we shall usually take N to
be the outward unit normal. The first fundamental form is defined by

g (V,W ) + 〈V,W 〉

for V,W ∈ TxX (Mn) , where 〈 , 〉 denotes the euclidean inner product.
More correctly (the distinction should be made in the immersed and nonem-
bedded case)

g (V,W ) + 〈X∗V,X∗W 〉
for V,W ∈ TpM

n. Recall that the second fundamental form is defined by
(1.53):

h (V,W ) + 〈DVN,W 〉 = −〈DVW,N〉
or V,W ∈ TxX (Mn) , where D is the euclidean covariant derivative, i.e.,
the directional derivative. To get the second equality in the line above,
we extend W to a tangent vector field in a neighborhood of x and used
〈N,W 〉 ≡ 0. The second fundamental form measures the extrinsic curvature
of the the hypersurface X (Mn) , i.e., how the normal is changing. We have
the Gauss equations (1.54)

〈Rm (U, V )W,Y 〉 = h (U, Y )h (V,W ) − h (U,W )h (V, Y )

and the Codazzi equations (see Exercise 1.41)

(1.163) (∇Uh) (V,W ) = (∇V h) (U,W ) .

The mean curvature is the trace of the second fundamental form:

H +
n∑

i=1

h (ei, ei) = gijhij

where in the first expression {ei} is an orthonormal frame on X (Mn) and
in the second expression in terms of a local coordinate system

{
xi
}

in Mn,

which gives local coordinates
{
xi ◦X−1

}
on X (Mn) ,

gij + g

(
X∗

∂

∂xi
, X∗

∂

∂xj

)
hij + h

(
X∗

∂

∂xi
, X∗

∂

∂xj

)

and gij +
(
g−1
)
ij
. The Ricci curvature of g may be expressed as

Rc (U, V ) = Hh (U, V ) −
n∑

i=1

h (U, ei)h (V, ei)
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or in shorthand notation, Rc = Hh − h2. The scalar curvature is R =
H2 − |h|2 . The Gauss curvature is defined by

K +
deth

det g
.

The principal curvatures κ1, . . . , κn are the eigenvalues of h with respect
to g. We have

H = κ1 + · · · + κn, R =
∑

i6=j
κiκj , K = κ1 · · · · · κn.

Analogous formulas hold for the mth mean curvatures, which may be
defined as mth elementary symmetric function of the principal curvatures.

Exercise 1.170. Using the Codazzi equations, show that if a hypersur-
face Mn ⊂ Rn+1, n ≥ 2, is totally umbillic, that is, h = ϕg for some function
ϕ (tracing we see that ϕ = 1

nH), then the mean curvature is constant.

Exercise 1.171 (Weyl’s Estimate). Let M2 ⊂ R3 be a convex surface,
that is, h > 0. Show that

�H = ∆ logK + |∇ihjk|2g,h,h +H2 − 4K

where � +
(
h−1

)ij ∇i∇j and |aijk|2g,h,h + gip
(
h−1

)jq (
h−1

)kr
aijkapqr. Note

that by the arithmetic-geometric mean inequality, H2 − 4K ≥ 0. Applying
the maximum principle at a point x where H attains its maximum, we have
�H (x) ≤ 0 so that

H (x)2 ≤ 4K (x) − ∆ logK (x) .

Note that the rhs depends only on the intrinsic geometry of the surface:

max
M

H2 ≤ C (g)

where C (g) depends only on the first fundamental form g. Since |h|2 =
H2 − 2K ≤ H2, we also obtain a bound for |h| .

§11. A couple of more recent references on the determinant of elliptic
operators such as the Laplacian are [89], [90].





CHAPTER 2

Elementary aspects of the Ricci flow equation

1. Some geometric flows predating Ricci flow

Geometric flows have been around at least since Mullins paper [393] in
1956 proposing the curve shortening flow to model the motion of idealized
grain boundaries. In 1964 the seminal paper of Eells and Sampson [196]
introduced the harmonic map heat flow and used it prove the existence of
harmonic maps into targets with nonpositive sectional curvature. In 1974
Firey [210] proposed the Gauss curvature flow to model the shapes of worn
stones and considered the case where the surface is invariant under minus
the identity. In 1975 Hamilton [254] continued the study of the harmonic
map heat flow by considering manifolds with boundary. In 1978 Brakke [55]
studied the mean curvature flow and proved regularity properties for it.

We begin by giving a baby introduction to how Ricci flow may be used
to approach the geometrization conjecture. The intent of this section is only
to give the reader some preliminary intuition about what type of results one
would like to prove about Ricci flow in dimension 3. Next we describe some
of the evolution equations for the curvatures of solutions to Ricci flow. Since
the scalar curvature satisfies a particularly simple equation, we start with its
evolution. This leads to the heat equation, for which a principal tool is the
maximum principle, which we discuss both when the manifold is compact
and noncompact. Although the Ricci flow is not exactly variational in the
usual sense, we consider the Einstein-Hilbert functional and see that Ricci
flow is similar to a gradient flow. In Volume 2 we shall see a precise way
in which Ricci flow is a gradient flow, due to Perelman. We then discuss
some local coordinate calculations which lead to variation formulas for the
curvatures. Applying this to the Ricci tensor and its modification, we obtain
DeTurck’s trick, which is used to prove the short time existence of solutions
of Ricci flow on closed manifolds.

2. Ricci flow and geometrization: a short preview

In this section we give a very rough and intuitive description of Hamil-
ton’s idea for using Ricci flow to approach Thurston’s Geometrization Con-
jecture. In the following discussion all 3-manifolds will be closed and ori-
entable. Start with a closed Riemannian manifold

(
M3

1 , g0
)
. We want to

infer the existence of a geometric decomposition for M3
1 by studying the

properties of a solution
(
M3 (t) , g (t)

)
of the Ricci flow with surgeries

101
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with M3 (0) = M3
1 and g (0) = g0. By Ricci flow with surgeries we mean

a sequence of solutions
(
M3
i , gi (t)

)
, t ∈ [τi−1, τi], with τi−1 < τi ≤ ∞ and

τ0 = 0, of Ricci flow where
(
M3
i+1, gi+1 (τi)

)
is obtained from

(
M3
i , gi (τi)

)

by a geometric-topological surgery. M3 (t) = M3
i and g (t) = gi (t) for

t ∈ [τi−1, τi] so that the manifold and metric are doubly defined at the
surgery times τi.

The short and long time existence theorems imply that there exists a
unique maximal solution to the Ricci flow

(
M3

1 , g1 (t)
)
, t ∈ [0, T1), where

either

sup
M3

1×[0,T1)

|Rm (g1)| = ∞

or T1 = ∞. If T1 <∞, then we want to prove that in high curvature regions
(near the singularity time) the metric looks like part of an S2 × R cylinder
(this is not quite true, but for the sake of simplicity let’s assume this for
now). At some appropriate time τ1 / T1 right before the singularity forms
we perform a geometric-topological surgery by cutting out an S2 ×B1 from
the cylindrical region, which has two disjoint 2-spheres as its boundary:
∂
(
S2 ×B1

) ∼= S2 × S0 ∼= ∂
(
B3 × S0

)
, and replacing it by two balls: B3 ×

S0.1 We call the new manifold
(
M3

2 , g1
)
. Let

(
M3

2 , g2 (t)
)
, t ∈ [τ1, T2), be the

unique maximal solution to the Ricci flow with g2 (τ1) = g1. Topologically,
M3

2 and M3
1 are related as follows. If M3

2
∼= M3

2,1 ⊔ M3
2,2 is the disjoint

union of two connected manifolds, then M3
1
∼= M3

2,1#M
3
2,2. On the other

hand, if M3
2 is connected, then M3

1
∼= M3

2 #
(
S2 × S1

)
. The reason for this

is reversing the surgery process we see that M3
1 is obtained from M3

2 by
attaching a handlebody. Isotopying this handlebody so that it is attached
to two 2-spheres inside a 3-ball in M3

2 we see that M3
1 is the connected sum

of M3
2 with an orientable S2 bundle over S1 which must be S2 × S1.

Now repeat the process so that if T2 <∞, then we perform a geometric-
topological surgery at some time τ2 / T2 to get

(
M3

3 , g2
)
, etc. As long as

Ti < ∞ for all i, we have surgery times τi / Ti. Hence, we either obtain a
finite sequence of solutions

(
M3
i , gi (t)

)
, t ∈ [τi−1, τi], where 1 ≤ i ≤ I < ∞

where the last solution
(
M3
I , gI (t)

)
is defined for t ∈ [τI−1,∞), or we obtain

an infinite sequence of solutions. In the latter case it is conceivable that
the sequence of surgery times {τi} accumulates to a finite time. This is a
major case which needs to be ruled out. Barring this, we obtain a solution
of the Ricci flow with surgeries, consisting of a countable (infinite or finite)
sequence of solutions of the Ricci flow, which is defined for all time t ∈ [0,∞).
Next we want to infer the existence of a geometric structure on M3

i for i
large enough via a sufficient understanding of the geometric properties of a
metric gi (ti) where ti ∈ [τi−1, τi]. In particular, we want to show that the
manifold may be decomposed into pieces with incompressible tori boundary

1In Perelman’s approach, the surgery is performed at the singularity time on the
singular manifold limit.
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whose interiors either admit complete, finite volume hyperbolic metrics or
are collapsed with bounded curvature in the sense of Cheeger-Gromov.

3. Ricci flow and the evolution of scalar curvature

Given a 1-parameter family of metrics g (t) on a Riemannian manifold
Mn, defined on a time interval I ⊂ R, Hamilton’s Ricci flow equation is

∂

∂t
gij = −2Rij .

For any C∞ metric g0 on a closed manifoldMn, there exists a unique solution
g (t) , t ∈ [0, ǫ), to the Ricci flow equation for some ε > 0, with g (0) = g0.
This was proved in [255] and shortly thereafter a much simpler proof was
given by DeTurck [180] (see [181] for an improved version). We shall briefly
discuss short time existence in section 8. For any C∞ complete metric g0
with bounded sectional curvature on a noncompact manifold Mn, such a
short time existence result for solutions to the Ricci flow was proved by
W.-X. Shi [462].

Definition 2.1 (Complete solution). A solution g (t) , t ∈ I, of the
Ricci flow is said to be complete if for each t ∈ I, the Riemannian metric
g (t) is complete.

Definition 2.2 (Bounded curvature solution). We say that a solution
g (t) , t ∈ I, of the Ricci flow has bounded curvature if on every compact
subinterval [a, b] ⊂ I the Riemann curvature tensor is bounded. In particu-
lar, we do not assume the curvature bound is uniform in time on noncompact
time intervals.

Problem 2.3 (Uniqueness of Ricci flow on noncompact manifolds). Un-
der what conditions does uniqueness hold for complete solutions to the Ricci
flow on noncompact manifolds? A reasonable assumption may be bounded
curvature.

Given that we have short time existence, we are interested in the long
time behavior of the solution. Toward this end we want to derive the evo-
lution equations for the Riemann, Ricci and scalar curvatures

∂

∂t
Rijkℓ,

∂

∂t
Rij ,

∂

∂t
R

as well as other geometric quantities.
First we look at some simple examples. Let Mn = Sn and gSn denote

the standard metric on the unit n-sphere in euclidean space. If g0 = r20gSn

for some r0 > 0 (r0 is the radius), then

(2.1) g (t) +
(
r20 − 2 (n− 1) t

)
gSn

is a solution to the Ricci flow with g (0) = g0 defined on the maximal time
interval (−∞, T ), where T + r20/2 (n− 1) . That is, under the Ricci flow, the
sphere stays round and shrinks at a steady rate.
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Exercise 2.4 (Standard shrinking sphere). Show that the metrics de-
fined by (2.1) is a solution to the Ricci flow. Hint: Use the scale-invariance
of Ricci (Exercise 1.11) and Rc (gSn) = (n− 1) gSn . Show that the scalar
curvature of the solution is given by

R (g (t)) =
n (n− 1)

r20 − 2 (n− 1) t
.

In particular, the solution with r20 = n (n− 1) , which is defined on (−∞, n/2) ,
has scalar curvature R (g (t)) = 1

1−2t/n .

Exercise 2.5 (Homothetic Einstein solutions). Suppose that g0 is an
Einstein metric, i.e., Rc (g0) ≡ cg0 for some c ∈ R. Derive the explicit
formula for the solution g (t) of the Ricci flow with g (0) = g0. Observe that
g (t) is homothetic to the initial metric g0 and shrinks, is stationary, or
expands depending on whether c is positive, zero, or negative, respectively.

Exercise 2.6 (Product solutions). Suppose that (M1, g1 (t)) and (M2, g2 (t))
are solutions of the Ricci flow on a common time interval I. Show that
(M1 ×M2, g1 (t) × g2 (t)) is a solution of the Ricci flow. Hint: see Exercise
1.37. In particular, if (Mn, g (t)) is a solution of the Ricci flow, then so is(
Mn × R, g (t) + dr2

)
(we can replace

(
R, dr2

)
by any static flat manifold.)

Problem 2.7. What explicit solutions of the Ricci flow are there? Of
course we have the constant sectional curvature solutions, products and quo-
tients thereof. Some other solutions are the cigar and Rosenau solutions
on R2 and S2, respectively (see Chapter 4). It would be interesting to find
explicit solutions in dimensions ≥ 3.

We now begin with the evolution equation for the scalar curvature
since this is the easiest:

(2.2)
∂

∂t
R = ∆R+ 2 |Rc|2 .

When n = 2, since then Rc = 1
2Rg, we have

(2.3)
∂

∂t
R = ∆R+R2.

Note the similarity to the heat equation ∂u
∂t = ∆u. To derive formula (2.2)

we recall the variation of scalar curvature.

Lemma 2.8 (Variation of scalar curvature). If ∂
∂sgij = vij , then

(2.4)
∂

∂s
R = −∆V + div (div v) − 〈v,Rc〉 ,

where V = gijvij = trace (v) is the trace of v.

For the derivation of this formula see (2.25) below. Note that div (div v) =
∇p∇qvpq. Plugging in v = −2 Rc and using the contracted second Bianchi
identity 2∇qRpq = ∇pR, we obtain (2.2).
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4. The maximum principle for heat-type equations

When we have heat-type equations, we can apply a powerful tool, the
maximum principle. The maximum principle is basically the first and
second derivative tests in calculus. For elliptic equations on a manifold, the
facts we use are that if a function f : M → R attains its minimum at a
point x0 ∈M, then

∇f (x0) = 0 and ∆f (x0) ≥ 0.

For equations of parabolic type, a simple version says the following.

Proposition 2.9 (Weak maximum principle for supersolutions of the
heat equation). Let g (t) be a family of metrics on a closed manifold Mn

and let u : Mn × [0, T ) → R satisfy

∂

∂t
u ≥ ∆g(t)u.

Then if u ≥ c at t = 0 for some c ∈ R, then u ≥ c for all t ≥ 0.

Proof. The idea is simply that given a time t0 ≥ 0, if the spatial
minimum of u is attained at a point x0 ∈M, then

∂u

∂t
(x0, t0) ≥

(
∆g(t)u

)
(x0, t0) ≥ 0,

so that the minimum should be nondecreasing. Note that at (x0, t0) we
actually have (∇i∇ju) ≥ 0 (this is simply the second derivative test from
calculus). Here and throughout this book, when we write (Aij) ≥ 0 for some
matrix A we mean that it is nonnegative definite.

More rigorously, we proceed as follows. Given any ε > 0, define uε :
M × [0, T ) → R

uε = u+ ε (1 + t) .

Since u ≥ c at t = 0, we have uε > c at t = 0. Now suppose for some ε > 0
we have uε ≤ c somewhere in M × (0, T ). Then since M is closed, there
exists (x1, t1) ∈ M × (0, T ) such that uε (x1, t1) = c and uε (x, t) > c for all
x ∈M and t ∈ [0, t1). We then have at (x1, t1)

0 ≥ ∂uε
∂t

≥ ∆g(t)uε + ε > 0,

which is a contradiction. Hence uε > c on M × [0, T ) for all ε > 0 and by
taking the limit as ε→ 0 we get u ≥ c on M × [0, T ). �

Applying the maximum principle to the equation for the scalar curvature
(2.2) yields:

Corollary 2.10 (Lower bound of scalar curvature is preserved under
RF). If g (t) , t ∈ [0, T ), is a solution to the Ricci flow on a closed manifold
with R ≥ c at t = 0 for some c ∈ R, then R ≥ c for all t ∈ [0, T ). In
particular, nonnegative (positive) scalar curvature is preserved under the
Ricci flow.
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A simple extension of Proposition 2.9 that we shall find convenient to
use is the following (for the proof, see [153], Theorem 4.4 on p. 96).

Lemma 2.11 (Weak minimum principle - comparing with the ODE).
Suppose g (t) is a family of metrics on a closed manifold Mn and u : Mn ×
[0, T ) → R satisfies

∂

∂t
u ≤ ∆g(t)u+ 〈X (t) ,∇u〉 + F (u) ,

where X (t) is a time-dependent vector field and F is a Lipschitz continuous
function. If u ≤ c at t = 0 for some c ∈ R, then u (x, t) ≤ U (t) for all
x ∈ Mn and t ≥ 0, where U (t) is the solution to the ode

dU
dt = F (U) with

U (0) = c.

Exercise 2.12. Prove Lemma 2.11. Hint: Use
∂

∂t
(u− U) ≤ ∆g(t) (u− U) + 〈X (t) ,∇ (u− U)〉 + F (u) − F (U)

and the Lipschitz property of F.

Remark 2.13. In the statement of Lemma 2.11 we may reverse the signs
on all of the inequalities (except t ≥ 0) to obtain that a supersolution to a
semi-linear heat equation is bounded below by any solution to the correspond-
ing ode with initial value less than or equal to the infimum of the initial
value of the supersolution of the pde.

Since |Rc|2 ≥ 1
nR

2 (more generally, |a|2g ≥ 1
n Traceg (a)2 for any 2-tensor

a ; see Exercise 2.15 below), equation (2.2) implies

(2.5)
∂

∂t
R ≥ ∆R+

2

n
R2.

Since the solutions to the ode
dρ
dt = 2

nρ
2 are ρ (t) = n

nρ(0)−1−2t
, the lemma

implies that whenever the maximum principle applies, one has

(2.6) R (x, t) ≥ n

n (inft=0R)−1 − 2t

for all x ∈ Mn and t ≥ 0. It ρ (0) > 0, then ρ (t) tends to infinity in finite
time. Hence

Corollary 2.14 (Finite singularity time for positive scalar curvature).
If (Mn, g0) is a closed Riemannian manifold with positive scalar curvature,
then for any solution g (t) , t ∈ [0, T ) to the Ricci flow with g (0) = g0 we
have

T ≤ n

2Rmin (0)
<∞.

Exercise 2.15 (Norm of 2-tensor dominates trace). By choosing coor-
dinates where gij = δij at a point, show that for any 2-tensor aij

|aij |2g ≥
1

n

(
gijaij

)2
.
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Exercise 2.16. Let u be a solution to the heat equation with respect to
a metric g (t) evolving by the Ricci flow.

(1) (a) Show that

∂

∂t
|∇u|2 = ∆ |∇u|2 − 2 |∇∇u|2 .

(b) From this deduce
(
∂

∂t
− ∆

)(
t |∇u|2 +

1

2
u2

)
≤ 0.

(c) Apply the maximum principle to conclude that if Mn is closed,
then

|∇u| ≤ U√
2t1/2

where U + maxt=0 |u| .
Exercise 2.17. Let u be a solution to the heat equation on a Riemannian

manifold (Mn, g) . Show that

∂

∂t
|∇u|2 = ∆ |∇u|2 − 2 |∇∇u|2 − 2Rij∇iu∇ju.

What estimate for |∇u| do you get assuming Rc ≥ 0? When Rc ≥ −H for
some constant H? Which curvature condition do you need to get decay of
|∇u| as t→ ∞?

5. The maximum principle on noncompact manifolds

It is well-known that on a complete noncompact manifold (even Eu-
clidean space) the solution to the heat equation

(
∂
∂t − ∆

)
u(x, t) = 0 is not

unique in general (see (2.46).) This is due to the failure of the maximum
principle on noncompact manifolds. However, the maximum principle still
holds for solutions satisfying certain growth conditions. We start with the
following general result of Karp-Li [309]. In Ni-Tam [404], a version for
metrics evolving by Ricci flow is presented.

Let (Mn, g) be a complete Riemannian manifold.

Definition 2.18. We say that u ∈ H1
loc (Mn × [0, T ]) is a weak subso-

lution of the heat equation if for every nonnegative C∞ function φ with
compact support in Mn × (0, T ) we have

∫ T

0

∫

Mn

(
u
∂φ

∂t
−∇u · ∇φ

)
dµ (x) dt ≥ 0.

Note that if u is C2, then since φ has compact support, we can integrate
by parts to get

∫ T

0

∫

Mn

φ

(
∆u− ∂u

∂t

)
dµ (x) dt ≥ 0,
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which implies ∂u
∂t ≤ ∆u. Let u+ + max{0, u} and d(x,O) denote the distance

function of x to a fixed point O ∈Mn.

Theorem 2.19. If u is a weak subsolution of the heat equation on Mn×
[0, T ] with u(·, 0) ≤ 0 and if

(2.7)

∫ T

0

∫

Mn

exp(−αd2(x,O))u2
+(x, t) dµ (x) dt <∞

for some α > 0, then u ≤ 0 on Mn × [0, T ].

Applying the volume comparison theorem we have the following.

Corollary 2.20. If Rc(x) ≥ −d2(x,O), and u(x, t) is a bounded subso-
lution, then u(x, t) ≤ 0 provided u(x, 0) ≤ 0. In particular, bounded solutions
are unique.

Proof. A direct application of the volume comparison theorem shows
that

Vol (B (O, r)) ≤ exp
(
ar2
)

for some a = a (n) > 0. It is then easy to see that the assumption of Theorem
2.19 holds for some suitably chosen α. �

Proof of Theorem. Let h(x, t) = − d2(x,O)
4(2τ−t) , which is a Lipschitz func-

tion defined onMn×[0, 2τ), and where τ > 0 is to be later chosen sufficiently
small. Since |∇d (·, O)| = 1 it follows that

(2.8) |∇h|2 +
∂h

∂t
= 0

in the weak sense. Let 0 ≤ ϕs(x) ≤ 1 be a cut-off function which is 1 inside
B(O, s) and compactly supported in B(O, s + 1) with |∇ϕs| ≤ 2. We have
that u+ also satisfies (

∂

∂t
− ∆

)
u+ ≤ 0

in the weak sense. Multiplying the above differential inequality by ϕ2
se
hu+

and integrating by parts, we have that

0 ≥
∫ τ

0

∫

Mn

ϕ2
se
hu+

(
∂

∂t
− ∆

)
u+ dµ dt

=

∫ τ

0

∫

Mn

eh
(
ϕ2
s|∇u+|2 + 2 〈∇ϕs,∇u+〉ϕsu+ + ϕ2

su+ 〈∇h,∇u+〉
)
dµ dt

+
1

2

∫ τ

0

∫

Mn

ϕ2
se
h

(
∂

∂t
u2

+

)
dµ dt

≥
∫ τ

0

∫

Mn

eh
(
−2|∇ϕs|2u2

+ − 1

2
ϕ2
su

2
+|∇h|2

)
dµ dt+

1

2

∫

M
ϕ2
se
hu2

+

∣∣∣∣
τ

0

− 1

2

∫ τ

0

∫

Mn

ϕ2
se
hu2

+

∂h

∂t
dµ dt.
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Here we used the Cauchy-Schwarz inequality. Applying the equality (2.8)
satisfied by h, we have

∫

Mn

ϕ2
se
hu2

+

∣∣∣∣
τ

≤ 4

∫ τ

0

∫

Mn

ehu2
+|∇ϕs|2 dµ dt.

Since h(x, t) = − d2(x,O)
4(2τ−t) ≤ −d2(x,O)

8τ , if we chose τ ≤ 1
8α , then we have

∫

Mn

ϕ2
se
hu2

+

∣∣∣∣
τ

≤ 8

∫ τ

0

∫

B(O,s+1)\B(O,s)
exp

(
−αd2(x,O)

)
u2

+ dµ dt.

By our assumption (2.7), the right hand side tends to zero as s→ ∞, and we
conclude that u+ ≡ 0 a.e. on Nn × [0, τ ] . The result follows from iterating
the above argument. �

Remark 2.21. In [346], Li-Yau proved the uniqueness of solutions bounded
from below under a certain lower bound assumption on the Ricci curvature.
The key idea is that one can obtain growth control of positive solutions to the
heat equation by their gradient estimates (also called Li-Yau inequalities).

Lemma 2.22. Assume that the curvatures and their first derivatives of
(Mn, g (t)) , t ∈ [0, T ), are uniformly bounded. For any a > 0 and A > 0,
there exists a positive function φ(x, t) and b > 0 such that

(2.9)

(
∂

∂t
− ∆

)
φ ≥ Aφ

on Mn × [0, T ) and

exp(a · d(O, x)) ≤ φ(x, t) ≤ exp(b · d(O, x)).
Proof. Recall from Theorem 3.6 of [464] that there exists a smooth

function f(x) and a constant C1 > 0 satisfying

C−1
1 (1 + dg(0)(O, x)) ≤ f(x) ≤ C1(1 + dg(0)(O, x))

and
|∇f |g(0) + |∇g(0)∇f |g(0) ≤ C1.

Since the Ricci tensor is assumed to be uniformly bounded, we have g (t) ≥
cg (0) and

cdg(0) (x,O) ≤ dg(t) (x,O) ≤ c−1dg(0) (x,O)

for some c > 0. By the first derivative of curvature bound, we also have∣∣∣Γkij (t) − Γkij (0)
∣∣∣ ≤ C2. Hence there exists C <∞ such that

|∇f |g(t) + |∇g(t)∇f |g(t) ≤ C

on Mn × [0, T ).
Let φ(x, t) = exp(Bt+αf(x)), for some suitable B and α. We compute

(
∂

∂t
− ∆

)
φ = φ

(
B + α∆f + α2 |∇f |2

)

≥ φ
(
B − α

√
nC + α2C2

)
.
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First choose α big enough so that φ (x, t) has the desired lower bound as
claimed. Then we choose B large enough so that B − α

√
nC + α2C2 ≥ A

to obtain (2.9). �

Using φ as a barrier we may obtain the following.

Corollary 2.23. If (Mn, g (t)) is a complete solution of the Ricci flow
with bounded curvature and if ϕ ≥ 0 satisfies

∂

∂t
ϕ ≤ ∆ϕ+ Cϕ

ϕ (0) = 0

and if ϕ (x, t) ≤ eA(d(x,p)+1) for some A <∞, then ϕ (t) ≡ 0 for all t > 0.

We should point out that, by modifying the proof of Theorem 1.2 in
[404], one in fact has the following more general version of the maximum
principle.

Theorem 2.24. Assume that the curvatures of (Mn, g (t)) , t ∈ [0, T ),
are uniformly bounded. If u is a weak subsolution of the heat equation on
Mn × [0, T ] with u (·, 0) ≤ 0 and if

∫ T

0

∫

Mn

exp
(
−αd2

g(0) (x,O)
)
u2

+ (x, t) dµg(t) (x) dt <∞

for some α > 0, then u ≤ 0 on Mn × [0, T ] .

Again notice that we can replace dg(0) (x,O) by dg(t) (x,O) due to the
fact that they are equivalent under our uniform curvature bound assumption.

Lemma 2.25. Let (Mn, g (t)) , t ∈ [0, T ), be a complete solution to the
Ricci flow with bounded curvature and let α0 be a (p, q)-tensor with

|α0 (x)|g(0) ≤ eA(d(x,p)+1)

for some A <∞. Let Ep,q + (⊗pT ∗M) ⊗ (⊗qTM) and suppose that

Ft : Ep,q → Ep,q

is a fiber-wise linear map with

‖Ft‖∞ + sup
β(x)∈Ep,q

|F (β (x))|g(t)
|β (x)|g(t)

<∞.

Then there exists B <∞ and a solution α (t) , t ∈ [0, T ), of

∂

∂t
α = ∆g(t)α+ Ft (α)

with α (0) = α0 and |α|g(t) ≤ eB(d(x,p)+1). This solution is unique among all

solutions with |α|g(t) ≤ eC(d(x,p)+1) for all C <∞.
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Proof. It is not difficult to adapt the proof of Proposition in [402] to
our case. Note that to prove uniqueness we may apply Corollary 2.23 to:

∂

∂t
|α|2 ≤ ∆ |α|2 − 2 |∇α|2 + 2 〈F (α) , α〉 + 2 (p+ q) |Rc| |α|2

≤ ∆ |α|2 + C |α|2 .

�

Corollary 2.26. Let (Mn, g (t)) , t ∈ [0, T ), be a complete solution
to the Ricci flow with bounded curvature. Under the above hypotheses on
the initial data we have the existence and uniqueness of solutions with the
corresponding growth conditions for the following equations:

(2.10)
∂

∂t
Xi = ∆Xi +RikX

k

and
∂

∂t
h = ∆Lh.

6. The Einstein-Hilbert functional

The game of Ricci flow, so to speak, is to control geometric quantities
associated to the metric as it evolves. The above corollary is a nice
example of this. Let’s now move onto the volume form dµ (we assume that
M is oriented). In general, if ∂

∂sgij = vij , then

(2.11)
∂

∂s
dµ =

1

2
V dµ.

This is easily seen from the local coordinate formula

(2.12) dµ =
√

det gijdx
1 ∧ · · · ∧ dxn

in a positively oriented local coordinate system
{
xi
}

and the formula for the
evolution of a determinant of a matrix A (s)

(2.13)
d

ds
log detA =

(
A−1

)ij d
ds
Aij ,

where log denotes the natural logarithm. We can see this from the standard
definition

detA =
∑

σ

sign (σ)A1σ(1) · · ·Anσ(n)

where the summation is over all permutations σ of {1, 2, . . . , n} . Differenti-
ating this formula, we get

d

ds
detA =

n∑

i,j=1

d

ds
Aij

∑

σ:σ(i)=j

sign (σ)A1σ(1) · · · Âiσ(i) · · ·Anσ(n)



112 2. ELEMENTARY ASPECTS OF THE RICCI FLOW EQUATION

where Âiσ(i) means to omit this factor and the second summation is over
all permutations σ such that σ (i) = j. Equation (2.13) now follows from
Cramer’s rule:

(
A−1

)
ij

=
1

detA

∑

σ:σ(i)=j

sign (σ)A1σ(1) · · · Âiσ(i) · · ·Anσ(n).

Exercise 2.27 (Variation of the inverse of g). By differentiating the
formula gijgjk = δik, show that

(2.14)
∂

∂s
gij = −gikgjℓ ∂

∂s
gkℓ.

Of course, the global formula (2.11) is independent of the coordinates we
choose to derive the formula. The above formulas give a quick derivation of
the first variation formula for the Einstein-Hilbert (total scalar curvature)
functional

E (g) +

∫

M
Rdµ.

Namely, if ∂
∂sgij = vij , then

d

ds
E =

∫

M

(
−∆V + ∇p∇qvpq − 〈v,Rc〉 +

1

2
RV

)
dµ

=

∫

M

〈
v,

1

2
Rg − Rc

〉
dµ.

Note that (twice) the gradient flow of E is

(2.15)
∂

∂s
gij = 2 (∇E (g))ij = Rgij − 2Rij .

This looks sort of like Ricci flow, but this equation in fact is not parabolic,
and as such, short time existence is not expected to hold. Dropping the Rg
term on the rhs of (2.15) yields the Ricci flow.

Exercise 2.28. Given a metric g0, let

C + {ug0 : u > 0 and Vol (ug0) = 1}
be the space of unit volume metrics conformal to g0. Show that subject to the
constraint of lying in C, the critical points E have constant scalar curvature.

7. Evolution of geometric quantities - local coordinate
calculations

We now proceed to discuss the variation of the Ricci tensor. Before we
can do this, we need to recall the variation of the Christoffel symbols.

Lemma 2.29 (Variation of Christoffel symbols). If g (s) is a one-parameter
family of metrics with ∂

∂sgij = vij , then

(2.16)
∂

∂s
Γkij =

1

2
gkℓ (∇ivjℓ + ∇jviℓ −∇ℓvij) .
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Proof. The derivation of this formula illustrates a nice trick in com-
puting evolutions of various tensor quantities such as the connection and
the curvatures. We compute at an arbitrarily chosen point p ∈M in normal
coordinates centered at p so that Γkij (p) = 0. Note that ∂

∂xi gjk (p) = 0. In

such coordinates, ∇ka
j1···jq
i1···ir (p) = ∂

∂xk a
j1···jq
i1···ir (p) for any (r, q)-tensor a. Thus,

at p we have

∂

∂s
Γkij =

1

2
gkℓ
(
∂

∂xi
∂

∂s
gjℓ +

∂

∂xj
∂

∂s
giℓ −

∂

∂xℓ
∂

∂s
gij

)

and (2.16) follows since ∇ivjℓ (p) = ∂
∂xi vjℓ (p) . Finally we note that since

both sides of (2.16) are the components of tensors, equation (2.16) in fact
holds as a tensor equation, that is, it is true for any coordinate system, not
just normal coordinates. �

Remark 2.30. In coordinate free notation, (2.16) is
(2.17)〈(

∂

∂s
∇
)

(X,Y ) , Z

〉
=

1

2
((∇Xv) (Y,Z) + (∇Y v) (X,Z) − (∇Zv) (X,Y )) .

This formula may derived directly from differentiating (1.3).

Corollary 2.31 (Evolution of Christoffel symbols under RF). Under
the Ricci flow ∂

∂tgij = −2Rij , we have

(2.18)
∂

∂t
Γkij = −gkℓ (∇iRjℓ + ∇jRiℓ −∇ℓRij) .

A nice consequence of this is the evolution of the Laplacian operator
acting on functions.

Lemma 2.32 (Evolution of laplacian under RF). If (Mn, g (t)) is a so-
lution to the Ricci flow, then

∂

∂t

(
∆g(t)

)
= 2Rij · ∇i∇j ,

where ∆g(t) is the Laplacian acting on functions. In particular, when n = 2,
∂
∂t (∆) = R∆.

Proof. We compute

∂

∂t

(
∆g(t)

)
=

∂

∂t

(
gij∇i∇j

)
= − ∂

∂t
gij · ∇i∇j − gij

(
∂

∂t
Γkij

)
∇k

and the result follows from

(2.19) gij
(
∂

∂t
Γkij

)
= −gkℓ

(
2gij∇iRjℓ −∇ℓR

)
= 0,

where we used the contracted second Bianchi identity. �

Exercise 2.33. Given ∂
∂sgij = vij , compute ∂

∂s

(
∆g(s)

)
.
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Solution.

(2.20)
∂

∂s

(
∆g(s)

)
= −vij · ∇i∇j −

1

2
gijgkℓ (∇ivjℓ + ∇jviℓ −∇ℓvij)∇k.

In particular if vij = ϕgij for some function ϕ, then

(2.21)
∂

∂s

(
∆g(s)

)
= −ϕ∆ +

n− 2

2
∇ϕ · ∇.

Now we recall how to get the components of the curvature tensors from
the Christoffel symbols. Recall that the components of the Riemann curva-
ture (3, 1)-tensor defined by R

(
∂
∂xi ,

∂
∂xj

)
∂
∂xk = Rℓijk

∂
∂xℓ are given by (1.11):

(2.22) Rℓijk = ∂iΓ
ℓ
jk − ∂jΓ

ℓ
ik + ΓpjkΓ

ℓ
ip − ΓpikΓ

ℓ
jp

and the Ricci tensor is Rij = Rppij . From this we calculate the variation of
Ricci in terms of the variation of the connection

(2.23)
∂

∂s
Rij = ∇p

(
∂

∂s
Γpij

)
−∇i

(
∂

∂s
Γppj

)
.

Just as in the proof of Lemma 2.29, this follows from computing at the
center in normal coordinates. This is a nice formula and we shall use this
later again. For now we just substitute (2.16) into this to obtain that if
∂
∂sgij = vij , then

(2.24)
∂

∂s
Rij =

1

2
∇ℓ (∇ivjℓ + ∇jviℓ −∇ℓvij) −

1

2
∇i∇jV.

Recall (div v)k + gij∇ivjk. Taking the trace, we obtain the variation formula
(2.4) for R

∂

∂s
R = gij

(
∂

∂s
Rij

)
− ∂

∂s
gij ·Rij(2.25)

= ∇ℓ∇iviℓ − ∆V − vij ·Rij .

Commuting derivatives in (2.24) yields the variation of Ricci formula:

(2.26)
∂

∂s
Rij = −1

2

(
∆Lvij + ∇i∇jV −∇i (div v)j −∇j (div v)i

)
.

Here ∆L denotes the Lichnerowicz Laplacian, which is defined by

(2.27) ∆Lvij + ∆vij + 2Rkijℓvkℓ −Rikvjk −Rjkvik
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acting on symmetric 2-tensors. Recall that Rkijℓ + gℓpR
p
kij .We obtain (2.26)

from (2.24) by the computation:

∇ℓ (∇ivjℓ + ∇jviℓ) = ∇i∇ℓvjℓ −Rℓijmvmℓ −Rℓiℓmvjm

+ ∇j∇ℓviℓ −Rℓjimvmℓ −Rℓjℓmvim

= ∇i (div v)j + ∇j (div v)i − 2Rℓijmvℓm

+Rimvjm +Rjmvim,

where we used the commutator formula (1.30). Note that (2.26) may be
rewritten as

∂

∂s
(−2Rij) = ∆Lvij + ∇iXj + ∇jXi

where X = 1
2∇V − div v. This is related to DeTurck’s trick in proving short

time existence (see (2.40).)
The Lichnerowicz Laplacian is a fundamental operator; when acting on

symmetric 2-tensors in the context of Ricci flow it is perhaps more natural
than the rough Laplacian ∆ = gij∇i∇j . Examples of this naturality are
the appearance of ∆L in the linearized Ricci flow equation (formula (2.37)
below is an example of this) and the following identity, which we will use in
Chapter ??.

Lemma 2.34 (Hessian and Lichnerowicz heat operator commutator for-
mula). Under the Ricci flow, the Hessian and the Lichnerowicz Laplacian
heat operator commute. That is, for any function f of space and time we
have

(2.28) ∇i∇j

(
∂f
∂t − ∆f

)
=
(
∂
∂t − ∆L

)
∇i∇jf.

Proof. Using (1.30) we compute

∇i∇j∇k∇kf = ∇i∇k∇k∇jf −∇i (Rjℓ∇ℓf)

= ∇k∇i∇k∇jf −Rikjℓ∇ℓ∇kf −Riℓ∇j∇ℓf

−∇iRjℓ∇ℓf −Rjℓ∇i∇ℓf

= ∇k∇k∇i∇jf −∇k (Rikjℓ∇ℓf) −Rikjℓ∇ℓ∇kf −Riℓ∇j∇ℓf

−∇iRjℓ∇ℓf −Rjℓ∇i∇ℓf

= ∆∇i∇jf + (∇jRiℓ −∇ℓRij −∇iRjℓ)∇ℓf − 2Rikjℓ∇ℓ∇kf

−Riℓ∇j∇ℓf −Rjℓ∇i∇ℓf

= ∆L∇i∇jf + (∇jRiℓ −∇ℓRij −∇iRjℓ)∇ℓf

where we used ∇kRikjℓ = ∇jRiℓ−∇ℓRij (from the second Bianchi identity)
to get the last equality. Second, using (2.18), we compute

(2.29)
∂

∂t
∇i∇jf = ∇i∇j

∂f

∂t
+ (∇jRiℓ −∇ℓRij −∇iRjℓ)∇ℓf.

Formula (2.28) now follows from combining the above two calculations. �
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Corollary 2.35. If g (t) satisfies the Ricci flow and f (t) satisfies the

heat equation ∂f
∂t = ∆f, then the Hessian satisfies the Lichnerowicz Lapla-

cian heat equation:
∂

∂t
(∇∇f) = ∆L (∇∇f) .

Exercise 2.36 (Commutator of ∂
∂t + ∆L and ∇∇). Using the formulas

derived in the proof of Lemma 2.34, establish under Ricci flow we have the
identity

∇i∇j

(
∂f

∂t
+ ∆f

)
=

(
∂

∂t
+ ∆L

)
∇i∇jf − 2 (∇iRjℓ + ∇jRiℓ −∇ℓRij)∇ℓf.

Recall the exterior derivative of a p-form ω may be expressed in terms
of covariant derivatives as

(dω)i0i1···ip =

p∑

j=0

(−1)j ∇ijωi0i1···îj ···ip .

The adjoint δ is given by

(δα)i1···ip−1
= −gjk∇jαki1···ip−1 .

Indeed, one easily verifies that for any (p− 1)-form β and p-form α
∫

Mn

〈dβ, α〉 dµ =

∫

Mn

〈β, δα〉 dµ.

The Hodge Laplacian acting on p-forms is defined by ∆d + − (dδ + δd)
(we have adopted the opposite of the usual sign convention). If β is a 2-form,
then

(2.30) (∆dβ)ij = ∆βij + 2Rikℓjβkℓ −Rikβkj −Rjkβik.

So the Hodge Laplacian acts on 2-forms formally in the same way as the
Lichnerowicz Laplacian acts on symmetric 2-tensors.

Exercise 2.37 (Bochner [51], [52]). Show that if X is a 1-form, then

(2.31) ∆Xi −RijXj = ∆dXi.

In particular, if the Ricci curvature of a closed manifold is positive, then
there are no nontrivial harmonic 1-forms. By the Hodge theorem, this im-
plies that the first Betti number b1 (M) is zero. This is a consequence of
Myers’ Theorem that the fundamental group of M is finite.

Solution. Recall ∆d = − (dδ + δd) . We compute

(dX)ij = ∇iXj −∇jXi

(δdX)j = −∇i (dX)ij = −∇i (∇iXj −∇jXi)

and

δX = −∇iXi

(dδX)j = −∇j∇iXi
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so that

(∆dX)i = ∇i (∇iXj −∇jXi) + ∇j∇iXi

= (∆X)j + (∇j∇i −∇i∇j)Xi

= (∆X)j −RjkXk.

Exercise 2.38. Verify (2.30). Hint: using

(dβ)ijk = ∇iβjk −∇jβik + ∇kβij (δβ)k = −∇iαik,

show that

(∆dβ)jk = ∆βjk + (∇j∇i −∇i∇j)βik + (∇i∇k −∇k∇i)βij

and apply the commutator formulas for covariant differentiation.

Exercise 2.39. Show that under the Ricci flow, for any 1-form X(
∂

∂t
− ∆L

)
(LX♮g) = L

[( ∂
∂t

−∆d)X]
♮g ;

that is,

(2.32)

(
∂

∂t
− ∆L

)
(∇iXj + ∇jXi) = ∇iYj + ∇jYi,

where Y +
(
∂
∂t − ∆d

)
X. Note that by taking X = df, we obtain (2.28) since(

∂
∂t − ∆d

)
df = d

(
∂
∂t − ∆

)
f.

Solution. From

∂

∂t
(∇iXj) = ∇i

(
∂

∂t
Xj

)
+ (∇iRjk + ∇jRik −∇kRij)Xk

and

∇i (∆Xj −RjkXk) = ∆ (∇iXj) + 2Rkijℓ∇kXℓ −Rik∇kXj −Rjk∇iXk

− (∇iRjk + ∇jRik −∇kRij)Xk

we conclude

∇i

(
∂

∂t
Xj − (∆Xj −RjkXk)

)
+ ∇j

(
∂

∂t
Xi − (∆Xi −RikXk)

)

=

(
∂

∂t
− ∆L

)
(∇iXj + ∇jXi) .

A useful consequence of the above exercise is the following.

Lemma 2.40. If (Mn, g (t)) is a solution to the Ricci flow and if X is a
vector field evolving by

(2.33)
∂

∂t
Xi = ∆Xi +RikX

k,

then hij + ∇iXj + ∇jXi = (LXg)ij evolves by

(2.34)
∂

∂t
hij = ∆Lhij + ∆hij + 2Rkijℓhkℓ −Rikhkj −Rjkhik.
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Proof. The dual 1-form evolves by

∂

∂t
Xi = ∆Xi −RijXj = ∆dXi

where ∆d + − (dδ + δd) . The result now follows from Exercise 2.39. �

Remark 2.41. A special case of (2.32) is formula (2.28), which implies

that if ∂f
∂t = ∆f, then ∂

∂t (df) = ∆d (df) and

∂

∂t
(∇i∇jf) = − (∆L∇∇f)ij .

Exercise 2.42. Show that if X is a Killing vector field, then

(2.35) ∇k∇jXi +RℓkjiXℓ = 0.

Solution ([231], p. 108). We compute

0 = ∇k (∇jXi + ∇iXj) + ∇j (∇iXk + ∇kXi) + ∇i (∇jXk + ∇kXj)

= (∇k∇jXi + ∇i∇kXj) + (∇j∇iXk + ∇k∇iXj) + (∇j∇kXi + ∇i∇jXk)

= (∇i∇kXj −∇k∇iXj) − (∇j∇kXi + ∇k∇jXi) + (∇i∇jXk −∇j∇iXk)

= RkijℓXℓ − 2∇k∇jXi +RjkiℓXℓ +RjikℓXℓ

= −2∇k∇jXi + 2RjikℓXℓ

where we used the first Bianchi identity to get the last equality.
Tracing (2.35) we have

(2.36) ∆Xi +RℓiXℓ = 0.

Hence, if Mn is closed and the Ricci curvature is negative, then there are
no nontrivial Killing vector fields. For a generalization of this to conformal
Killing vector vector fields, see Proposition 6.4.

Since, by the contracted second Bianchi identity,

∇i∇jR−∇i (div Rc)j −∇j (div Rc)i = 0,

equation (2.26) implies the following.

Lemma 2.43 (Evolution of the Ricci tensor under RF). Under the Ricci
flow,

(2.37)
∂

∂t
Rij = ∆LRij = ∆Rij + 2RkijℓRkℓ − 2RikRjk.

Now, just like the evolution equation for the scalar curvature, we have
a heat-type equation. However, there is an important difference: R is a
scalar function whereas Rij is a tensor. It is nice to know that we can still
apply the maximum principle (see [153], Theorem 4.6 on p. 97). This (the
maximum principle for tensors) is the subject of the first section of the next
chapter.

Exercise 2.44. Calculate the evolution equation for Rij −αRgij , where
α ∈ R.
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Exercise 2.45. Using (2.22) show that

Rijkℓ =
1

2
(∂i∂khjℓ − ∂i∂ℓhjk − ∂j∂khiℓ + ∂j∂ℓhik) +Q (g, ∂g)

where Q is quadratic in ∂g. (For a related formula, see (3.14).)

Exercise 2.46. Show that in normal coordinates

∂i∂jgkℓ =
1

6
(Rikℓj +Riℓjk) .

8. DeTurck’s trick and short time existence

Using (2.26) we can now give a rough description of how DeTurck’s proof
(or DeTurck’s trick) of short time existence works. First note that the
principal symbol of the nonlinear partial differential operator −2 Rc (g) of
the metric g is nonnegative and has a nontrivial kernel which is due exactly
to the diffeomorphism invariance of the Ricci tensor (see [153], §2.3 for
details). For this reason the Ricci flow equation is only weakly parabolic.
We search for an equivalent flow which is strictly parabolic. Motivated by
formula (2.26), given a fixed background connection Γ̃, which for convenience
we assume to be the Levi-Civita connection of a metric g̃, we define the
Ricci–DeTurck flow by

∂

∂t
gij = −2Rij + ∇iWj + ∇jWi ,(2.38)

g (0) = g0,

where the time-dependent 1-form W = W (g) is defined by

(2.39) Wj + gjkg
pq
(
Γkpq − Γ̃kpq

)
.

Note that if g (s) is a one-parameter family of metrics with g (s) = g and

∂

∂s

∣∣∣∣
s=0

gij = vij ,

then
∂

∂s

∣∣∣∣
s=0

W (g (s))j = −Xj + zeroth order terms in v.

where X = 1
2∇V − div v as above. We compute

(2.40)
∂

∂s

∣∣∣∣
s=0

(−2Rij + ∇iWj + ∇jWi) = ∆Lvij + first order terms in v.

Exercise 2.47. Verify formula (2.40) by using (2.26), (2.16).

From (2.40) it follows that the Ricci-DeTurck flow is strictly parabolic
and that given any smooth initial metric g0 on a closed manifold, there exists
a unique solution g (t) to the Ricci-DeTurck flow with g (0) = g0. Note we
may also rewrite the Ricci-DeTurck flow (2.38) as (see also Volume 2)

∂

∂t
gij = gℓm∇̃ℓ∇̃mgij + g−1 ∗ g ∗ g̃−1 ∗ R̃m + g ∗ g−3 ∗

(
∇̃g
)2
,



120 2. ELEMENTARY ASPECTS OF THE RICCI FLOW EQUATION

which also exhibits the strict parabolicity of the flow. Now given a solution
of the Ricci-DeTurck flow, we can solve the following ode at each point in
M :

∂

∂t
ϕt = −W ∗(2.41)

ϕ0 = id,

where W ∗ (t) is the vector field dual to W (t) with respect to g (t) . Pulling
back g (t) by the diffeomorphisms ϕt, we obtain a solution

(2.42) ḡ (t) + (ϕt)
∗ g (t)

to the Ricci flow with ḡ (0) = g0 (see p.81 of [153] for instance). One can
also show that this solution is unique (p. 90 of [153]).

Theorem 2.48 (Hamilton, DeTurck - Short time existence). If Mn is
a closed Riemannian manifold and if g0 is a C∞ Riemannian metric, then
there exists a unique smooth solution ḡ (t) to the Ricci flow define on some
time interval [0, δ), δ > 0, with ḡ (0) = g0.

Recall that given a map f : (Mn, g) → (Nm, h) , the map Laplacian of
f is defined by

(∆g,hf)γ = ∆g (fγ) + gij
(
Γ (h)γαβ ◦ f

) ∂fα
∂xi

∂fβ

∂xj
(2.43)

= gij
(

∂2fγ

∂xi∂xj
− Γkij

∂fγ

∂xk
+
(
Γ (h)γαβ ◦ f

) ∂fα
∂xi

∂fβ

∂xj

)
,

where fγ + yγ ◦ f, and
{
xi
}

and {yα} are coordinates on M and N, respec-
tively. Note that ∆g,hf ∈ C∞ (f∗TN) , where f∗ (TN) →M is the pullback
vector bundle of TN by f. In (2.43) ∆g (fγ) denotes the Laplacian with
respect to g of the function fγ . As a special case, if M = N and f is the
identity map and we choose the x and y coordinates to be the same, then

(∆g,h id)k = gij
(
−Γ (g)kij + Γ (h)kij

)
.

Remark 2.49. The derivative df of a map f : Mn → Nm is a section
of the vector bundle E + T ∗M ⊗ f∗TN. On E is a natural metric and
compatible connection ∇g,h defined by the (dual of the) Riemannian metric
g and associated Levi-Civita connection on T ∗M and the pullback by f of
the metric h and its associated Levi-Civita connection on TN. So ∇g,hdf is
a section of the bundle T ∗M ⊗S T

∗M ⊗ f∗TN. The map Laplacian is the
trace with respect to g of ∇g,hdf

∆g,hf = tr g

(
∇g,hdf

)
.

A map f : (Mn, g) → (Nm, h) is called a harmonic map if ∆g,hf = 0.
In the case whereN = R a harmonic map is the same as a harmonic function.
If M is 1-dimensional, then a harmonic map is the same as a constant speed
geodesic.
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Remark 2.50. Given a diffeomorphism f : (Mn, g) → (Nn, h) , the map
Laplacian satisfies the following identity:

(2.44) (∆g,hf) (x) =
(
∆(f−1)∗g,h idN

)
(f (x)) ∈ C∞ (f∗TN)

This corresponds to considering f as

(Mn, g)
f→
(
Nn,

(
f−1

)∗
g
)

id→ (Nn, h)

where the map on the left f is an isometry. More generally, if (Pn, k) and
(Nm, h) are Riemannian manifolds, F : Pn → Nm is a map and ϕ : Mn →
Pn is a diffeomorphism, then

(2.45) (∆k,hF ) (ϕ (y)) = (∆ϕ∗k,h (F ◦ ϕ)) (y) .

which corresponds to

(Mn, ϕ∗k)
ϕ→ (Pn, k)

F→ (Nm, h) .

Formula (2.44) is the special case of (2.45) where n = m, Pn = Nm, F =
idN , ϕ = f and k =

(
f−1

)∗
g. To prove (2.45) we compute

(∆ϕ∗k,h (F ◦ ϕ))ℓ = ∆ϕ∗k

(
xℓ ◦ F ◦ ϕ

)
+ (ϕ∗k)αβ

(
Γ (h)ℓij ◦ F ◦ ϕ

) ∂ (F ◦ ϕ)i

∂yα
∂ (F ◦ ϕ)j

∂yβ

=
(
∆k

(
xℓ ◦ F

))
◦ ϕ+

(
kab ◦ ϕ

)(
Γ (h)ℓij ◦ F ◦ ϕ

)(∂F i
∂za

◦ ϕ
)(

∂F j

∂zb
◦ ϕ
)

= (∆k,hF )ℓ ◦ ϕ.

where ϕi = ϕ◦xi, kab is the inverse of kab + k
(
∂
∂za

∂
∂zb

)
and since ∆ϕ∗g (u ◦ ϕ) =

∆gu for a function u.

If Γ̃ is the Levi-Civita connection of a metric g̃, then equation (2.41) is
equivalent to

∂

∂t
ϕt = gpq

(
−Γkpq + Γ̃kpq

) ∂

∂xk
= ∆g,g̃ id = ∆ḡ(t),g̃ϕt.

In other words, if ḡ (t) is a solution to the Ricci flow and ϕt : Mn → Mn is
a solution to the harmonic map heat flow

∂

∂t
ϕt = ∆ḡ(t),g̃ϕt,

then the metrics g (t) + ϕtḡ (t) satisfy the Ricci-DeTurck flow. See Chapter
3, §4 of [153] for more details.

Finally we make some remarks on the uniqueness problem for complete
solutions on noncompact manifolds; the idea is the same as in compact case
(see Step 4 on p. 90 of [153]). Let g1 (t) and g2 (t) be two complete solutions
of the Ricci flow with g1 (0) = g2 (0) = g0 on a noncompact manifold Mn.



122 2. ELEMENTARY ASPECTS OF THE RICCI FLOW EQUATION

Suppose that we can show that there exist solutions ϕ1 (t) , ϕ2 (t) : Mn →
Mn to the harmonic map heat flow

∂

∂t
ϕi (t) = ∆gi(t),g0ϕi (t)

ϕi (0) = idM

on some short time interval [0, ε). Then the metrics

ĝi (t) = ϕi (t)∗ gi (t) =
(
ϕi (t)

−1
)∗
gi (t)

are solutions of the Ricci-DeTurck flow with ĝ1 (0) = ĝ2 (0) = g0. By the
uniqueness theorem for the Ricci-DeTurck flow we have

ĝ1 (t) = ĝ2 (t) + ĝ (t)

for t ∈ [0, ε). We also have that ϕ1 (t) and ϕ2 (t) are solutions of the ode

(2.41)

d

dt
(ϕi (t)) = −W (t) ◦ ϕi (t)
ϕi (0) = idM

where

W (t)k + ĝ (t)pq
(
Γ (ĝ (t))kpq − Γ (g0)

k
pq

)
.

Hence ϕ1 (t) = ϕ2 (t) for t ∈ [0, ε). We conclude that g1 (t) = g2 (t) for
t ∈ [0, ε). Thus the uniqueness problem on noncompact manifolds reduces
to the short time existence problem for the harmonic map heat flow with
respect to a time-dependent domain metric. For some further developments
see [117], [118] and [357].

9. Notes and commentary

§5. Without growth assumptions, solutions to the heat equation on Rn

with a given initial data are not unique. A classic example (see Cannon [70]
or Widder [513]) in dimension 1 is given by the solution

(2.46) u (x, t) =

∞∑

n=0

f (n) (t)
x2n

(2n)!

where

f (t) =

{
exp

{
−t−2

}
t 6= 0

0 t = 0
.

This series converges and can be differentiated term by term to get

∂u

∂t
=
∂2u

∂x2
=

∞∑

n=0

f (n+1) (t)
x2n

(2n)!
.

So in fact u is a C∞ solution to the heat equation on R × (−∞,∞) which
is identically zero at t = 0. Note u (0, t) = f (t) > 0 for t 6= 0.
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§7. We recall the deRham Theorem, some basic formulas, and the
Hodge Decomposition theorem. The exterior derivative forms a com-
plex

0 → Ω0(Mn)
d→ Ω1(Mn)

d→ · · · d→ Ωn−1(Mn)
d→ Ωn(Mn) → 0,

where d2 + d ◦ d = 0. Hence image(d) ⊂ ker(d) and we can define the rth
deRham cohomology group:

Hr
deR(M) +

ker(d|Ωr(M))

image(d|Ωr−1(M))
.

We have

Theorem 2.51 (deRham). The rth deRham cohomology group is iso-
morphic to the rth singular real cohomology group:

Hr
deR(M) ∼= Hr(M ; R).

Recall that the exterior derivative d acting on r-forms may be expressed
in terms of covariant derivatives as follows:

dα(X0, . . . , Xr) =
r∑

j=0

(−1)j ∇Xjα(X0, . . . , Xj−1, Xj+1, . . . , Xr),

or in local coordinates,

dαi0 ··· ir =
r∑

j=0

(−1)j ∇ij αi0 ···ij−1ij+1···ir .

The L2-inner product on the space of r-forms is given by:

〈α, β〉 =

∫

M
gi1 j1 · · · gir jr αi1 ···ir .βj1 ··· jr dµ.

The adjoint δ of d with respect to the L2-inner product is defined by the
relation:

〈dα, β〉 + 〈α, δβ〉,
where α ∈ Ωr(M) and β ∈ Ωr+1(M). In terms of d and the Hodge star
operator ∗ : Ωp(M) → Ωn−p(M), it is given by the formula:

δβ = (−1)nr+1 ∗ d ∗ β.
In terms of covariant derivatives, it may be written as:

δβ(X1, . . . , Xr) = −
n∑

i=1

∇ei β(ei, X1, . . . , Xr),

where {ei}ni=1 is an local orthonormal frame field. In local coordinates, we
write:

δβi1 ··· ir = −gkℓ∇k αℓi1 ···ir .

The Hodge Laplacian △d acting on differential forms is defined by:

△d = −(dδ + δd).
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Acting on functions, it is the same as the Laplace-Beltrami operator. In
local coordinates we may write the Hodge Laplacian as:

(△dα)i1 ···ir = (−1)j+1gkℓ∇ij∇k αℓi1 ··· ij−1ij+1··· ir + gkℓ∇k∇ℓ αi1 ···ir

+ (−1)jgkℓ∇k∇ijαℓi1 ··· ij−1ij+1··· ir .

A differential form α is called harmonic if (Kodaira 1949)

△dα = 0.

Since ∫

M
〈△dα, α〉 dµ = −

∫

M

(
|dα|2 + |δα|2

)
dµ,

we have α is harmonic if and only if (Hodge 1952)

dα = 0 and δα = 0.

The space of harmonic r-forms is denoted by:

Hr = {α ∈ Ωr(M) : △dα = 0} .

The essence of the Hodge theorem is understanding when, given γ ∈ Ωr(M),
the equation:

△dα = γ

has a solution α ∈ Ωr(M). If β ∈ Hr is a harmonic r-form, then

〈γ, β〉 = 〈△dα, β〉 = 〈α,△dβ〉 = 0.

We have following, which is known as the Hodge Decomposition Theorem.

Theorem 2.52 (Hodge 1952). Given γ ∈ Ωr(M), the equation:

△dα = γ

has a solution α ∈ Ωr(M) if and only if

〈γ, β〉 = 0,

for all β ∈ Hr. Consequently, we have the following decomposition of the
space of r-forms:

Ωr(M) = △d (Ωr(M)) ⊕Hr

= dδ (Ωr(M)) ⊕ δd (Ωr(M)) ⊕Hr.

Moreover, the space Hr is finite-dimensional.

Corollary 2.53. In each deRham cohomology class, there is a unique
harmonic form representing the cohomology class. In particular, the rth
deRham cohomology group is isomorphic to the space of harmonic r-forms
Hr.
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An important property of the Hodge Laplacian is that it commutes with
the star operator:

△d∗ = ∗ △d .

Thus, if α ∈ Hr is a harmonic r-form, then ∗α is a harmonic (n− r)-form,
i.e.,

∗ : Hr → Hn−r

is an isomorphism. The corollary then implies:

Hr
deR(M) ∼= Hn−r

deR (M),

which is known as the Poincaré duality theorem for deRham cohomology
(and by the deRham theorem this is also true for singular real cohomology.)

§8. For a discussion of the relation between DeTurck’s trick and the
harmonic map heat flow, see [441] and §6 of [267] (there is also an exposition
in Chapter 3, §4 of [153]). Let

σ = σD (−2 Rc) (ζ) : S2T ∗Mn → S2T ∗Mn

denote the symbol of the linearization of the Ricci tensor as a function of
the metric. Assuming that ζ1 = 1 and ζi = 0 for i 6= 1, one computes (see
[255]) that

σ (T )ij = Tij if i, j 6= 1

σ (T )1j = 0 if j 6= 1(2.47)

σ (T )11 =
n∑

k=2

Tkk.

One checks that σ is given by a nonnegative N × N matrix, where N =
n (n+ 1) /2, and its kernel is the n-dimensional subspace given by

kerσD (−2 Rc) (ζ) =

{
T : Tij = 0 for i, j 6= 1 and

n∑

k=2

Tkk = 0

}
.

This kernel is due exactly to the diffeomorphism invariance of the operator
g 7→ −2 Rc which we see as follows. Define the linear Bianchi operator

Bg : C∞ (S2T ∗Mn
)
→ C∞ (T ∗Mn)

by

Bg (h)k + gij
(
∇ihjk −

1

2
∇khij

)

so that Bg (−2 Rc) = 0. One finds that

K + kerσBg (ζ) = imageσD (−2 Rc) (ζ) ⊂ S2T ∗Mn

are equal to

K =

{
T : T1j = 0 for j 6= 1 and T11 =

n∑

k=2

Tkk

}
.
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From (2.47) we see that

σ|K (T ) = |ζ|2 T
for any ζ ∈ T ∗Mn. For comparison with the cross curvature flow, we note
that when n = 3, σ = σD (−2 Rc) (ζ) is given by

σ




T11

T12

T13

T22

T33

T23




=




0 0 0 1 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1







T11

T12

T13

T22

T33

T23



.



CHAPTER 3

Closed 3-manifolds with positive Ricci curvature

In this chapter we discuss some of the ingredients that appear in the
proof of Hamilton’s 1982 classification of closed 3-manifolds with positive
Ricci curvature. We begin by considering the maximum principle for 2-
tensors, which we shall apply to the Ricci tensor to get pointwise estimates
for its pinching. We then give a sketch of the derivation of the formula for the
evolution of the Riemann curvature tensor under Ricci flow. In dimension
3, the associated ode is particularly simple. The maximum principle for
systems enables us to estimate the curvatures by a suitable analysis of this
ode system, which we carry out in §4. Then we discuss the gradient of
scalar curvature estimate, which unlike the pointwise pinching estimates for
curvature, allows us to compare curvatures at different points. Finally we
state the exponential convergence results for closed 3-manifolds with positive
Ricci curvature and sketch their proof.

1. The maximum principle for tensors

Since the Ricci and Riemann curvature tensors satisfy heat-type equa-
tions, just as the scalar curvature does, one can apply the maximum principle
to derive estimates. Given that a symmetric 2-tensor satisfies a heat-type

equation, we would like to know when the nonnegativity of the 2-tensor is
preserved as time evolves. A result in this direction is provided by Hamil-
ton’s maximum principle for tensors. A word about notation: if α is a
symmetric 2-tensor, then α ≥ 0 means that α is nonnegative definite.

Theorem 3.1 (Maximum principle for symmetric 2-tensors). Let g (t)
be a smooth 1-parameter family of Riemannian metrics on a closed manifold
Mn. Let α(t) be a symmetric 2-tensor satisfying

∂

∂t
α ≥ ∆g(t)α+ β,

where β (x, t) = β (α (x, t) , g (x, t)) is a symmetric (2, 0)-tensor which is
locally Lipschitz in all its arguments and satisfies the null eigenvector
assumption that if Aij is a nonnegative symmetric 2-tensor at a point
(x, t) and if V is such that AijV

j = 0, then

βij (A, g)V iV j ≥ 0.

If α (0) ≥ 0, then α (t) ≥ 0 for all t ≥ 0 as long as the solution exists.

127
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Proof. (Idea.) Suppose that (x1, t1) is a point where there exists a vec-
tor V such that

(
αijV

j
)
(x1, t1) = 0 for the first time (so that

(
αijW

iW j
)
(x, t) ≥

0 for all W, x ∈M, and t ≤ t1.) Choose V to be constant in time. We then
have at (x1, t1)

∂

∂t

(
αijV

iV j
)

=

(
∂

∂t
αij

)
V iV j ≥ (∆αij)V

iV j + βijV
iV j

≥ (∆αij)V
iV j .

To handle the last term we extend V in a neighborhood of x1 by parallel
translating it along geodesics (with respect to the metric g (t1)) emanating
from x1. It is easy to see that ∇V (x1, t1) = 0 and it can also be shown that
∆V (x1, t1) = 0. Thus we have

∂

∂t

(
αijV

iV j
)
≥ (∆αij)V

iV j = ∆
(
αijV

iV j
)
≥ 0.

This shows that when α attains a zero eigenvalue for the first time, it wants
to increase in the direction of any corresponding zero eigenvector. Although
this does not quite complete the proof, we can make the argument rigorous
by adding in an ε > 0 just like for the scalar maximum principle. �

Exercise 3.2. Give a rigorous proof of Theorem 3.1. First show that
there exists δ > 0 such that α ≥ 0 on [0, δ] by applying the above argument
to the symmetric 2-tensor

Aε (t) + α (t) + ε (δ + t) g (t)

for ε > 0 sufficiently small and then letting ε→ 0.

So in order to prove that the nonnegativity of the Ricci tensor is
preserved under the Ricci flow, all we need to do is to show that at any
point and time where RijW

iW j ≥ 0 for all W and RijV
j = 0 for some V,

we have
(RkijℓRkℓ −RikRjk)V

iV j ≥ 0.

Unfortunately, when n ≥ 4 this is not possible in general. The main reason
for this is that the Riemann curvature tensor cannot be recovered solely
from the Ricci tensor (indeed, this is why the Weyl tensor does not vanish
in general when n ≥ 4). The exception to this is when n = 3, in which case
we have

Rijkℓ = Riℓgjk +Rjkgiℓ −Rikgjℓ −Rjℓgik −
R

2
(giℓgjk − gikgjℓ) .

Substituting this into (2.37), we obtain the following.

Lemma 3.3 (3d evolution of Ricci). If n = 3, then under the Ricci flow
we have
(3.1)

∂

∂t
Rij = ∆Rij + 3RRij − 6RipRjp +

(
2 |Rc|2 −R2

)
gij . (n = 3)
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This is a reaction-diffusion equation. In particular, the Laplacian
term is the diffusion term whereas the rest forms the reaction term. Note
that the reaction term on the rhs is essentially a quadratic in the Ricci tensor
(we are also using the metric to perform contractions). By the maximum
principle for tensors we have:

Corollary 3.4 (Hamilton 1982 - Nonnegative Ricci is preserved). If
n = 3 and if

(
M3, g (t)

)
is a solution to the Ricci flow on a closed manifold

with Rc (g (0)) ≥ 0, then Rc (g (t)) ≥ 0 for all t ≥ 0 as long as the solution
exists.

Proof. We easily check that the tensor

βij = 3RRij − 6RipRjp +
(
2 |Rc|2 −R2

)
gij

satisfies the null eigenvector assumption with respect to αij = Rij . In par-
ticular, if at a point and time Rc has a null-eigenvector V (we do not need

Rc ≥ 0 here), then 2 |Rc|2 −R2 ≥ 0 and

βijV
iV j =

(
2 |Rc|2 −R2

)
|V |2 ≥ 0.

�

Exercise 3.5 (Preservation of Ricci pinching).

(1) Show that nonnegative sectional curvature 1
2Rgij − Rij ≥ 0 is pre-

served under the Ricci flow on a closed 3-manifold.
(2) Show that if R > 0, then the inequality Rij ≥ εRgij is preserved for

any ε ≥ 0 (of course, ε ≤ 1/3.)

2. Hamilton’s 1982 theorem

Now we return to the theorem which started Ricci flow. First note that
by (2.11) the evolution of the volume form is given by

(3.2)
∂

∂t
dµ = −Rdµ

and Vol (g) +
∫
Mn dµ evolves by

(3.3)
d

dt
Vol (g (t)) = −

∫

M
Rdµ.

Since this is not zero in general, we modify (normalize) the Ricci flow equa-
tion to make the volume constant. In particular, we define the normalized
Ricci flow by

(3.4)
∂

∂t
ĝij = −2R̂ij +

2

n
r̂ĝij

where r̂ = Vol (ĝ)−1 ·
∫
Mn R̂ dµ̂ is the average scalar curvature. We then

have (again use (2.11))

(3.5)
d

dt
Vol (ĝ (t)) = 0



130 3. CLOSED 3-MANIFOLDS WITH POSITIVE RICCI CURVATURE

under the normalized Ricci flow. Given a solution g (t) , t ∈ [0, T ), of the
Ricci flow, the metrics ĝ

(
t̂
)

+ c (t) g (t) , where

c (t) + exp

(
2

n

∫ t

0
r (τ) dτ

)
, t̂ (t) +

∫ t

0
c (τ) dτ

are a solution of the normalized Ricci flow with ĝ (0) = g (0) . Hence solutions
of the normalized Ricci flow differ from solutions of the Ricci flow only by
rescalings in space and time.

Theorem 3.6 (Hamilton 1982 - 3-manifolds with positive Ricci curva-
ture). Let (M3, g0) be a closed Riemannian 3-manifold with positive Ricci
curvature. Then there exists a unique solution g (t) of the normalized Ricci
flow with g (0) = g0 for all t ≥ 0. Furthermore, as t → ∞, the metrics
g(t) converge exponentially fast in every Cm-norm to a C∞ metric g∞ with
constant positive sectional curvature.

3. Evolution of curvature

The idea of the proof is to get estimates for various geometric quantities
associated to the evolving metric, such as the curvature and its derivatives,
which will show the metric limits to a constant positive sectional curvature
metric. We now describe some of these estimates. In order to do so, we take
a more general view point.

Lemma 3.7 (Evolution of Rm). The evolution of the Riemann cur-
vature tensor is given by:

∂

∂t
Rijkℓ = ∆Rijkℓ + 2 (Bijkℓ −Bijℓk +Bikjℓ −Biℓjk)(3.6)

− (RipRpjkℓ +RjpRipkℓ +RkpRijpℓ +RℓpRijkp) ,

where

(3.7) Bijkℓ + −gprgqsRipjqRkrℓs = −RpijqRqℓkp.
The reason that there are four like terms for both the B and Rc ∗Rm

terms is that Rm satisfies the basic symmetry properties Rijkℓ = −Rjikℓ =
Rkℓij , etc. Although the formula looks complicated, the derivation is actually
straightforward. We briefly sketch how it goes.

Proof. (Sketch.) From (2.22) we see that

(3.8)
∂

∂t
Rℓijk = ∇i

(
∂

∂t
Γℓjk

)
−∇j

(
∂

∂t
Γℓik

)
.

Then substituting (2.16) into this yields

∂

∂t
Rijkℓ =

∂

∂t
Rℓijk +

(
∂

∂t
gℓp

)
Rpijk

= −∇i∇jRkℓ −∇i∇kRjℓ + ∇i∇ℓRjk + ∇j∇iRkℓ(3.9)

+ ∇j∇kRiℓ −∇j∇ℓRik − 2RℓpRijkp.
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This doesn’t look anything like a heat-type equation. Fortunately the sec-
ond Bianchi identity enables us to convert this into the desired heat-type
equation (3.6). In particular, we start out by

∆Rijkℓ = ∇p∇pRijkℓ = −∇p∇iRjpkℓ −∇p∇jRpikℓ.

Next we commute the p index closer to Rm

(3.10) ∆Rijkℓ = −∇i∇pRjpkℓ −∇j∇pRpikℓ + Rm ∗Rm,

where Rm ∗Rm denotes a 4-tensor quadratic in Rm . Next we apply the
second Bianchi identity again to get

∆Rijkℓ = ∇i∇kRjpℓp + ∇i∇ℓRjppk + ∇j∇kRpiℓp

+ ∇j∇ℓRpipk + Rm ∗Rm(3.11)

= −∇i∇kRjℓ + ∇i∇ℓRjk + ∇j∇kRiℓ

−∇j∇ℓRik + Rm ∗Rm(3.12)

Comparing this with (3.9) yields a formula of the form

∂

∂t
Rijkℓ = ∆Rijkℓ + Rm ∗Rm + Rc ∗Rm .

A detailed version of this calculation yields (3.6). See for example [153],
§6.1.3, p. 177ff. We also compute a more general version of equation (3.6)
in detail in Chapter 9 when we consider the evolution of the space-time
Riemann curvature tensor. �

Exercise 3.8. Give a complete proof of (3.6). In particular, show that
Rm ∗Rm in (3.10), (3.11) and (3.12) are given by

Rm ∗Rm = RpijqRqpkℓ −RiqRjqkℓ +RpikqRjpqℓ +RpiℓqRjpkq

−RpjiqRqpkℓ +RjqRiqkℓ −RpjkqRipqℓ −RpjℓqRipkq.

Then use the definition of Bijkℓ and the first Bianchi identities in a suitable
way together with the fact that two terms in (3.9):

−∇i∇jRkℓ + ∇j∇iRkℓ

yield a quadratic curvature term.

Exercise 3.9 (Variation of Rm). Show that if ∂
∂sgij = vij , then

∂

∂s
Rℓijk =

1

2
gℓp





∇i∇jvkp + ∇i∇kvjp −∇i∇pvjk

−∇j∇ivkp −∇j∇kvip + ∇j∇pvik



(3.13)

=
1

2
gℓp (∇i∇kvjp −∇i∇pvjk −∇j∇kvip + ∇j∇pvik)(3.14)

− 1

2
gℓp (Rijkqvqp +Rijpqvkq) .
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The Riemann curvature tensor may be considered as an operator

Rm : ∧2Mn → ∧2Mn

defined by

(3.15) Rm (α)ij + Rijkℓαℓk.

Definition 3.10. We call Rm the Riemann curvature operator (or
simply curvature operator). We say that (Mn, g) has positive (non-
negative) curvature operator if the eigenvalues of Rm are positive (non-
negative), and we denote this by Rm > 0 (Rm ≥ 0).

We can define the square of Rm by Rm2 = Rm ◦Rm : ∧2Mn → ∧2Mn. It
is interesting that there is another quadratic, like a square, which is relevant
to the evolution of Rm . To describe this, we recall the Lie algebra structure
on ∧2Mn defined by [U, V ]ij + gkℓ (UikVℓj − VikUℓj) for U, V ∈ ∧2Mn. Then

∧2Mn ∼= so (n) . Choose a basis {ϕα} of ∧2Mn and let Cαβγ denote the

structure constants defined by
[
ϕα, ϕβ

]
+
∑

γ C
αβ
γ ϕγ . We define the Lie

algebra square Rm# : ∧2Mn → ∧2Mn by

(Rm #)αβ + Cγδα C
εζ
β Rm γε Rm δζ .

Note that if we choose {ϕα} so that Rm is diagonal, then for any 2-form

η, we have (Rm #)αβη
αηβ =

(
Cγδα ηα

)2
Rm γγ Rm δδ. Hence, we see that if

Rm ≥ 0, then Rm# ≥ 0.
We have the following nice form for the evolution equation for Rm .

Lemma 3.11 (Evolution of the curvature operator).

(3.16)
∂

∂t
Rm = ∆ Rm + Rm 2 + Rm #.

Actually we have cheated a little bit; the actual equations include ad-
ditional terms of the form Rc ∗Rm . By using what is known as Uhlen-
beck’s trick, one obtains (3.16). The idea is to choose a vector bundle
E → M isomorphic to the tangent bundle TM → M and a bundle isomor-
phism ι0 : E → TM. Pulling back the initial metric we get a bundle metric
h + ι∗0 (g0) on E. By using the metric g to identify TM and T ∗M, we may
consider the Ricci tensor as a bundle map Rc : TM → TM. We define a one
parameter family of bundle isomorphisms ι (t) : E → TM by the ode

d

dt
ι = Rc ◦ι(3.17)

ι (0) = ι0.

An easy computation shows that ∂
∂t [ι (t)∗ g (t)] = 0. Hence h = ι (t)∗ g (t)

is independent of t. Using the bundle isomorphisms ι (t) we can pull back
tensors on M. In particular, we consider ι (t)∗ Rm [g (t)] , which is a section
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of ∧2E∗ ⊗S ∧2E∗. It is this tensor which satisfies (3.16), which is equivalent
to:

(3.18)

(
∂

∂t
− ∆

)
Rabcd = 2(Babcd −Babdc +Bacbd −Badbc)

where Rabcd are the components of ι (t)∗ Rm [g (t)] , and

(3.19) Babcd + −RaebfRcedf .
See [257] or [153], p. 180ff for the proof.

Now we get to what is nice about dimension 3. Here, the Lie algebra
structure of so (3) ∼= R3 is very simple, namely [U, V ] = U × V is the cross
product. This implies Rm# is the adjoint of Rm . If we diagonalize:

Rm =




λ 0 0
0 µ 0
0 0 ν


 ,

then Rm 2 + Rm # is also diagonal and

(3.20) Rm 2 + Rm # =




λ2 + µν 0 0
0 µ2 + λν 0
0 0 ν2 + λµ


 .

So we understand the evolution equation for Rm in dimension 3 pretty well.

Exercise 3.12. Derive (3.20) from (3.16).

Exercise 3.13 (n = 3 - principal sectional curvatures). When dimM =
3, show that at each point there exists an orthonormal frame {e1, e2, e3} such
that the 2-forms ϕ1 + e∗2 ∧ e∗3, ϕ2 + e∗3 ∧ e∗1, ϕ3 + e∗1 ∧ e∗2 are eigenvectors
of Rm . In this case λ = 2 〈Rm (e2, e3) e3, e2〉 , µ = 2 〈Rm (e1, e3) e3, e1〉 ,
ν = 2 〈Rm (e1, e2) e2, e1〉 are twice the sectional curvatures.

Exercise 3.14. Show that if g has constant sectional curvature, then
Rm ≡ 2R

n(n−1) Id ∧2 .

Exercise 3.15. By examining the evolution of the Einstein tensor 1
2Rgij−

Rij (whose eigenvalues are the principal sectional curvatures), verify (3.16)

where Rm 2 + Rm # is given by (3.20) when n = 3. (Compare with Exer-
cise 3.5.) Note that one needs to apply Uhlenbeck’s trick to the evolution
equation for 1

2Rg − Rc to get the exact correspondence.

In dimension 4 we can orthogonally decompose Λ2 = Λ2
+ ⊕ Λ2

− into its
self-dual and anti-self-dual subspaces, which are the eigenspaces of the
Hodge star operator with eigenvalues 1 and −1, respectively. This gives a
block decomposition of Rm as

Rm =

(
A B
tB C

)
,



134 3. CLOSED 3-MANIFOLDS WITH POSITIVE RICCI CURVATURE

where A : Λ2
+ → Λ2

+, C : Λ2
− → Λ2

− and B : Λ2
− → Λ2

+ (essentially A,B,C
are 3× 3 matrices) and A,C are self-adjoint (symmetric). We can compute

Rm # = 2

(
A# B#

(
Bt
)#

C#

)
,

where A#, B#, C# are the adjoints of the 3 × 3 matrices, i.e.,



a b c
d e f
g h k




#

=




ek − fh fg − dk dh− eg
ch− bk ak − cg bg − ah
bf − ce cd− af ae− bd


 .

This can also be seen from the splitting of the Lie algebra so(4) as the direct
sum of two copies of so(3), which is why dimension four can is more tractable
than dimensions 5 and higher. The evolution of the curvature breaks up into
the three systems of equations:

∂

∂t
A = ∆A+A2 + 2A# +BBt

∂

∂t
B = ∆B +AB +BC + 2B#(3.21)

∂

∂t
C = ∆C + C2 + 2C# +BtB,

where Bt : Λ2
+ → Λ2

− is the transpose (i.e., 〈Bx, y〉 =
〈
x,Bty

〉
.) Note that

the Bianchi identity implies the following equality of traces: trA = trC.
Primarily by performing a suitable analysis of the system of ode (3.21)

Hamilton used Ricci flow to classify closed 4-manifolds with positive curva-
ture operator [257].

Theorem 3.16 (Hamilton 1986 - 4-manifolds with positive curvature op-
erator). If (Mn, g0) is a closed 4-manifold with positive curvature operator,
then there exists a smooth solution g (t) to the normalized Ricci flow with
g (0) = g0 and defined for all t ∈ [0,∞). As t → ∞, the solution converges
exponentially in every Ck norm to a constant positive sectional metric. In
particular, Mn is diffeomorphic to either S4 or RP 4.

4. The maximum principle for systems

Now that we know that the nonnegativity of the Ricci tensor is preserved
under the Ricci flow on closed 3-manifolds, we are interested in a more
precise understanding of the Ricci tensor as the metric evolves. A very
useful tool is the maximum principle for tensors as discussed in the previous
section. This principle has been abstracted to the following setting.

Recall that Rm is a section of the bundle π : E → M, where E +
∧2Mn ⊗S ∧2Mn. This bundle has a natural bundle metric and connection
induced by the Riemannian metric and connection on TM. Let Ex + π−1 (x)
be the fiber over x. For each x ∈ M, consider the system of ode on Ex
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corresponding to the pde (3.16) obtained by dropping the Laplacian term:

(3.22)
d

dt
M = M2 + M#

where M ∈ Ex is a symmetric N × N matrix, where N = n(n−1)
2 =

dim so (n) . The maximum principle for systems (for the proof of a
more general version which applies to sections of vector bundles satisfying
heat-type equations, see section 4 of [257] or [143]) says the following. A
set K in a vector space is said to be convex if for any X,Y ∈ K, we
have sX + (1 − s)Y ∈ K for all s ∈ [0, 1] . A subset K of the vector bun-
dle E is said to be invariant under parallel translation if for every
path γ : [a, b] → M and vector X ∈ K ∩ Eγ(a), the unique parallel section
X (s) ∈ Eγ(s), s ∈ [a, b] , along γ (s) with X (a) = X is contained in K.

Theorem 3.17 (Maximum principle systems applied to the curvature
operator). Let g (t) , t ∈ [0, T ), be a solution to the Ricci flow on a closed
manifold Mn. Let K ⊂ E be a subset which is invariant under parallel
translation and whose intersection Kx + K∩Ex with each fiber is closed and
convex. Suppose the ode (3.22) has the property that for any M (0) ∈ K,
we have M (t) ∈ K for all t ∈ [0, T ). If Rm (0) ∈ K, then Rm (t) ∈ K for
all t ∈ [0, T ).

Since if Rm ≥ 0, then Rm2 ≥ 0 and Rm# ≥ 0, by (3.16) and the above
theorem, we have the following.

Corollary 3.18 (Rm ≥ 0 is preserved). If (Mn, g (t)) , t ∈ [0, T ), is
a solution to the Ricci flow on a closed manifold with Rm (g (0)) ≥ 0, then
Rm (g (t)) ≥ 0 for all t ∈ [0, T ).

In dimension 3, if M (0) is diagonal, then M (t) remains diagonal. Let
λ1 (M) ≤ λ2 (M) ≤ λ3 (M) be the eigenvalues of M. Under the ode the
ordering of the eigenvalues is preserved and we have

dλ1

dt
= λ2

1 + λ2λ3

dλ2

dt
= λ2

2 + λ1λ3(3.23)

dλ3

dt
= λ2

3 + λ1λ2.

With this setup, we can come up with a number of closed, fiberwise convex
sets K, invariant under parallel translation, which are preserved by the ode.
Each such set corresponds to an a priori estimate for the curvature Rm .

The following sets K ⊂ E are invariant under parallel translation and
for each x ∈M, Kx is closed, convex and preserved by the ode (3.23).

(1) Given C0 ∈ R, let K = {M : λ1 (M) + λ2 (M) + λ3 (M) ≥ C0} .
The trace λ1 +λ2 +λ3 : Ex → R is a linear function, which implies
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that K is closed and convex. That K is preserved by the ode (3.23)
follows from
d

dt
(λ1 + λ2 + λ3) =

1

2

[
(λ1 + λ2)

2 + (λ1 + λ3)
2 + (λ2 + λ3)

2
]

≥ 2

3
(λ1 + λ2 + λ3)

2 ≥ 0.(3.24)

(We interjected the first inequality since we will find it useful later.)
Hence:

(Lower bound of scalar is preserved) if R ≥ C0 at t = 0 for
some C0 ∈ R, then

(3.25) R ≥ C0

for all t ≥ 0. This is something we have already seen in Corollary
2.10.

(2) LetK = {M : λ1 (M) ≥ 0} . EachKx is closed and convex since λ1 :
Ex → R is a concave function. Indeed, λ1 (M) = min|V |=1 M (V, V )
so that

λ1 (sM1 + (1 − s)M2) ≥ sλ1 (M1) + (1 − s)λ1 (M2)

for all s ∈ [0, 1] . We see that K is preserved by the ode since

dλ1

dt
= λ2

1 + λ2λ3 ≥ 0

whenever λ1 ≥ 0. That is, if M (t) is a solution of the ode (3.23)
with λ1 (M (0)) ≥ 0, then λ1 (M (t)) ≥ 0 for all t ≥ 0. This implies
(this is a special case of Corollary 3.18):

(Nonnegative sectional curvature is preserved) The condi-
tion

(3.26) Rm ≥ 0

is preserved under the Ricci flow. Since any 2-form on a 3-manifold
is the wedge product of two 1-forms, this is equivalent to the sec-
tional curvature being nonnegative.

(3) Let K = {M : λ1 (M) + λ2 (M) ≥ 0} . Since λ1 + λ2 is concave:

(λ1 + λ2) (M) = min {M (V1, V1) + M (V2, V2) : {V1, V2} orthonormal} ,
we have K is closed and convex. We compute

d

dt
(λ1 + λ2) = λ2

1 + λ2
2 + (λ1 + λ2)λ3 ≥ 0

whenever λ1 + λ2 ≥ 0. From this we see that:

(Nonnegative Ricci is preserved)

(3.27) Rc ≥ 0

is preserved under the Ricci flow since the smallest eigenvalue of
Rc is λ1 (Rm) + λ2 (Rm) .



4. THE MAXIMUM PRINCIPLE FOR SYSTEMS 137

(4) Given C ≥ 1/2, let

K = {M : λ3 (M) ≤ C (λ1 (M) + λ2 (M))} .
Since λ3 is convex (λ3 (M) = max|V |=1 M (V, V )) and λ1 + λ2 is
concave, we have Kx is convex for all x ∈ M. That each Kx is
preserved by the ode follows from the calculation:

d

dt
[λ3 − C (λ1 + λ2)] = λ3 (λ3 − C (λ1 + λ2)) − C

(
λ2

1 −
1

C
λ1λ2 + λ2

2

)
.

In particular, if λ3 − C (λ1 + λ2) = 0 and C ≥ 1/2, then

d

dt
[λ3 − C (λ1 + λ2)] ≤ 0.

Suppose Rc (g (0)) > 0. Since M3 is compact, there exists C ≥ 1/2
such that at t = 0

(3.28) λ3 (Rm) ≤ C (λ1 (Rm) + λ2 (Rm)) .

That is, Rm (g (0)) ⊂ K. By the maximum principle for tensors,
Rm (g (t)) ⊂ K and inequality (3.28) is true for all t ≥ 0. Now
(3.28) implies Rc ≥ C−1λ3 (Rm) g ≥ 1

3C
−1Rg. Thus:

(Ricci pinching is preserved) there exists a constant ε > 0 such
that

(3.29) Rc ≥ εRg. (n = 3)

In particular, when M3 is compact, we have that Rc > 0 is pre-
served. (Compare with Exercise 3.5.)

Remark. Note that if (λ1 (Rm) + λ2 (Rm)) (x0, t0) < 0 for some
(x0, t0) ∈ M3 × [0, T ), then since C ≥ 1/2, we have λ3 (Rm) =
λ1 (Rm) = λ2 (Rm) at (x0, t0) . Since λ1 + λ2 < 0 holds on a con-
nected neighborhood U of x0 at time t0, we have λ1 = λ2 = λ3 = R

3
in U (recall that λi are twice the sectional curvatures). By the con-
tracted Bianchi identity, we then have R is constant on U. Since
M3 is connected, it is easy to conclude that λ1 = λ2 = λ3 = R

3
on all of M, where the scalar curvature R is a negative constant.
Thus, if Rm (g (t0)) ⊂ K for some t0 and if g (t0) does not have
constant negative sectional curvature, then Rc ≥ 0.

(5) Given C0 > 0, C1 ≥ 1/2, C2 <∞ and δ > 0, let

K =



M :

λ3 (M) − λ1 (M) − C2 (λ1 (M) + λ2 (M) + λ3 (M))1−δ ≤ 0
λ3 (M) ≤ C1 (λ1 (M) + λ2 (M))
λ1 (M) + λ2 (M) + λ3 (M) ≥ C0



 .

K is a convex set since λ3 − λ1 − C2 (λ1 + λ2 + λ3)
1−δ is a convex

function for C2 > 0. Observe that if M ∈ K, then λ1 (M) +
λ2 (M) > 0 by the last two inequalities in the definition of K. We
have already seen that the inequalities λ1 + λ2 + λ3 ≥ C0 and
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λ3 ≤ C1 (λ1 + λ2) are preserved under the ode. Since C0 > 0, we
can compute

d

dt
log

(
λ3 − λ1

(λ1 + λ2 + λ3)
1−δ

)

= δ (λ1 + λ3 − λ2) − (1 − δ)
(λ1 + λ2)λ2 + (λ2 − λ1)λ3 + λ2

2

λ1 + λ2 + λ3

≤ δ (λ1 + λ3 − λ2) − (1 − δ)
λ2

2

λ1 + λ2 + λ3
.

Note that

λ2
2

λ1 + λ2 + λ3
≥ 1

6

(λ1 + λ2)λ2

λ3
≥ 1

6C1
λ2

since λ2 + λ3 ≤ 2λ3 ≤ 2C1 (λ1 + λ2) , and we also have

λ1 + λ3 − λ2 ≤ λ3 ≤ C1 (λ1 + λ2) ≤ 2C1λ2.

Hence, choosing δ > 0 small enough so that δ
1−δ ≤ 1

12C2
1
, we have

d

dt
log

(
λ3 − λ1

(λ1 + λ2 + λ3)
1−δ

)
≤ 0.

Since λ3 − λ1 ≥
∣∣Rc−1

3Rg
∣∣ , this implies:

(Ricci pinching improves) there exist constants C < ∞ and
δ > 0 such that

(3.30)

∣∣∣∣Rc−1

3
Rg

∣∣∣∣ ≤ CR1−δ. (n = 3)

Exercise 3.19 (3d trace-free part of Rc and Rm). Show that when
n = 3, ∣∣∣∣Rc−1

3
Rg

∣∣∣∣
2

=

∣∣∣∣Rm−1

3
R Id ∧2

∣∣∣∣
2

.

In summary, the main estimates we have proved for the curvatures are
(3.25), (3.29) and (3.30).

Let [0, T ) denote the maximum time interval of existence of our solution.
Recall that from applying the maximum principle to the evolution equation
for scalar curvature ∂R

∂t ≥ ∆R+ 2
3R

2 and our assumption that Rmin (0) ≥ 0,
we have

Rmin (t) ≥ 1

Rmin (0)−1 − 2
3 t
.

Hence T ≤ 3
2Rmin (0)−1 <∞. In the next section we shall prove that

(3.31) sup
M×[0,T )

|Rm| = ∞.

Intuitively speaking, we are in good shape now. Since the Ricci curvature
is positive, the metric is shrinking: ∂

∂tg = −2 Rc < 0. If we can show
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an appropriate gradient estimate for the scalar curvature, then we could
conclude limt→T Rmin (t) = ∞. Assuming this, we then would have

∣∣∣∣
Rc

R
− 1

3
g

∣∣∣∣ ≤ CR−δ,

which tends to 0 as t→ T. To the finish the proof of Theorem 3.6 we need to
further show that the solution g̃

(
t̃
)

to the corresponding normalized Ricci

flow exists for all time and the scale invariant quantity
∣∣∣ R̃c
R̃

− 1
3 g̃
∣∣∣ decays

exponentially to zero as t̃ → ∞. We refer the reader to [255] or [153],
p. 194ff, for details (see the next section for the statements of the higher
derivative estimates which are useful for general solutions to the Ricci flow).

Remark 3.20 (S2 × S1 example). It is instructive to keep in mind the
example of the round product S2×S1 which has nonnegative Ricci curvature
but not positive Ricci curvature. Under the Ricci flow the metric remains a
round product. If the initial S2 has radius r0, then the radius at time t is
r (t) =

√
r20 − t. The radius of the circle S1 remains constant since the Ricci

curvature in the circle direction is zero. Note that at any point and time the
curvature operator takes the form

Rm =




R 0 0
0 0 0
0 0 0


 .

In particular, ∣∣∣∣Rm−1

3
R Id ∧2

∣∣∣∣
2

=
2

3
R2.

5. Gradient of scalar curvature estimate

A fundamental estimate used in combination with the ‘Ricci pinching
improves’ estimate is the gradient estimate for the scalar curvature.
By the ‘Ricci pinching improves’ estimate, we can apply the following re-
sult to solutions of the Ricci flow on closed 3-manifolds with positive Ricci
curvature.

Proposition 3.21 (∇R estimate). Let (Mn, g (t)) , n ≥ 3, be a solu-
tion to the Ricci flow on a closed n-manifold with positive scalar curvature.
Suppose that the solution satisfies the estimate:

(3.32)

∣∣∣∣Rm− 2R

n (n− 1)
Id ∧2

∣∣∣∣ ≤ KR1−ε

for some constants K < ∞ and ε > 0. Then for every η > 0 and θ > 0,
there exists a constant C = C (g0, η, θ) <∞ such that at any point and time
(x̄, t̄) where the scalar curvature

(1) (is large enough) R (x̄, t̄) ≥ C, and
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(2) (comparable to its prior maximum) R (x̄, t̄) ≥ ηmaxM3×[0,t̄]R,
we have

|∇Rm| (x̄, t̄) ≤ θR3/2 (x̄, t̄) .

Remark 3.22.

(1) As is usual for a priori estimates, it is important to note the scal-
ing properties of the quantities considered. In particular, scale-
invariant estimates are easier to prove. For example, the ‘Ricci
pinching is preserved’ estimate is scale-invariant whereas the‘Ricci
pinching improves’ estimate is not scale-invariant. Here, |∇Rm|
scales like g−3/2 and R scales like g−1, so that |∇Rm| and R3/2

scale the same.
(2) The original proof in [255] (see also section 4 of [287]) is based on

a maximum principle estimate. The following proof is taken from
notes by M.-T. Wang of Hamilton’s lectures at Harvard University
during 1996-1997.

(3) The first proof below is a modification of Hamilton’s proof which,
in the absence of Perelman’s no local collapsing theorem, used the
exponential map to locally pull back the dilated solutions to obtain
a local constant curvature limit.

Proof. By (3.32) and the positive scalar curvature assumption, |Rm| ≤
CR for some constant C < ∞. Now suppose the proposition is false. Then
there exist η > 0 and θ > 0 such that for any sequence Ci → ∞, there exist
points and times (xi, ti) with

(3.33) R (xi, ti) ≥ max

{
Ci, η max

M3×[0,ti]
R

}

and

(3.34) |∇Rm| (xi, ti) ≥ θR3/2 (xi, ti) .

By (3.33), Perelman’s no local collapsing theorem, and the compactness the-
orem (see Theorem 5.19), there exists a subsequence such that the dilated

solutions gi (t) = R (xi, ti) g
(
ti +R (xi, ti)

−1 t
)

converge in C∞ on com-

pact sets to a complete ancient solution (Mn
∞, g∞ (t)) to the Ricci flow with

bounded curvature. g∞ (t) has positive scalar curvature and is defined on
an interval (−∞, ω) , where ω > 0. By (3.32), we have

(3.35) Rm (g∞ (t)) ≡ 2R (g∞ (t))

n (n− 1)
Id ∧2

on Mn
∞ × (−∞, ω) . By Exercise 1.16 (Schur’s lemma), since n ≥ 3, we have

R (g∞ (t)) ≡ const (t) and hence |∇Rm (g∞ (t))| ≡ 0. However (3.34) implies

|∇Rm (g∞)| (x∞, 0) ≥ θR (g∞)3/2 (x∞, 0) > 0,

which is a contradiction. �
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We remark that the original proof in [255] of the estimate for the gra-
dient of the scalar curvature used the contracted Bianchi identity in the
following way. Decomposing the 3-tensor ∇iRjk into its irreducible compo-
nents, we let

∇iRjk + Eijk + Fijk

where

(3.36) Eijk +
1

20
(∇jRgik + ∇kRgij) +

3

10
∇iRgjk.

Then 〈Eijk, Fijk〉 = 0, |Eijk|2 = 7
20 |∇iR|2 and

(3.37) |∇iRjk|2 = |Eijk|2 + |Fijk|2 ≥ 7

20
|∇iR|2 .

This estimate is better than the more elementary |∇iRjk|2 ≥ 1
3 |∇iR|2 which

follows from the general estimate |aij |2 ≥ 1
n

(
gijaij

)2
and n = 3 (see [287]

for its generalization to higher dimensions).

Exercise 3.23 (Quicker proof with a worse constant). By using the
inequality ∣∣∣∣∇iRjk −

1

3
∇iRgjk

∣∣∣∣
2

≥ 1

3

∣∣∣∣div

(
Rc−1

3
Rg

)∣∣∣∣
2

and the contracted second Bianchi identity, show that

|∇iRjk|2 ≥ 37

108
|∇iR|2 ,

which is weaker than (3.37).

To get the gradient of scalar curvature estimate we first compute that
(see [255], Lemma 11.3)

(
∂

∂t
− ∆

)( |∇R|2
R

)
= − 2

R3
|R∇i∇jR−∇iR∇jR|2

+
4

R

〈
∇R,∇|Rc|2

〉
− 2

|Rc|2
R2

|∇R|2

≤ 16 |∇Rc|2 − 2
|Rc|2
R2

|∇R|2(3.38)

where we used |Rc| ≤ R and |∇R| ≤
√

3 |∇Rc| ≤ 2 |∇Rc| . Since
(
∂

∂t
− ∆

)(
R2
)

= −2 |∇R|2 + 4R |Rc|2 ,

and |Rc|2 ≥ 1
3R

2, this implies that for any ε ≤ 1/3, we have

(
∂

∂t
− ∆

)( |∇R|2
R

− εR2

)
≤ 16 |∇iRjk|2 −

4

3
εR3.
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To handle the bad (positive) |∇iRjk|2 term on the rhs we bring in the
equation (see Lemma 11.7 in [255])

(
∂

∂t
− ∆

)(
|Rc|2 − 1

3
R2

)
= −2

(
|∇iRjk|2 −

1

3
|∇iR|2

)

− 2R3 +
26

3
R |Rc|2 − 8 Trace g

(
Rc 3

)

≤ − 2

21
|∇iRjk|2 + 4R

(
|Rc|2 − 1

3
R2

)
(3.39)

which has a good |∇iRjk|2 term on the rhs. Note that (3.37) was used to
obtain the last inequality. Combining the above formulas yields

(
∂

∂t
− ∆

)( |∇R|2
R

− εR2 + 168

(
|Rc|2 − 1

3
R2

))
≤ C (ε)

where we use the fact that there exist δ > 0 and C < ∞ such that |Rc|2 −
1
3R

2 ≤ CR2−δ (3.30). Since the solution exists only for a finite time, we
have F ≤ C and hence the following

Proposition 3.24 (Gradient of scalar curvature estimate). Let
(
M3, g (0)

)

be a closed 3-manifold with positive Ricci curvature. For any ε > 0, there
exists C (ε) depending only on ε and g (0) such that

|∇R|2 (x, t) ≤ εR (x, t)3 + C (ε)

as long as the solution exists.

Remark 3.25. Note how the contracted second Bianchi identity enters
in both proofs of the ‘gradient of scalar curvature’ estimate.

Exercise 3.26 (∇R estimate again). Let
(
M3, g (0)

)
be a closed 3-

manifold with positive Ricci curvature. Prove the following variant of the
gradient of scalar curvature estimate. There exist constants β0 > 0 and
δ > 0 depending only on g (0) such that for all β ∈ [0, β0]

(3.40)
|∇R|2
R3

≤ βR−δ + CR−3

where C < ∞ depends only on β and g (0) . Hint (see section 6.6 of [153]
for more details): Let

V +
|∇R|2
R

+
37

2

(
8
√

3 + 1
)(

|Rc|2 − 1

3
R2

)

and show that

∂

∂t
V ≤ ∆V − |∇Rc|2 +

7400
√

3 + 925

3
R

(
|Rc|2 − 1

3
R2

)

≤ ∆V − |∇Rc|2 + CR3−2δ
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where we used (3.30) to get the last inequality. Then use the equation

∂

∂t
R2−δ = ∆

(
R2−δ

)
− (2 − δ) (1 − δ)R−δ |∇R|2 + 2 (2 − δ)R1−δ |Rc|2

to derive
∂

∂t

(
V − βR2−δ

)
≤ ∆

(
V − βR2−δ

)
+ C

where C depends only on β and g (0) . Estimate (3.40) follows from this.

6. Curvature tends to constant

Lemma 3.27 (Global scalar curvature pinching). We have

(3.41) lim
t→T

Rmax (t)

Rmin (t)
= 1.

In fact, there exist constants C <∞ and γ > 0 depending only on g (0) such
that

(3.42)
Rmin (t)

Rmax (t)
≥ 1 − CRmax (t)−γ

for all t ∈ [0, T ).

Remark 3.28. Since limt→T Rmax (t) = ∞, (3.42) implies (3.41) and

lim
t→T

Rmin (t) = ∞.

Proof. By (3.40), infM3×[0,T )R > 0, and limt→T Rmax (t) = ∞, there
exist a constant C <∞ and δ > 0 such that

|∇R (x, t)| ≤ CRmax (t)3/2−δ

for all x ∈ M3 and t ∈ [0, T ). Given t ∈ [0, T ), there exists xt ∈ M3 such
that Rmax (t) = R (xt, t) . Given η > 0, to be chosen sufficiently small later,

for any point x ∈ B

(
xt,

1

η
√
Rmax(t)

)
we have

Rmax (t) −R (x, t) ≤ 1

η
√
Rmax (t)

max
M3

|∇R (t)| ≤ C

η
Rmax (t)1−δ

so that

(3.43) R (x, t) ≥ Rmax (t)

(
1 − C

η
Rmax (t)−δ

)

for all x ∈ B

(
xt,

1

η
√
Rmax(t)

)
. We claim that this ball is all of M3, from

which (3.42) follows. The argument goes like this. Since limt→T Rmax (t) =
∞, by (3.43), there exists τ < T such that for t ∈ [τ, T ) we have

R (x, t) ≥ Rmax (t) (1 − η)
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for all x ∈ B

(
xt,

1

η
√
Rmax(t)

)
. Now the pinching estimate Rc ≥ εRg where

ε > 0, shows that for η > 0 sufficiently small M3 = B

(
xt,

1

η
√
Rmax(t)

)
. �

Lemma 3.29 (Global sectional curvature pinching). For every ε ∈ (0, 1) ,
there exists τ < T such that for all t ∈ [τ, T ) the sectional curvatures of g (t)
are positive and

min
x∈M3

λ1 (Rm) (x, t) ≥ (1 − ε) max
x∈M3

λ3 (Rm) (x, t) .

Proof. By (3.30), there exists C <∞ and δ > 0 such that

λ1 (Rm)

λ3 (Rm)
(x, t) ≥ 1 − C

R1−δ

λ3 (Rm)
(x, t) ≥ 1 − 3CRmin (t)−δ

for all x ∈ M3 and t ∈ [0, T ). We leave it as an exercise to the reader to
show that this implies that for any ε > 0, there exists τ < T such that for
any x, y ∈M3 and t ∈ [τ, T ) we have

(3.44) λ1 (Rm) (x, t) ≥ (1 − ε)λ3 (Rm) (y, t) .

The idea for deriving the comparison (3.44) is to make an intermediate
comparison with the scalar curvature of the point in question, whether it be
x or y. �

7. Exponential convergence to constant curvature of the
normalized flow

Now we revert back to the normalized flow

∂

∂t
gij = −2Rij +

2

3
rgij .

This flow is equivalent to the original Ricci flow by rescaling time and space
(the metrics). See §3 of [255] or §6.9 of [153] for details. It is useful to
know how evolution equations change upon normalizing the Ricci flow. We
say that a tensor quantity X depending on the metric g has degree k in g
if X (cg) = ckX (g) for any c > 0.

Exercise 3.30 (Degrees of tensors). Show that Rm has degree 1, Rc has
degree 0, R has degree −1, dµ has degree n/2 (if dimM = n.)

The following is not hard to prove (see Lemma 17.1 of [255]).

Lemma 3.31 (Going from unnormalized to normalized RF). If an ex-
pression X = X (g) formed algebraically from the metric and the Riemann
curvature tensor by contractions has degree k and if under the Ricci flow

(3.45)
∂X

∂t
= ∆X + Y,
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then the degree of Y is k − 1 and the evolution under the normalized Ricci
flow ∂

∂t g̃ij = −2R̃ij + 2
n r̃g̃ij of X̃ + X (g̃) is given by

(3.46)
∂X̃

∂t
= ∆̃X̃ + Ỹ + k

2

n
r̃X̃.

Remark 3.32. The above lemma also holds when the equalities in (3.45)
and (3.46) are replaced by inequalities going the same way.

Exercise 3.33. Show that if [0, T̃ ) is the maximal time interval of exis-

tence of the normalized Ricci flow, then
∫ T̃
0 r̃

(
t̃
)
dt̃ = ∞.

Each of the following estimates represents in some way the fact that
under the normalized Ricci flow the metrics converge to constant curvature
exponentially fast. The order in which they are stated reflects a natural
order in which they are proved.

Lemma 3.34 (Estimates for the normalized RF). If
(
M3, g (0)

)
is a

closed 3-manifold with positive Ricci curvature, then under the normalized
Ricci flow we have the following estimates. Let [0, T̃ ) denote the maximal
time interval of existence of the normalized Ricci flow. There exist constants
C <∞ and δ > 0 such that

(1)

lim
t̃→T̃

R̃max

(
t̃
)

R̃min

(
t̃
) = 1

(2)

R̃c ≥ δR̃g̃

(3)

R̃max

(
t̃
)
≤ C

(4)

T̃ = ∞
(5)

lim
t̃→∞


max
x̃∈M3

∣∣∣R̃c − 1
3R̃g̃

∣∣∣
2

R̃2

(
x̃, t̃
)

 = 0

(6)

R̃min

(
t̃
)
≥ 1

C
and hence diam (g̃ (t)) ≤ C

(7) ∣∣∣∣R̃c − 1

3
R̃g̃

∣∣∣∣ ≤ Ce−δt̃

(8)

R̃max

(
t̃
)
− R̃min

(
t̃
)
≤ Ce−δt̃
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(9)

(3.47)

∣∣∣∣R̃c − 1

3
r̃g̃

∣∣∣∣ ≤ Ce−δt̃

(10)

(3.48)
∣∣∣∇̃kR̃c

∣∣∣ ≤ Ce−δt̃

for all k ∈ N.

Proof. (Sketch.) Parts (1), (2) and (5) follow from the corresponding
estimates for the unnormalized Ricci flow since the inequalities are scale-
invariant.

Part (3): Since R̃ij ≥ 0, we have const = Vol
(
g̃
(
t̃
))

≤ C diam
(
g̃
(
t̃
))3

for a universal constant C. Now since R̃c ≥ εR̃maxg̃ for some ε > 0 (combine
(1) and (2)), by Myers’ Theorem, we have

(3.49) diam
(
g̃
(
t̃
))

≤ CR̃max

(
t̃
)−1/2

and we conclude R̃max

(
t̃
)
≤ C.

Part (4) we leave as an exercise using
∫ T̃
0 r̃

(
t̃
)
dt̃ = ∞.

Part (6): By Klingenberg’s injectivity radius estimate, replacing
(
M3, g̃

(
t̃
))

by their universal covering Riemannian manifolds
(
M̃3, ˜̃g

(
t̃
))
, we have

inj
(
˜̃g
(
t̃
))

≥ εR̃max

(
t̃
)−1/2

for some universal constant ε > 0. Since sect
(
˜̃g
(
t̃
))

≤ CR̃max

(
t̃
)
, this

implies Vol
(
˜̃g
(
t̃
))

≥ εR̃max

(
t̃
)−3/2

for some other constant ε > 0. Hence

we have

const = Vol
(
g̃
(
t̃
))

≥ δR̃max

(
t̃
)−3/2

where δ > 0 depends also on
∣∣π1

(
M3
)∣∣ < ∞. Hence R̃max

(
t̃
)
≥ 1

C and

the same estimate holds for R̃min

(
t̃
)

by (1). Now by (3.49) we also have a

uniform upper bound for the diameter of g̃
(
t̃
)
.

Part (7): Let

f̃ +

∣∣∣R̃c − 1
3R̃g̃

∣∣∣
2

R̃2
.

f̃ satisfies the same equation as for its counterpart f +
∣∣Rc−1

3Rg
∣∣2
/
R2 for

the unnormalized flow. This equation is the following (see Lemma 10.5 of
[255])

∂f

∂t
= ∆f + 2 〈∇ logR,∇f〉 − 2

R4
|R∇iRjk −∇iRRjk|2 + 4P,
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where

P +
1

R3

(
5

2
R2 |Rc|2 − 2RTrace g

(
Rc 3

)
− 1

2
R4 − |Rc|4

)

This is actually the same P as in (8.74), where now vij = Rij and ρ = 0. Note
that when Rc = 1

3Rg, we have P = 0. One can show that if Rij ≥ εRgij ,
where R > 0 and ε ≥ 0, then

P ≤ −ε2 |Rc|2
∣∣Rc−1

3Rg
∣∣2

R3
;

see Lemma 10.7 of [255] for details (caveat: our P differs from Hamilton’s
P by a sign and a factor of R3.) Hence we have

∂f̃

∂t̃
≤ ∆̃f̃ + 2

〈
∇̃ log R̃, ∇̃f

〉
− 4ε2

∣∣∣R̃c
∣∣∣
2 ∣∣∣R̃c − 1

3R̃g̃
∣∣∣
2

R̃3

≤ ∆̃f̃ + 2
〈
∇̃ log R̃, ∇̃f

〉
− δ

(
R̃min

)
f̃ .(3.50)

The desired exponential decay estimate for f̃ now follows from the maximum
principle to (3.50) using R̃min ≥ 1

C > 0.
Part (8): We go back to (3.38) and (3.39). Adding these two equations

implies that

ψ +
|∇R|2
R

+ 168

(
|Rc|2 − 1

3
R2

)

satisfies, under the unnormalized Ricci flow:
(
∂

∂t
− ∆

)
ψ ≤ 672R

(
|Rc|2 − 1

3
R2

)
.

Hence, for the normalized Ricci flow, the corresponding quantity ψ̃ satisfies
(
∂

∂t̃
− ∆̃

)
ψ̃ ≤ Ce−δt̃ − 4

3
r̃ψ̃.

where we used 672R̃

(∣∣∣R̃c
∣∣∣
2
− 1

3R̃
2

)
≤ Ce−δt̃. Since r̃ ≥ δ for some δ > 0,

we can conclude that (
∂

∂t̃
− ∆̃

)(
eδt̃ψ̃ − Ct̃

)
≤ 0

and hence ψ̃ ≤ Ce−δt̃
(
1 + t̃

)
. This gives us the gradient estimate

∣∣∣∇̃R̃
∣∣∣ ≤

Ce−δt̃. Since the diameters of g̃
(
t̃
)

are uniformly bounded, we obtain (8) by
integrating the gradient estimate along minimal geodesics.

Part (9) follows from (7) and (8).
We refer the reader to [255], Theorem 17.6, for the proof of part (10).

This requires some interpolation estimates for the Lp-norms of the deriva-
tives of the Ricci tensor. �
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From the above lemma and the fact that we can estimate the derivatives
of the metrics in terms of the estimates for the derivatives of the Ricci
tensor, one can complete the proof of Theorem 3.6; see [143] for details. In
particular, by (3.47) and Lemma 5.9, there exists a constant C < ∞ such
that

1

C
g̃ (0) ≤ g̃

(
t̃
)
≤ Cg̃ (0)

for all t̃ ∈ [0,∞), and the metrics g̃
(
t̃
)

converge uniformly on compact sets

to a continuous metric g̃ (∞) as t̃ → ∞. The estimates (3.48) imply the
exponential convergence in each Ck-norm of g̃

(
t̃
)

to g̃ (∞) .

8. Notes and commentary

For the details of those details of the proof of Theorem 3.6 which we
do not present, we refer the reader to the original paper [255] or the book
[153].

§3. A Riemannian manifold has 2-positive curvature operator if

λ1 (Rm) + λ2 (Rm) > 0.

That is, the sum of the lowest two eigenvalues of Rm is positive at every
point. H. Chen [119] has shown that if (Mn, g (0)) is a closed Riemannian
manifold with 2-positive curvature operator, then under the Ricci flow g (t)
has 2-positive curvature operator for all t > 0.

§4. An interesting question related to (3.29).

Problem 3.35. Suppose that
(
M3, g

)
is a complete 3-manifold with pos-

itive Ricci curvature and Rc ≥ εRg for some ε > 0. Must M3 be compact?
If we replace positive by nonnegative above, must M3 be flat?

If
(
M3, g

)
has bounded nonnegative sectional curvature and Rc ≥ εRg

for some ε > 0, then Chen and Zhu [113] proved that M3 must be flat.
A related question is the following (see Chapter 8 for more on differential
Harnack inequalities).

Problem 3.36. If
(
M3, g (t)

)
is a complete solution to the Ricci flow

on a 3-manifold with bounded nonnegative Ricci curvature at each time, can
one prove a trace differential Harnack inequality? One could hope for an
inequality similar to (8.47).

Note that a result related to the first problem above, due to Hamilton
[265], is the following.

Theorem 3.37. If Mn ⊂ Rn+1 is a C∞ complete, strictly convex hyper-
surface with hij ≥ εHgij for some ε > 0, then Mn is compact.

Analogous to the second problem posed above is the following.

Problem 3.38. Does there exist a Harnack inequality for solutions to
the mean curvature flow with nonnegative mean curvature and bounded sec-
ond fundamental form at each time, can one prove a differential Harnack
inequality? Here one hopes for an inequality similar to (8.78).
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§10. There is a nice presentation of the Ricci flow on homogeneous
manifolds in [319], which we have partially followed.

Comparison with mean curvature flow (MCF). It is interesting
to compare the Ricci flow with the MCF; scattered throughout the rest of
the book we shall see analogies and relations between the two flows. Let
Xt : Mn−1 → Rn, t ∈ [0, T ), be a solution to the mean curvature flow:

(3.51)
∂X

∂t
(p, t) = −H (p, t) ν (p, t) , p ∈Mn−1, t ∈ [0, T ),

where H is the mean curvature and ν is the unit outward normal. This is
the gradient flow for the volume functional.

Lemma 3.39 (Basic evolutions under MCF, [286]). We have the follow-
ing evolution equations for the induced metric gij , second fundamental form
hij , and H :

∂

∂t
gij = −2Hhij

∂

∂t
hij = ∆hij − 2Hhikhkj + |h|2 hij
∂

∂t
H = ∆H + |h|2H.

Proof. We leave this as an exercise using the formulas H = gijhij ,

gij =

〈
∂X

∂xi
,
∂X

∂xj

〉

hij =

〈
∂X

∂xi
,
∂ν

∂xj

〉
= −

〈
∂2X

∂xi∂xj
, ν

〉
.

While carrying out the computation, keep in mind that the inner product
of a tangential vector with a normal vector is zero. �

Exercise 3.40. Suppose that we have the flow ∂x
∂t = −βν, where β is

some function. Compute the evolution equations for gij , hij and H.

From Lemma 3.39 one can show (see [286]) using the maximum principle
for tensors that if H ≥ 0, then the inequalities

αHgij ≤ hij ≤ βHgij

are preserved under the MCF. Compare this with the ‘Ricci pinching is
preserved’ estimate (3.29). Hamilton [265] proved that if a complete hyper-
surface in euclidean space satisfies hij ≥ εHgij , where ε > 0 andH > 0, then
the hypersurface is compact. Analogously, Chen and Zhu [113] proved that
if
(
M3, g

)
is a complete Riemannian 3-manifold with bounded nonnegative

sectional curvature and Rc ≥ εR with ε > 0, then M3 is either compact or
flat.

Conjecture 3.41 (Hamilton). If
(
M3, g

)
is a complete Riemannian

3-manifold with Rc ≥ εR, where R > 0 and ε > 0, then M3 is compact.
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The Codazzi equations ∇ihjk = ∇jhik imply that one can improve the

estimate |∇ihjk|2 ≥ 1
n−1 |∇iH|2 to

(3.52) |∇ihjk|2 ≥ 3

n+ 1
|∇iH|2

(this is an improvement only when n ≥ 3); see [286] for details. Compare
this with (3.37).

Remark 3.42. If the hypersurface Mn−1 is totally umbillic, so that h =
H
n−1g, then from (3.52) we have 1

n−1 |∇H|2 ≥ 3
n+1 |∇H|2 . When n ≥ 3 this

implies |∇H| = 0. (Compare with Exercise 1.170.)

Huisken’s pinching theorem says that

(3.53)

∣∣∣∣hij −
1

n
Hgij

∣∣∣∣ ≤ CH1−δ.

Compare with the ‘Ricci pinching improves’ estimate (3.30). Pointwise es-
timates are not sufficient to obtain this since, under the ode corresponding
to the pde for hij , the pinching is preserved but not improved. In [286] an
iteration argument is used to obtain (3.53).



CHAPTER 4

Ricci solitons and other special solutions

In the study of the singularities which exist or form for solutions of
partial differential equations including those which arise in geometry, a fun-
damental notion is that of rescaling and applying monotonicity formula to
obtain self-similar solutions which model the solutions near the singularities.
Such techniques have been successfully applied to the study of minimal sur-
faces, harmonic maps, Yang-Mills connections, and solutions of nonlinear
heat and Schrödinger equations to name a few. In the field of geometric
evolution equations, the singularity models which arise are usually ancient
solutions, where the solution exists all the way back to time minus infinity.
Among such long existing solutions are the self-similar solutions, which in
Ricci flow are called Ricci solitons. In this chapter we shall study some prop-
erties and examples of such solutions with a special emphasis on dimension
two where the solutions are explicit. We also study other long existing solu-
tions such as the Rosenau solution in §6 and homogeneous solutions in §10.
The examples in this chapter are very useful to keep in mind when studying
singularity formation of solutions of the Ricci flow.

1. Types of long existing solutions

From taking limits of dilations of singularities we shall obtain long exist-
ing solutions. Recall that a solution (Mn, g (t)) to the Ricci flow is called an
ancient solution if it is defined on an interval of the form (−∞, ω) , where
ω ∈ R+ ∪ {∞} . We say that a solution (Mn, g (t)) to the Ricci flow is an
immortal solution if it is defined on a time interval α < t < ∞. Finally,
if (Mn, g (t)) is defined for all −∞ < t < ∞, then we call it an eternal
solution.

2. Gradient Ricci solitons

We say that a quadruple (Mn, g0, f0, ε) , where (Mn, g0) is a Riemannian
manifold, f0 : Mn → R is a function and ε ∈ R, is a gradient Ricci soliton
if

(4.1) Rc (g0) + ∇g0∇g0f0 +
ε

2
g0 = 0.

For reasons we shall see below, we say that g0 is expanding, shrinking,
or steady, if ε > 0, ε < 0, or ε = 0, respectively. We say that the gradient
soliton is complete if (Mn, g0) is complete and the vector field grad g0f0 is
complete.

151
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The following result gives a canonical form for the associated time-
dependent version of a gradient Ricci soliton.

Theorem 4.1 (Gradient Ricci solitons). If (Mn, g0, f0, ε) is a complete
gradient Ricci soliton, then there exists a solution g (t) of the Ricci flow
with g (0) = g0, diffeomorphisms ϕ (t) with ϕ (0) = idMn , functions f (t)
with f (0) = f0 defined for all t with

(4.2) τ (t) + εt+ 1 > 0,

such that

(1) ϕ(t) : Mn → Mn is the 1-parameter family of diffeomorphisms
generated by X (t) + 1

τ(t) grad g0f0. That is:

∂

∂t
ϕ (t) (x) =

1

τ (t)
(grad g0f0) (ϕ (t) (x)) .

(2) g (t) is the pull back by ϕ (t) of g0 up to the scale factor τ (t) :

(4.3) g(t) = τ (t)ϕ(t)∗g0,

(3) f (t) is the pull back by ϕ (t) of f0 :

(4.4) f (t) = f0 ◦ ϕ(t) = ϕ(t)∗ (f0) ,

Moreover,

(4.5) Rc (g (t)) + ∇g(t)∇g(t)f (t) +
ε

2τ
g (t) = 0

and

(4.6)
∂f

∂t
(t) =

∣∣∣gradg(t) f (t)
∣∣∣
2

g(t)
.

Caveat: Unless ε = 0, i.e., τ (t) ≡ 1, the 1-parameter family ϕ (t) is
not a group.

Proof. Define τ (t) = εt+1. Since the vector field grad g0f0 is complete,
there exists a parameter family of diffeomorphisms ϕ(t) : Mn →Mn gener-
ated by the vector fields 1

τ(t) grad g0f0 defined for all t such that τ (t) > 0.

Then define f (t) = f0 ◦ ϕ(t) and g(t) = τ (t)ϕ(t)∗g0. We compute

∂

∂t

∣∣∣∣
t=t0

g (t) =
ε

τ (t0)
g (t0) + τ (t0)

∂

∂t

∣∣∣∣
t=t0

(ϕ (t)∗ g0) .

Using Remark 1.22 we have

τ (t0)
∂

∂t

∣∣∣∣
t=t0

(ϕ (t)∗ g0) = τ (t0)L(ϕ(t0)−1)
∗

∂
∂t |t=t0

ϕ(t)ϕ (t0)
∗ g0

= Lgrad g(t0)f(t0)g (t0)
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which holds since

∂

∂t

∣∣∣∣
t=t0

ϕ (t) =
1

τ (t0)
grad g0f0 = ϕ (t0)∗

(
grad g(t0)f (t0)

)
.

Hence (evaluating at t instead of t0)

∂

∂t
g (t) =

ε

τ (t)
g (t) + Lgrad g(t)f(t)g (t) .

Now using Exercise 1.21 we find that

−2 Rc (g (t)) = ϕ (t)∗ (−2 Rc (g0)) = ϕ (t)∗
(
εg0 + Lgradg0

f0g0

)

=
ε

τ (t)
g (t) + Lgrad g(t)f(t)g (t) .

Hence

(4.7)
∂

∂t
g (t) =

ε

τ
g (t) + Lgradg(t) f(t)g (t) = −2 Rc (g (t)) .

Finally we calculate

∂f

∂t
(x, t) =

(
∂

∂t
ϕ (t)

)
(f0) (x) =

1

τ (t)
|grad g0f0|2 (ϕ (t) (x))

=
∣∣∣gradg(t) f (t)

∣∣∣
2

g(t)
(x) .

�

Note that, as advertised above, g (t) is expanding, shrinking, or steady,
if ε > 0, ε < 0, or ε = 0, respectively. In local coordinates we may write
(4.7) as

∂

∂t
gij = −2Rij(4.8a)

Sεij + Rij + ∇i∇jf +
ε

2τ
gij = 0.(4.8b)

Remark 4.2. If ε = 0, then g (t) is defined for all t ∈ (−∞,∞) ; if
ε > 0, then g (t) is defined for t ∈ (−1/ε,∞) ; and if ε < 0, then g (t)
is defined for t ∈ (−∞, 1/ |ε|) . For this reason we say that the solution is
eternal, immortal or ancient, respectively.

By dilating the solution, except when g (t) is steady, we can choose |ε|
to be any positive real number. The above theorem, by requiring (4.2), puts
the gradient Ricci soliton in canonical form. In a class of solutions where
uniqueness of the initial value problem holds, by adjusting the diffeomor-
phisms, this is always possible (see Chapter 1 of [143]).
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3. Gaussian soliton

Euclidean space Rn with the standard flat metric g (t) ≡ gcan may seem
like an uninteresting solution to the Ricci flow since it is stationary. How-
ever, one of the reasons it is interesting is that the metrics are invariant
under scaling: for any constant c > 0, cgcan is isometric to gcan. In partic-
ular, cgcan = ϕ∗gcan, where ϕ =

√
c idRn . Because of this, we may think of

(Rn, gcan) not only as a steady gradient Ricci soliton but also as either an
expanding or a shrinking gradient Ricci soliton.

Let τ : I → (0,∞) be a smooth function on an interval and define

ϕ (t) + τ (t)−1/2 idRn for t ∈ I. Then

(4.9) g (t) ≡ gcan = τ (t)ϕ (t)∗ g (0) .

When viewed this way, we call the stationary flat solution gcan the Gaussian
soliton. Choose τ (t) = εt+ 1 where ε ∈ R, as in (4.2), so that

ϕ (t) = τ (t)−1/2 idRn

is a 1-parameter family of diffeomorphisms. If we define

(4.10) f (x, t) + − ε |x|2
4τ (t)

,

then f (t) = f (0) ◦ ϕ(t), grad g(0)f (0) = − ε
2x and

d

dt
ϕ (t) (x) = −ε

2
τ (t)−3/2 x =

1

τ (t)

(
grad g(0)f (0)

)
(ϕ (t) (x)) .

At time t we calculate (Rc (g (t)) ≡ 0)

2 Rc (g (t))+
ε

τ (t)
g (t)+Lgrad g(t)f(t)g (t) =

ε

τ (t)
gcan−

ε

4τ (t)
Lgrad gcan |x|2gcan = 0

which agrees with what we know from the proof of Theorem 4.1.

Remark 4.3. Considering Rn as a shrinking soliton, so that ε = −1,
we have

(4.11) f (x, t) =
|x|2
4τ

.

For a further discussion of the Gaussian soliton and its relation to Perel-
man’s entropy and Harnack, see Volume 2.

4. Cylinder shrinking soliton

Consider the product of the shrinking sphere with a line:
(
Sn−1 × R, g (t)

)
,

t ∈ (−∞, 0) , n ≥ 3, where

g (t) = 2 (n− 2) |t| gSn−1 + dr2.

Its Ricci tensor is given by

Rc (g (t)) = (n− 2) gSn−1 =
1

2 |t|g (t) − 1

2 |t|dr
2.
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If we let

(4.12) f (θ, r, t) +
r2

4 |t| , θ ∈ Sn−1, r ∈ R, t < 0,

we then have

Rc (g (t)) + ∇∇f (t) +
1

2t
g (t) = 0.

Hence g (t) is a shrinking gradient Ricci soliton. Since the shrinking cylinder
models neck pinches, it is a very important example.

Exercise 4.4. Show that
(
Sn × Rk, g (t)

)
, t ∈ (−∞, 0) , n ≥ 2, where

g (t) = 2 (n− 1) |t| gSn−1 + gEk ,

is a shrinking gradient soliton with

f (θ, x, t) +
|x|2
4 |t| , θ ∈ Sn−1, x ∈ R, t < 0.

In a sense, the steady (stationary) euclidean metric is turned into a shrinking
soliton by taking the product with a shrinking sphere.

Note that in the above example

∇f =
x

2 |t| , |∇f |2 =
|x|2
4t2

.

In particular, ∇f is radial and pointing outward. In contrast, by (4.16), for
the cigar soliton ∇f = −2x is pointing inward.

The cylinder soliton is important since in dimension 3 it models neck-
pinching. Note the form of the potential function in (4.12) motivates some
of the estimates in the proof in Volume 2 on the nonexistence of noncompact
3-dimensional shrinking solitons with positive sectional curvature.

5. Cigar steady soliton

Hamilton’s cigar soliton is the complete Riemannian surface
(
R2, gΣ

)
,

where

(4.13) gΣ +
dx2 + dy2

1 + x2 + y2
.

where dx2 + dx ⊗ dx. As a solution to the Ricci flow, its time-dependent
version is:

(4.14) gΣ (t) +
dx2 + dy2

e4t + x2 + y2
.

To see that gΣ (t) is a solution to the Ricci flow, we leave it to the reader
to check that u (x, y, t) + − log

(
e4t + x2 + y2

)
satisfies equation (??) with

h = dx2 + dy2: ∂u
∂t = ∆ log u, where ∆ = ∂2

∂x2 + ∂2

∂y2
is the euclidean Lapla-

cian. From the change of variables x̃ = e−2tx and ỹ = e−2ty, we see

that gΣ (t) = dx̃2+dỹ2

1+x̃2+ỹ2
is isometric to gΣ = gΣ (0) . That is, if we define
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the 1-parameter group of (conformal) diffeomorphisms ϕt : R2 → R2 by
ϕt (x, y) +

(
e−2tx, e−2ty

)
, then

gΣ (t) = ϕ∗
t gΣ (0) .

Hence gΣ (t) is a steady Ricci soliton. Geometrically a domain Ω ⊂ R2

with respect to the metric gΣ (0) corresponds to the domain ϕ−1
t (Ω) =

e2tΩ ⊂ R2 with respect to the metric gΣ (t) . That is, (Ω, gΣ (0)) is isometric
to
(
e2tΩ, gΣ (t)

)
. The vector field generating the 1-parameter group ϕt is

(−2x,−2y) = gradgΣ f, where

(4.15) f (x, y) + − log
(
1 + x2 + y2

)
.

Note that

(4.16) gradgΣ(t) f (t) = (−2x,−2y)

is independent of time, where

f (x, y, t) + − log
(
1 + e−4t

(
x2 + y2

))
= (f ◦ ϕt) (x, y) .

This manifold is also known in the physics literature as Witten’s black
hole. As we shall see below, this is a Ricci soliton metric. In polar coordi-
nates, we may rewrite the cigar metric as

(4.17) gΣ =
dr2 + r2 dθ2

1 + r2
.

If we define the new radial distance variable:

s + arcsinh r = log
(
r +

√
1 + r2

)
,

then we may rewrite gΣ as

(4.18) gΣ = ds2 + tanh2 s dθ2.

In general, if a metric takes the form g = ds2 + φ (s)2 dθ2, then its scalar

curvature is R (s, θ) = −2φ
′′(s)
φ(s) . We can see this from the following moving

frames calculation (see [282] for a nice exposition of this technique). Let

ω1 = ds, ω2 = φ (s) dθ.

The connection 1-forms ωji , defined by ∇Xei = ωji (X) ej , and the curvature

2-forms Ωj
i , defined by Rm (X,Y ) ei = Ωj

i (X,Y ) ej , satisfy the Cartan

structure equations (using n = 2 in the equation for Ωj
i )

dωi = ωj ∧ ωij , Ωj
i = dωji

From this we compute

ω2
1 = φ′ (s) dθ, Ω2

1 =
φ′′ (s)
φ (s)

ω1 ∧ ω2,

and K = Ω2
1 (e2, e1) = −φ′′(s)

φ(s) . Thus the scalar curvature of gΣ is

RΣ = 4 sech 2s =
4

1 + r2
.
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From (4.15) we have

f (s) = −2 log (cosh s) .

We then have

(4.19) Rij + ∇i∇jf = 0

which is the infinitesimal version of the steady Ricci soliton equation for
gΣ (t) . We can also verify this directly as follows. The Hessian of f is given
by:

(4.20) ∇ei∇ejf = ei (ej (f)) − ωkj (ei) ek (f) .

The first term on the rhs is nonzero only if i = j = 1 whereas the second

term on the rhs is nonzero only if i = j = 2. Since ω1
2 (e2) = −φ′(s)

φ(s) =

− 1
sinh s cosh s and e1 (f) = −2 tanh s, we have

e1 (e1 (f)) = −ω1
2 (e2) e1 (f) = −2 sech 2s = −R

2

and (4.19) follows.

Exercise 4.5 (Cigar form). By making the change of variables r +
M cosh2 s, show that the following is another form of the cigar metric:

(4.21) g =

(
1 − M

r

)
dθ2 +

(
1 − M

r

)−1 dr2

4r2
,

where r > M.

Now consider the cylinder R×S1 (1), where S1 (1) denotes the circle of
radius 1, and let x ∈ R and θ ∈ S1 (1) = R/2πZ be the standard coordinates.
Let h be the flat metric h = dx2 +dθ2. The cigar metric on the cylinder
(punctured plane) may be written as

(4.22) gΣ2−0 =
(
e−2x + 1

)−1 (
dx2 + dθ2

)
.

Defining x + 1
2 log

(
r
M − 1

)
> 0 so that 1 − M

r =
(
e−2x + 1

)−1
and dx =

dr
2(r−M) , we see that (4.21) implies (4.22). We can also see (4.22) by solving

for F and x in the equation

F (x)2
(
dx2 + dθ2

)
= ds2 + tanh2 s dθ2

where we get F (x) dx = ds and F (x) = tanh s so that x = log (sinh s) ,

s > 0, and F (x)2 = e2x

1+e2x =
(
e−2x + 1

)−1
as desired.

Remark 4.6. The metric gΣ2−0 is incomplete; however, by taking the 1-
point compactification of R×S1 (1) at the end where x→ −∞, we obtain the

complete metric cigar metric on R2. Note that u (x) +
(
e−2x + 1

)−1
satisfies

limx→∞ u (x) = 1 so at that end the metric is asymptotically cylindrical as
we know.

For the proof of the following classification result, see [143].
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Lemma 4.7 (Positively curved 2-d gradient steady soliton is a cigar). If(
R2, g (t)

)
is a steady gradient Ricci soliton conformal to the standard metric

on R2, then
(
R2, g (t)

)
is either the cigar soliton or the flat metric.

If
(
M2, g

)
is a complete noncompact Riemannian surface with positive

curvature, then
(
M2, g

)
is conformal to the standard metric on R2 (see

Huber [285]).

Corollary 4.8 (Uniqueness of the cigar). If
(
M2, g (t)

)
is a complete

steady gradient Ricci soliton with positive curvature, then
(
M2, g (t)

)
is the

cigar soliton.

In Hamilton’s program for the Ricci flow on 3-manifolds, via dimension
reduction, the cigar soliton is a potential singularity model. Perelman’s
monotonicity formula(s) rule out this possibility (see Volume 2.)

6. Rosenau solution

Let
(
R×S1 (2) , h

)
denote the flat cylinder, where h = dx2 + dθ2 and

θ ∈ S1 (2) = R/4πZ. The Rosenau solution [434] is the solution g (t) =
u (t) · h to the Ricci flow defined for t < 0 by

(4.23) u (x, t) =
sinh (−t)

coshx+ cosh t
.

One computes that its curvature is

R [g (t)] = −∆h log u

u
=

cosh t · coshx+ 1

sinh (−t) (coshx+ cosh t)
.

From this we easily check that

∂

∂t
u = −Ru

so that g (t) is a solution to the Ricci flow. The metrics g (t) defined on
R×S1 (2) extend to smooth metrics, which we also call g (t) , on the 2-
sphere S2, which is obtained by compactifying R×S1 (2) by adding two
points (we call these two points the north and south poles). We can see this
as follows. For x large and negative (similarly when positive), g (t) is as-
ymptotic to a constant multiple (2 sinh (−t)) of the metric ex

(
dx2 + dθ2

)
=

4
(
dx̄2 + x̄2dθ̄2

)
, where x̄ = ex/2 and θ̄ = θ/2 ; note θ̄ ∈ S1 (1) = R/2πZ,

and when x is large and negative x̄ is positive and near 0 (see [153], p. 33
for more details).

Exercise 4.9. Show that

sup
S2

R [g (t)] = coth (−t) .

In particular limt→−∞ supS2 R [g (t)] = 1.



6. ROSENAU SOLUTION 159

Exercise 4.10 (Rosenau tends to round at singularity time). Show that
since limt→0 sinh (−t)u (x, t) = 1

coshx+1 , the limit of sinh (−t) g (t) as t →
0 is the round 2-sphere with scalar curvature 1 (radius

√
2). Hint: use

formula ??.

We now take a limit of the Rosenau solution as t→ −∞ to see that we
can get the cigar soliton as a (backward) limit (we can also get the cylinder).
Note that the Cheeger-Gromov type compactness theorem (see Theorem
5.19) yields convergence only after pulling back by diffeomorphisms. Fortu-
nately, in the case of the Rosenau solution, the diffeomorphisms sufficient
to obtain convergence are translations. In particular, consider

u (x+ t, t) = (− coshx coth t− sinhx− coth t)−1 ,

so that

lim
t→−∞

u (x+ t, t) = (coshx− sinhx+ 1)−1 =
(
e−x + 1

)−1
.

Let φt : R×S1 (2) → R×S1 (2) be defined by φt (x, θ) = (x+ t, θ) . Then
(φ∗t g) (x, t) = u (x+ t, t)h. Hence

(4.24) lim
t→−∞

(φ∗t g) (x, t) =
(
e−x + 1

)−1
h (x) .

Similarly, for the diffeomorphisms ψt (x, θ) = (x− t, θ) we have

(4.25) lim
t→−∞

(ψ∗
t g) (x, t) = (ex + 1)−1 h (x) .

Making the change of variables x̃ = x/2 and θ̃ = θ/2 in (4.24), we have

(4.26)
(
e−x + 1

)−1
h (x) = 4

(
e−2x̃ + 1

)−1
(
dx̃2 + dθ̃2

)
,

where x̃ ∈ R and θ̃ ∈ S1 (1) . Similarly, we could do the same with (4.25).
Thus we obtain the cigar soliton (compare (4.26) with (4.22)) as a backward
limit in two essentially different ways, corresponding to dilating about points
close enough to either the north or south pole. It is interesting that we did
not need to rescale (dilate) to obtain the cigar. Note that we can also obtain
the cylinder as a backward limit since limt→−∞ u (x, t) = 1, so that

lim
t→−∞

g (x, t) = h (x)

for all x ∈ R. This corresponds to dilating about points close enough to
the center circle (equator) {(x, θ) : x = 0} , and in particular, dilating about
points on the center circle as above.

Remark 4.11. In the above we are taking the limit of a 1-parameter
family of metrics (as t → −∞) to a single Ricci soliton metric. We leave
it as an exercise for the reader to take the analogous limit of a 1-parameter
family of solutions of Ricci flow to a soliton solution of the Ricci flow. In
the Cheeger-Gromov compactness theorem one takes a limit of a sequence
of solutions.
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In the dimension reduction of a 3-dimensional singularity model, one
obtains an ancient solution on a surface. For singularity models arising from
finite time singularities, Perelman’s no local collapsing theorem rules out the
Rosenau solution. However, for singularity models arising from infinite time
singularities, the Rosenau solution has not been ruled out.

7. An expanding soliton

We say that a solution (Mn, g (t)) to the Ricci flow is an immortal
solution if it is defined on a time interval α < t <∞. In dimension 3 there
are a number of immortal solutions which are locally homogeneous and
whose curvatures decay like 1/t ; these have been studied by Isenberg and
Jackson [297] (see also Chapter 1 of [153]; for the study of 4-dimensional ho-
mogeneous solutions, see Isenberg-Jackson-Lu [298]). Further investigations
in this direction, concerning quasi-convergence, have been undertaken by
Knopf and McLeod [320], [324].

In dimension 2, there are nontrivial (that is, nonconstant curvature)
examples of expanding Ricci solitons (see Appendix A of Gutperle, Head-
rick, Minwalla and Schomerus [252]). In particular, consider rotationally
symmetric metrics g (t) on R2 of the form:

(4.27) g (t) = t
(
F (r)2 dr2 + r2 dθ2

)
,

where F : [0,∞) → (0,∞) is a positive function to be determined by the ex-
panding Ricci soliton condition, and where r ∈ (0,∞) and θ ∈ R/ (2πF (0)) .
That is, each metric g (t) is first defined on (0,∞)× S1 (F (0)) ∼= R2 − {0} .
We define θ in this range to ensure that the cone angle at the origin is 2π so
that g (t) indeed define smooth metrics on R2 by extending smoothly over
the origin (r → 0). Note that these metrics g (t) = tg (1) are homothetically
expanding for t > 0. One can compute that the Gauss curvatures (1/2 the
scalar curvature) are given by

(4.28) K [g (t)] =
1

t

F ′ (r)

rF (r)3
.

Indeed, an orthonormal coframe is given by

ω1 =
√
tF (r) dr ω2 =

√
trdθ,

and one has

ω2
1 =

1

F (r)
dθ

Ω2
1 = dω2

1 = −1

t

F ′ (r)

rF (r)3
ω1 ∧ ω2.

Let X (t) be the vector fields on R2 defined by

(4.29) X (t) +
r

tF (r)

∂

∂r
=

1

t
X (1) .
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Strictly speaking, X (t) is defined on R2 − {0} ; however, it will extend
smoothly to R2. Note that for a radial function f (r) , its gradient with
respect to g (t) is given by grad g(t)f = 1

tF (r)2
f ′ (r) ∂

∂r . Hence

(4.30) X (t) = grad g(t)f where f ′ (r) = rF (r) .

We look for F such that g (t) is a solution to the modified Ricci flow

(4.31)
∂

∂t
g (t) = −Rg(t)g (t) + LX(t)g (t) .

The dual 1-forms to X (t) are X (t)♭ = rF (r) dr = r√
t
ω1, which is time-

independent. Recall that, in general, from the first structure equations:
(
∇V ω

j
)
(ei) = −ωj (∇V ei) = −ωji (V )

for any vector V, so that ∇ωj = −ωji ⊗ ωi. Hence, using this and ω1
2 =

− 1√
trF (r)

ω2, we find that

LX(t)g (t) = 2 Sym
(
∇X (t)♭

)
=

2√
t
Sym

(
dr ⊗ ω1 + r∇ω1

)
=

2

tF (r)
g (t) .

Thus (4.31) is equivalent to the equation

(4.32) F ′ (r) = rF (r)2
(

1 − F (r)

2

)
.

(Note that F (r) ≡ 2 is the flat euclidean solution, but this is not the one
we are interested in.) Now from (4.30) and (4.32)

f ′ (r) = rF (r) =
F ′ (r)

F (r)
(
1 − F (r)

2

) .

Integrating this we have

(4.33) f (r) = − log

(
2

F (r)
− 1

)
.

Remark 4.12.

(1) Equation (4.31) is equivalent to the static equation

g (1) = −Rg(1)g (1) + LX(1)g (1) .

(2) The metrics ψ (t)∗ g (t) satisfy Ricci flow if the 1-parameter family
of diffeomorphisms ψ (t) satisfy

d

dt

∣∣∣∣
t=t0

(
ψ (t) ◦ ψ−1 (t0)

)
= −ψ (t0)

∗X (t0) .

Solving the separable ode (4.32) we obtain

(4.34) h (r) + log h (r) = −r2 + C.
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where h (r) + 2
F (r) − 1. Here we have made the assumption that 0 < F < 2

so that h > 0. Note that by (4.28) and (4.32) we have

(4.35) K [g (t)] =
1

t

(
1

F (r)
− 1

2

)
> 0.

Recall that the product log (or Lambert-W) function W : R+ →
R+ is the inverse of the function w (x) = xex. Hence, taking the exponential
of both sides of (4.34), we have

h (r) eh(r) = h (0) eh(0)e−r
2
,

so that
h (r) = W

(
h (0) eh(0)−r

2
)
.

In terms of F, this equation says:

(4.36) F (r) =
2

W
((

2
F (0) − 1

)
exp

(
2

F (0) − 1 − r2
))

+ 1
.

The cone angle of g (t) at infinity (which is independent of t) is

ConeAngle =
2πF (0)

limr→∞ F (r)
= πF (0) .

Hence the range of possible cone angles at infinity is (0, 2π) since F (0) ∈
(0, 2) . Now (4.35) and (4.36) imply

K [g (t)] =
1

2t
W

((
2

F (0)
− 1

)
exp

(
2

F (0)
− 1 − r2

))
.

Finally we note from (4.33) that we have

f (r) = − log h (r) = − logW
(
h (0) eh(0)e−r

2
)
.

Exercise 4.13 (Exponential curvature decay of expanding 2d Ricci soli-
ton). Show that each of the metrics g (t) is asymptotic at infinity to a flat
cone and the curvature decays exponentially as a function of the distance to

the origin. Hint: limx→0+

W (x)
x = 1.

In higher dimensions there are expanding Kähler–Ricci solitons on
Cn due to Cao [73] (compare also Feldman, Ilmanen and Knopf [206].)

Expanding gradient solitons motivate the definition of the matrix Har-
nack quadratic (see §8.5).

8. Bryant soliton

Let gSn−1 denote the standard metric on the unit (n− 1)-sphere. We
search for warped product Ricci solitons on (0,∞) × Sn−1 which extend
to Ricci solitons on Rn by a 1-point compactification of one end. We call
the compactifying point the origin O. In particular, consider metrics of the
form

(4.37) g = dr2 + φ(r)2gSn−1 .
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From Rc(gSn−1) = (n− 2) gSn−1 and a standard formula for the Ricci tensor
of a warped product metric (see [48], Prop. 9.106), we have

Rc(g) = − (n− 1)
φ′′

φ
dr2 +

(
(n− 2)

(
1 − (φ′)2

)
− φφ′′

)
gSn−1 .

One can also see this from the formulas for the sectional curvatures. The
sectional curvature of a plane passing through the radial vector ∂

∂r is

(4.38) Krad = −φ
′′ (r)
φ (r)

and the sectional curvature of a plane Psph perpendicular to ∂
∂r is

(4.39) Ksph =
1 − φ′ (r)2

φ (r)2
.

We can also calculate that the Hessian of a function f is given by

∇∇f = f ′′(r)dr2 + φφ′f ′gSn−1 .

The Ricci soliton equation Rc(g) + ∇∇f = 0 becomes the following system
of two second order ode

f ′′ = (n− 1)
φ′′

φ
, φφ′f ′ = −(n− 2)(1 − (φ′)2) + φφ′′.

Making the substitutions

x = φ′, y = φf ′ + (n− 1)φ′, dt =
dr

φ
,

we obtain the following system of first order ode

(4.40)
dx

dt
= x (x− y) + n− 2,

dy

dt
= x (y − (n− 1)x) .

The constant solutions are (1, n− 1) and (−1,− (n− 1)) . For g and f to
extend smoothly over the origin, we need φ (0) = 0, φ′ (0) = 1 and f ′ (0) =
0. Since then limr→0 t = −∞, we have limt→−∞ (x (t) , y (t)) = (1, n− 1) .
Linearizing (4.40) at (1, n− 1) , we have

dX

dt
= (3 − n)X − Y

dY

dt
= − (n− 1)X + Y.

The eigenvalues of the matrix

(
3 − n −1

− (n− 1) 1

)
are 2 and 2 − n, so

we have a saddle point at (1, n− 1) . Hence there are two solutions with
limt→−∞ (x (t) , y (t)) = (1, n− 1) . For one of these solutions we have

(x (t) , y (t)) → (0,∞)

as t increases. It can be shown (see Chapter 1 of [143]) that this solution
defines a complete Ricci soliton g on Rn of the form (4.37) with positive
curvature operator, called the Bryant soliton [57], [299]. Let Ksph and



164 4. RICCI SOLITONS AND OTHER SPECIAL SOLUTIONS

Krad denote the sectional curvatures of planes tangent to the spheres and
tangent to the radial direction, respectively. From the formulas for the
sectional curvatures (4.38), (4.39), and C−1r1/2 ≤ φ (r) ≤ Cr1/2, φ′ (r) =

O
(
r−1/2

)
and φ′′ (r) = O

(
r−3/2

)
, we have

Krad = O
(
r−2
)
, Ksph = O

(
r−1
)
.

That is, we have the following.

Theorem 4.14 (Bryant soliton). For all n ≥ 3, there exists a unique
(up to homothety) complete, steady, gradient Ricci soliton metric on Rn

with positive curvature operator. The eigenspaces of the curvature operator
consist of 2-forms that are the wedge product of two 1-forms. The corre-
sponding planes are either tangent to the spheres, in which case the sectional
curvatures decay inverse linearly in distance to the origin, or pass through
the radial direction, in which case the sectional curvatures decay inverse
quadratically.

The volume of the ball of radius s centered at the origin is

Vol (B (O, s)) = nωn

∫ s

0
φ(r)n−1dr.

For s ≥ 1 we have

Vol (B (O, s)) ≈
∫ s

0
r

n−1
2 dr ≈ s

n+1
2 .

For example, if n = 3, then the volume of balls grows quadratically in the
radius.

In [301], Ivey constructed Ricci solitons on doubly warped products
which generalize the Bryant soliton.

The Bryant soliton should appear as a singularity model corresponding
to a degenerate neckpinch (see §7.3).

9. Geometry at spatial infinity of ancient solutions

In general, we are interested in the geometry at spatial infinity of limit
solutions to the Ricci flow, such as the Bryant soliton (see Chapter 7 for a
further discussion of singularities and their limit solutions). To this end, we
define the following invariants of the geometry at infinity.

The asymptotic scalar curvature ratio (or ASCR) of a complete
noncompact Riemannian manifold (Mn, g) is defined by

ASCR (g) = lim sup
d(x,O)→∞

R (x) d (x,O)2 ,

where O ∈ Mn is any choice of origin. We leave it as an exercise to show
that this definition is independent of the choice of O. The asymptotic
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volume ratio of a complete noncompact Riemannian manifold (Mn, g)
with nonnegative Ricci curvature is defined by

AVR (g) + lim
r→∞

Vol (B (O, r))

rn
.

Again, this definition is independent of the choice of O (see Theorem 19.1
of [267]).

From the evolution equation for the lengths of paths (6.22), which tells
us for any fixed path γ∣∣∣∣

d

dt
log L g(t)γ

∣∣∣∣ ≤ sup
Mn

|Rc (g (t))| ,

the most obvious bound on how spatial distances change in time is given by
the following. If |Rc (x, t)| ≤ φ (t) , then for any times t1 < t2 and points x
and y

e−
∫ t2

t1
φ(t)dtdt1 (x, y) ≤ dt2 (x, y) ≤ e

∫ t2
t1
φ(t)dtdt1 (x, y) .

Hamilton improved this estimate to1

(4.41) dt2 (x, y) ≥ dt1 (x, y) − C

∫ t2

t1

√
φ (t)dt.

Assume all solutions in the following lemmas are complete and noncom-
pact.

Theorem 4.15 (Asymptotic scalar curvature ratio is independent of
time). If (Mn, g (t)) is an ancient solution with bounded nonnegative curva-
ture operator, then ASCR (g (t)) is independent of t.

Proof. See Theorem 19.1 in [267]. �

Theorem 4.16 (Asymptotic scalar curvature ratio is infinite on steady
solitons, n ≥ 3). Let (Mn, g0, f0) be a complete steady gradient Ricci soliton:

Rc (g0) + Hess g0 (f0) = 0

such that sect (g0) > 0 and R attains its maximum at some point O ∈ M
(which we call the origin). If n ≥ 3, then ASCR (g0) = ∞.

Proof. Recall by Theorem 4.1 we can put steady Ricci gradient soli-
tons in canonical form. In particular, there exists a 1-parameter group of
diffeomorphisms ϕt : M →M such that

g (t) = ϕ∗
t g0

is a solution of Ricci flow, for all t ∈ (−∞,∞)

Rc (g (t)) + Hessg(t) f (t) = 0

where f (t) + f ◦ ϕt,
∂

∂t
ϕt (x) = (grad g0f0) (ϕt (x)) ,

1Inequality 4.41 is a trivial generalization of Theorem 17.1 in [267].
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and
∂f

∂t
= |∇f |2 = ∆f.

We shall prove the theorem by contradiction: suppose

ASCR (g (t)) ≡ ASCR (g0) <∞ for all t.

(Note g (t) is isometric to g0 for all t.) We shall show that there exists a
pointwise backward limit

g∞ (x, t) + lim
t→−∞

g (x, t)

for all x ∈M −{O} and that (M − {O} , g∞) is a complete flat Riemannian
manifold (although each g (t) is incomplete on M−{O} .) Since sect (g0) > 0
implies Mn is diffeomorphic to Rn, M − {O} is diffeomorphic to Sn−1 × R,
we obtain a contradiction when n ≥ 3.2

Recall that since R attains its maximum at O,

R+ |∇f |2 ≡ R (O) .

Since ASCR (g (t)) <∞,

(4.42) lim
dg(t)(x,O)→∞

R (x, t) = 0.

Hence

lim
dg(t)(x,O)→∞

|∇f | (x, t) =
√
R (O) > 0.

Using ASCR (g (t)) <∞ again, there exists C <∞ such that for all x ∈M

0 ≤ − ∂

∂t
g (x, t) = 2 Rc (x, t)

≤ 2R (x, t) g (x, t)

≤ C

1 + dg(t) (x,O)2
g (x, t)

=
C

1 + dg0 (ϕt (x) , O)2
g (x, t)

(g (t) are all isometric to each other by isometries fixing O, so C is indepen-
dent of t.)

For any ε > 0, there exists c > 0 such that

(4.43) dg0 (ϕt (x) , O) ≥ c |t|

for all x ∈M −Bg0 (O, ε) . Let φ0 = −f0 so that

Rc (g0) = Hess g0 (φ0) .

2Actually Rc (g0) > 0 implies f is convex, proper, and Mn ∼= Rn.
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Note that for any c0 > φ0 (O) there exists δ0 > 0 such that if φ0 (x) ≥ c0,

then |∇φ0|2 (x) ≥ δ0. Given any ε > 0, there exists c1 > φ0 (O) such that
{x ∈M : f (x) ≤ c1} ⊂ Bg0 (O, ε) . If x ∈M −Bg0 (O, ε) , then

− ∂

∂t
φ0 (ϕt (x)) = |∇φ0|2 (ϕt (x)) ≥ 0

so that ϕt (x) ∈M −Bg0 (O, ε) for all t ≤ 0 and

− ∂

∂t
φ0 (ϕt (x)) ≥ δ0

for all t ≤ 0. From this we conclude (4.43).
The estimate (4.43) implies for any ε > 0 there exists C <∞ such that

for all x ∈M −Bg0 (O, ε)

0 ≤ − ∂

∂t
g (x, t) ≤ C

1 + |t|2
g (x, t) .

Hence for any ε > 0, there exists C > 0 such that

Cg (x, 0) ≥ g (x, t1) ≥ g (x, t2) ≥ g (x, 0)

for all x ∈M −Bg0 (O, ε) and −∞ < t1 ≤ t2 ≤ 0. Hence the pointwise limit
limt→−∞ g (x, t) + g∞ exists on M − {O} . Since we have uniform bounds
on all derivatives of curvature, g∞ is smooth. One way to see this is to take
a sequence of times ti → −∞ and apply Shi’s estimates (steady solitons are
ancient so the estimates apply to each metric g (ti) to get derivative of cur-
vature bounds) and the Arzela-Ascoli theorem to get pointwise convergence
of a subsequence g (ti) to g∞. The Riemannian manifold (Mn − {O} , g∞) is
complete. This is because for any point x ∈ M − {O} and r < dg(t) (x,O) ,

the submanifold
(
Bg(t) (x, r), g (t)

)
is complete, and for any x ∈M − {O} ,

lim
t→−∞

dg(t) (x,O) = lim
t→−∞

dg0 (ϕt (x) , O) = ∞.

Furthermore, by (4.42)

Rg∞ (x) = lim
t→−∞

R (x, t) = lim
t→−∞

Rg0 (ϕt (x)) = 0

for all x ∈ M − {O} . Since sect (g (t)) > 0 we have sect (g∞) ≥ 0 and we
conclude sect (g∞) ≡ 0 on M−{O} , from which we obtain our contradiction
to the assumption ASCR (g0) <∞. �

Lemma 4.17 (Curvature decay to zero is preserved). If (Mn, g (t)) , t ∈
[0, T ), is a solution to Ricci flow with bounded curvature and

lim
d0(x,O)→∞

|Rm (x, 0)| = 0,

then limdt(x,O)→∞ |Rm (x, t)| = 0 all t ≥ 0.

Proof. See Theorem 18.2 in [267]. �
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Proposition 4.18 (Asymptotic volume ratio is constant). If (Mn, g (t))
is a solution with bounded nonnegative Ricci curvature and

lim
d(x,O)→∞

|Rm (x, t)| = 0 for all t,

then AVR(g (t)) is independent of t.

Proof. See Theorem 18.3 in [267]. �

For historical reasons, we note the following proposition (see Theorem
19.2 of [267].) In Volume 2 we shall see that any ancient solution has
AVR (g) = 0. Thus the hypothesis in the following proposition is vacuous.
That is, a Type I ancient solution with bounded positive curvature operator
has ASCR (g) = ∞.

Proposition 4.19. If (Mn, g (t)) is a Type I ancient solution with bounded
positive curvature operator and ASCR (g) <∞, then

(1) (Positive asymptotic volume ratio)

AVR (g) > 0.

(2) (At most quadratic decay of curvature) For any choice of O ∈Mn,
there exists c = c (O, t) > 0 such that

R (x, t) dg(t) (x,O)2 ≥ c

for all x ∈Mn.

It is easy to see that for the cigar soliton Σ2 we have ASCR
(
Σ2
)

= 0

and AVR
(
Σ2
)

= 0. In particular, the cigar is asymptotic to a cylinder
without rescaling (blowing down) and its curvature decays exponentially as
a function of distance to the origin.

For the Bryant soliton B3, we have ASCR
(
B3
)

= ∞ (since the norm
of curvature decays inversely proportional to the distance to the origin)
and AVR

(
B3
)

= 0. Blow down limits of the Bryant soliton (dimension

reduction) are cylinders S2 × R.
Blowing down a parabola to a line. A rather trivial but apt ana-

logue of this is the following. Consider the parabola P =
{(
x, x2

)
: x ∈ R

}

in the plane. Take a sequence of points {xi} with xi → ∞. Translate the
parabola vertically so that the line y = x2

i becomes the x-axis and then
homothetically rescale the translated parabola so that the distance xi from
(xi, 0) to the y-axis becomes 1. That is, consider the sequence of parabolas:

Pi +

{(
x

xi
,
x2 − x2

i

xi

)
: x ∈ R

}
.

We can rewrite Pi as

Pi =

{(
±
√

1 +
y

xi
, y

)
: y ≥ −xi

}
.

From this we see that Pi limits to the two lines {x = ±1} = S0×R as i→ ∞
(since xi → ∞).
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10. Homogeneous solutions

We say that a Riemannian manifold (Mn, g) is (globally) homogeneous
if for every x, y ∈Mn there exists an isometry ι : Mn →Mn with ι (x) = y.
A nice class of homogeneous manifolds are Lie groups with left-invariant
metrics. Suppose G is a 3-dimensional unimodular (i.e., its volume form
is bi-invariant) Lie group with a left invariant metric g. Then there exists a

left-invariant frame field {fi}3
i=1 with dual coframe field

{
ηi
}3

i=1
such that

there are positive constants A,B,C such that metric is diagonal:

g = Aη1 ⊗ η1 +Bη2 ⊗ η2 + Cη3 ⊗ η3

and the Lie brackets are of the form:

(4.44) [fi, fj ] = ckijfk

where ckij ∈ {1, 0,−1} and ckij = 0 unless i, j, k are distinct. Let λ + c123,

µ + c231, ν + c312. The frame field {ei}3
i=1 defined by

e1 + A−1/2f1, e2 + B−1/2f2, e3 + C−1/2f3,

is orthonormal.
Formula (4.44) implies

[ei, ej ] =
λkc

k
ij

(λiλjλk)
1/2

ek

where λ1 = A, λ2 = B and λ3 = C. By (1.150) the components of the
Levi-Civita connection are

〈∇eiej , ek〉 =
1

2
(〈[ei, ej ] , ek〉 − 〈[ei, ek] , ej〉 − 〈[ej , ek] , ei〉)

=
1

2 (λiλjλk)
1/2

(
λkc

k
ij − λjc

j
ik − λic

i
jk

)
.

Substituting this into (1.152) and since ∇ejej = 0, we have

〈Rm(ei, ej)ej , ei〉 =
〈
∇eiej ,∇ejei

〉
−
〈
∇ejej ,∇eiei

〉
−
〈
∇[ei,ej ]ej , ei

〉

=
1

4λiλjλk

(
λkc

k
ij − λjc

j
ik − λic

i
jk

)(
λkc

k
ji − λic

i
jk − λjc

j
ik

)

− 1

2λiλjλk
λkc

k
ij

(
λic

i
kj − λjc

j
ki − λkc

k
ji

)

=
1

4λiλjλk

((
λic

i
jk − λjc

j
ki

)2
−
(
λkc

k
ij

)2
)

+
2

4λiλjλk
λkc

k
ij

(
λic

i
jk + λjc

j
ki − λkc

k
ij

)

where {i, j, k} is a permutation of {1, 2, 3} and we have used the anti-
symmetry of ckij in i and j. Thus the sectional curvatures K (ei ∧ ej) =



170 4. RICCI SOLITONS AND OTHER SPECIAL SOLUTIONS

〈Rm(ei, ej)ej , ei〉 are given by:

K (e2 ∧ e3) =
(µB − νC)2

4ABC
+ λ

2µB + 2νC − 3λA

4BC

K (e3 ∧ e1) =
(νC − λA)2

4ABC
+ µ

2νC + 2λA− 3µB

4AC

K (e1 ∧ e2) =
(λA− µB)2

4ABC
+ ν

2λA+ 2µB − 3νC

4AB

and the 〈Rm (ek, ei) ej , ek〉 = 0 for any i 6= j and k. From this we can easily
derive that the Ricci tensor is diagonal and given by:

Rc (e1, e1) =
(λA)2 − (µB − νC)2

2ABC
(4.45)

Rc (e2, e2) =
(µB)2 − (νC − λA)2

2ABC
(4.46)

Rc (e1, e1) =
(νC)2 − (λA− µB)2

2ABC
.(4.47)

Hence the Ricci flow equation is equivalent to the following system:

dA

dt
=

(µB − νC)2 − (λA)2

BC
(4.48)

dB

dt
=

(νC − λA)2 − (µB)2

AC
(4.49)

dC

dt
=

(λA− µB)2 − (νC)2

AB
.(4.50)

We note that the normalized Ricci flow (3.4) is:

dA

dt
=

−4 (λA)2 + 2 (µB)2 + 2 (νC)2 − 4µB · νC + 2νC · λA+ 2λA · µB
3BC

(4.51)

dB

dt
=

2 (λA)2 − 4 (µB)2 + 2 (νC)2 + 2µB · νC − 4νC · λA+ 2λA · µB
3BC

(4.52)

dC

dt
=

2 (λA)2 + 2 (µB)2 − 4 (νC)2 + 2µB · νC + 2νC · λA− 4λA · µB
3BC

(4.53)

since by summing up (4.45)-(4.47) we see that the scalar curvature is

R =
− (λA)2 − (µB)2 − (νC)2 + 2µB · νC + 2νC · λA+ 2λA · µB

2ABC
.
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First we consider the case when the Lie group G is SU (2) so that there
exists a frame such that λ = µ = ν = −2. In this case

R = 2
−A2 −B2 − C2 + 2BC + 2CA+ 2AB

ABC

= 2
A2 +B2 + C2 − (B − C)2 − (A− C)2 − (A−B)2

ABC
.

Note the special case where B = C in which case R = 22B−A
B2 . In particular,

when B = C < A
2 , we have R < 0. Unlike the case of the Ricci flow on

surfaces, the scalar curvature does not remain negative on SU (2) . In fact
we have the following (see p. 728-9 of [297]).

Theorem 4.20 (Isenberg-Jackson). For any left-invariant initial metric
g0 on SU (2) there exists a solution g (t) of the normalized Ricci flow defined
for all t ∈ [0,∞) with g (0) = g0 such that g (t) converges to a constant
positive sectional curvature metric as t→ ∞.

On SU (2) the normalized Ricci flow equations (4.51)-(4.53) become

dA

dt
= 4

−4A2 + 2B2 + 2C2 − 4BC + 2CA+ 2AB

3BC
dB

dt
= 4

2A2 − 4B2 + 2C2 + 2BC − 4CA+ 2AB

3BC
dC

dt
= 4

2A2 + 2B2 − 4C2 + 2BC + 2CA− 4AB

3BC
.

Under the normalized flow (ABC) (t) is independent of time. Hence we may
assume without loss of generality (ABC) (t) ≡ 8/3. We then have

dA

dt
= A

(
A (B + C − 2A) + (B − C)2

)
(4.54)

dB

dt
= B

(
B (A+ C − 2B) + (A− C)2

)
(4.55)

dC

dt
= C

(
C (A+B − 2C) + (A−B)2

)
.(4.56)

From this we may compute the evolution equations for the difference of the
metric components:

d

dt
(A− C) = 2C3 − 2A3 +AB2 +A2B −BC2 −B2C

=
(
−2
(
A2 +AC + C2

)
+B2 +B (A+ C)

)
(A− C)(4.57)

and similarly for d
dt (A−B) and d

dt (B − C) . We assume without loss of
generality

A (0) ≥ B (0) ≥ C (0) .

By the above equations, we have

A (t) ≥ B (t) ≥ C (t)
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for all t > 0. Since A+B − 2C ≥ 0, equation (4.56) implies dC
dt ≥ 0 so that

C (t) ≥ C (0) .
Now we may estimate the factor on the rhs of (4.57)

− 2
(
A2 +AC + C2

)
+B2 +B (A+ C)

= −2C2 −
(
A2 −B2

)
−AC − (A+ C) (A−B)

≤ −2C2 ≤ −2C (0)2 .

Thus

d

dt
(A− C) ≤ −2C (0)2 (A− C) .

We conclude that

A (t) − C (t) ≤ (A (0) − C (0)) e−2C(0)2t

for all t > 0. That is, A−C decays exponentially to zero. Since A ≥ B ≥ C
and we have normalized the volume so that ABC ≡ 8/3, we conclude that
A (t) , B (t) , C (t) exponentially converge to A∞ = B∞ = C∞ + 2/ 3

√
3. That

is, g (t) exponentially converges as t→ ∞ to the constant sectional curvature
metric

g∞ +
(
2/

3
√

3
) (
η1 ⊗ η1 + η2 ⊗ η2 + η3 ⊗ η3

)
.

Second we consider the case where G is the Heisenberg group (Nil) of
upper-triangular 3 × 3 real matrices. In this case there is a frame where
λ = −2 and µ = ν = 0. Then for Nil the Ricci flow equations (4.48)-(4.50)
are equivalent to:

(4.58) − d

dt
logA =

d

dt
logB =

d

dt
logC = 4

A

BC
.

We immediately see that A is decreasing whereas B and C are increasing.
In fact B/C, AB and AC are independent of time. We compute

d

dt
log

(
A

BC

)
= −12

A

BC

so that

A

BC
(t) =

1

12

(
B0C0

12A0
+ t

)−1

where A0 + A (0) , B0 + B (0) , C0 + C (0) . Thus one can explicitly solve
(4.58) to get

(4.59)
A0

A (t)
=
B (t)

B0
=
C (t)

C0
=

(
1 +

12A0

B0C0
t

)1/3

≤ const · (t+ 1)1/3 .
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The sectional curvatures:

K (e2 ∧ e3) = − 3A

BC
= −3

(
B0C0

A0
+ 12t

)−1

(4.60a)

K (e3 ∧ e1) =
A

BC
=

(
B0C0

A0
+ 12t

)−1

(4.60b)

K (e1 ∧ e2) =
A

BC
=

(
B0C0

A0
+ 12t

)−1

(4.60c)

satisfy |sect (g (t))| ≤ const ·t−1. Note that the scalar curvature is negative
as it must be for the solution to exist for all time. If we consider a com-
pact quotient of the Heisenberg group, such as G/Z3, the diameters satisfy

diam (g (t)) ≤ const · (t+ 1)1/6 . Hence

(4.61) |sect (g (t))|diam (g (t))2 ≤ const ·t−2/3 → 0 as t→ ∞.

Thus the solution collapses as time tends to infinity. In fact, (4.61) says
that the metrics become more and more almost flat. The only nonzero

bracket is [e2, e3] = −
√

A
BC e1 ≈ t−1/2e1, so that the brackets tend to zero

when measured in an orthonormal frame.
See [86], [297], [274], [320] and [324] for further discussion of the Ricci

flow of homogeneous 3-manifolds and related quasi-stability questions
(some in the category of warped products). Besides SU (2) and Nil, some

other 3-dimensional homogeneous geometries correspond to Solv, ˜SL (2,R),
˜Isom (R2) and E3. In the case of Solv and ˜SL (2,R), homogeneous solutions

exist for all time and |Rm| ≤ Ct−1. In the case of ˜Isom (R2) the solution
exists for all time and |Rm| ≤ Ce−ct while for E3 the solution is flat and
hence stationary. These geometries roughly correspond to Thurston’s model
geometries, but are not in 1-1 correspondence, since the geometries he con-
siders have maximal isotropy groups. See Isenberg-Jackson-Lu [298] for
work on the Ricci flow on 4-dimensional homogeneous spaces.

Exercise 4.21. Another way to compute the curvatures of a left-invariant
metric on a Lie group is as follows. Suppose that G is a Lie group and
{fi}ni=1 is a left-invariant frame field with

[fi, fj ] = ckijfk

and g = a2
i η
i⊗ηi, where

{
ηi
}n
i=1

is the dual coframe to {fi}ni=1 (i.e., ηi (fj) =

δij .) We compute

dηi (fj , fk) = fj
(
ηi (fk)

)
− fk

(
ηi (fj)

)
− ηi ([fj , fk])

= −cijk.
Thus

dηi = −cijkηj ∧ ηk.
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An orthonormal frame field is {ei} where ei = a−1
i fi and the dual coframe

is
{
ωi
}

where ωi = aiη
i. Since

dωi (ej , ek) = − ai
ajak

cijk,

we have by (1.52)

ωki =
1

2

(
dωi (ej , ek) + dωj (ei, ek) − dωk (ej , ei)

)
ωj

=
1

2

(
− ai
ajak

cijk −
aj
aiak

cjik +
ak
aiaj

ckji

)
ωj .

The we may use the second Cartan structure equation to compute the cur-
vature 2-form

Ωk
i = dωki − ωji ∧ ωkj .

Compute 〈Rm (ei, ej) ek, eℓ〉 .

11. Isometry group

If (Mn, g (t)) is a solution to the Ricci flow on a closed manifold and
γ is an isometry of Mn with respect to the metric g (0) , then γ is also an
isometry of Mn with respect to g (t) for all t > 0. This follows from the
uniqueness of solutions of the Ricci flow with a given initial metric. For if γ
is an isometry of g (0) , then g (t) and γ∗g (t) are both solutions of the Ricci
flow with initial metric g (0) . Hence by uniqueness, g (t) = γ∗g (t) for all
t > 0.

Problem 4.22 (A. Fisher). If (Mn, g (t)) is a solution to the Ricci flow
on a closed manifold, then is Isom (g (t)) = Isom (g (0)) for all t > 0?

By the above remarks, we see that Isom (g (t)) ⊃ Isom (g (0)) . Since we
find it hard to believe that a spontaneous symmetry can be created, we
conjecture that we actually have equality. Note the problem easily reduces
to a backward uniqueness question:

Problem 4.23. If g1 (t) and g2 (t) are solutions to the Ricci flow on a
closed manifold on a time interval [0, T ) and if g1 (t′) = g2 (t′) for some t′ ∈
(0, T ), then is g1 (t) = g2 (t) for all t ∈ [0, t′] (and hence for all t ∈ [0, T ))?

Indeed, if γ is an isometry of g (t′) , then g (t) and γ∗g (t) are solutions
of the Ricci flow with g (t′) = γ∗g (t′); an affirmative answer to the latter
problem would imply g (t) = γ∗g (t) for all t. In particular, γ would be an
isometry of g (0) .

12. Notes and commentary

§5. The analogue to the cigar soliton for the curve shortening flow
(or CSF for short) of a plane curve ∂x

∂t = −κν, where κ is the curvature
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and ν is the unit outward normal, is the grim reaper translating (steady)
soliton:

(4.62) y = t+ log secx

for x ∈ (−π/2, π/2) and t ∈ R. The CSF was first proposed by Mullins [393]
to model the motion of idealized grain boundaries and he also discovered
the grim reaper solution (a terminology later coined by Matt Grayson). For
curves which are graphs of functions y = f (x, t) , the curve shortening flow
becomes:

∂y

∂t
=

(
1 +

(
∂y

∂x

)2
)−1

∂2y

∂x2
.

From this one easily checks that the curves given by (4.62) are solutions to
the CSF. If we let θ denote the angle the unit tangent vector makes with
the x-axis, then we have

κ = cos θ.

Next we consider steady soliton solutions of the one-dimensional heat

equation of the form u (x, t) = F
(
x√
t

)
. The heat equation leads to the ode

F ′′ (y) = −1

2
yF ′ (y)

where y = x√
t
. Thus, for some A ∈ R

F ′ (y) = Ae−
1
4
y2 .

We conclude

u (x, t) = B +A
√
πerf

(
x

2
√
t

)

for some A,B ∈ R and where

erf (y) +
2√
π

∫ y

0
e−w

2
dw.

Note that

u (x, t+ s) = u

( √
t√

t+ s
x, t

)
.

§6. The analogue of the Rosenau solution for the CSF is

(4.63) y = log
(
cosx+

√
e2t + cos2 x

)
− t

or −∞ < t < 0. This solution can be derived as follows. The evolution of
the curvature κ (θ, t) is given by κt = κ2κθθ +κ3. Searching for a solution of

the form κ (θ, t)2 = a (θ) + b (t) leads to the equations

a′′ (θ) + 4a (θ) = 0,
(
a′ (θ)

)2
+ 4a (θ)2 = 4C2, b′ (t) − 2b (t)2 = −2C2

where C is a constant. Taking C = 1, we have the particular solution
a (θ) = cos 2θ and b (t) = coth (−2t) for t < 0. Hence the solution satisfies

κ (θ, t) =
√

cos 2θ + coth (−2t).
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From this we can derive (4.63). Note that

lim
t→−∞

κ (θ, t) =
√

2 |cos θ| .

This exhibits the fact that the limit as t→ −∞ at either end of the oval is
the grim reaper (without rescaling).

In Olwell [409] translating solutions to the Gauss curvature flow are
constructed.

§7. Recall that graph solutions y = y (x, t) of the curve shortening flow
satisfy

(4.64) yt =
yxx
y2
x + 1

.

We look for solutions of the form

(4.65) y (x, t) =
√
tF

(
x√
t

)
.

Such solutions
y
(
x, c2t

)
= cy

(x
c
, t
)
.

We compute

yt = − x

2t
F ′
(
x√
t

)
+

1

2
√
t
F

(
x√
t

)
,

yx = F ′
(
x√
t

)

and

yxx =
1√
t
F ′′
(
x√
t

)

Under the assumption (4.65), setting r + x√
t
, we find that (4.64) is equivalent

to

−r
2
F ′ (r) +

1

2
F (r) =

F ′′ (r)

F ′ (r)2 + 1
.

We may rewrite this as the second order ode

(4.66) 2F ′′ (r) + r
[
F ′ (r)

]3 −
[
F ′ (r)

]2
F (r) + rF ′ (r) − F (r) = 0.

Lemma 4.24. There exists a solution of (4.66) with boundary values:

lim
r→0

F (r) = ∞ and lim
r→∞

F (r) = 0.

This solution is called the 90◦ Brakke wedge.

Exercise 4.25. Prove the above lemma.



CHAPTER 5

Analytic results and techniques

In this chapter we discuss various analytic results and techniques that
are fundamental for the study of the qualitative behavior of solutions of the
Ricci flow. This includes derivative estimates – useful for proving long time
existence of solutions and obtaining some local control of solutions, Cheeger-
Gromov type compactness theorem for solutions of Ricci flow – necessary
for obtaining pointed limits of dilations about singularities, Hamilton-Ivey
estimate – used for showing singularity models formed in finite time in di-
mension 3 have nonnegative sectional curvature, strong maximum principle
for systems – used to obtain splitting and rigidity of these singularity models.
In the last two sections we give some applications of the strong maximum
principle for systems to the study of solutions with nonnegative curvature.

1. Derivative estimates and long time existence

The following estimate says that the maximum of the curvatures
cannot grow too fast too soon as time increases.

Lemma 5.1 (Doubling time estimate). If |Rm (g (0))| ≤ K, then

|Rm (g (t))| ≤ 2K

for all 0 ≤ t ≤ 1/ (16K) .

Proof. From (3.6) we see that

∂

∂t
|Rm|2 = ∆ |Rm|2 − 2 |∇Rm|2 + 8 (Bijkℓ +Bikjℓ)Rijkℓ

≤ ∆ |Rm|2 − 2 |∇Rm|2 + 16 |Rm|3 ,(5.1)

where Bijkℓ + −RqpijR
p
qℓk. Let ρ (t) be the solution to the corresponding ode

d

dt
ρ2 = 16ρ3, ρ (0) = K.

By the maximum principle (Lemma 2.11), we have

|Rm (g (t))| ≤ ρ (t) =
K

1 − 8Kt
.

�

So far we have seen the nice cases of Ricci flow where we have global
existence of the normalized flow and convergence to a constant sectional

177
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curvature metric. Now we shall consider the more prevalent case, which is
when singularities occur.

Definition 5.2 (Singular solution). Given a solution (Mn, g (t)) , t ∈
[0, T ), of the Ricci flow we say that [0, T ), is the maximal time interval of

existence if for every solution (Mn, g̃ (t)) , t ∈ [0, T̃ ), of the Ricci flow with

g̃ (t) = g (t) for t ∈ [0,min
{
T, T̃

}
) we have T̃ ≤ T. Moreover, if T < ∞,

then we say that g (t) forms a singularity at time T.

The following result says that the solution exists as long as the curvature
remains bounded.

Proposition 5.3 (Long time existence). If (Mn, g (t)) is a solution of
the Ricci flow on a closed manifold on a maximal time interval [0, T ), where
T <∞, then

(5.2) sup
Mn×[0,T )

|Rm| = ∞.

In fact,

(5.3) lim
t→T

max
Mn

|Rm (·, t)| = ∞.

Remark 5.4. Lemma 5.1 may be used to show that (5.2) implies (5.3).
The contrapositive statement is obtained as follows. Suppose there exists a
sequence of times ti → T and a constant K <∞ such that

max
Mn

|Rm (·, ti)| ≤ K

for all i ∈ N. Then, by the doubling time estimate, we have |Rm (g (t))| ≤ 2K
for all ti ≤ t ≤ ti+1/ (16K) . From this we conclude that supMn×[tj ,T ) |Rm| ≤
2K for some j ∈ N.

The idea of the proof is to obtain higher derivative of curvature
estimates. Solutions with a given bound on the curvature may have co-
variant derivatives that are initially arbitrarily large. However, for short
time, one can obtain bounds for the higher covariant derivatives of the cur-
vature which improve with time on a short enough initial time interval (see
[153], p. 223-4).

Example 5.5 (Bumpy metrics). Consider the 1-parameter family of ini-
tial metrics on R × S1

gε + dr2 +
(
1 + ε sin

(
r/
√
ε
))2

dθ2.

We have

K (gε) =
sin (r/

√
ε)

1 + ε sin (r/
√
ε)

= 1 − 1

1 + ε sin (r/
√
ε)

which is uniformly bounded for ε ∈ (0, 1/2]. Note that

|∇K (gε)| =

∣∣∣∣
∂

∂r
K (gε)

∣∣∣∣ =
1√
ε

|cos (r/
√
ε)|

(1 + ε sin (r/
√
ε))

2
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so that

sup
R×S1

|∇K (gε)| ≥
1√
ε

which tends to infinity as ε → 0. Since sine is a periodic function, we can
quotient these metrics to yields metrics on S1 ×S1. It is nice to think of the
following theorem applying to these initial metrics.

Theorem 5.6 (Global derivative of curvature estimates). If (Mn, g (t)) ,
t ∈ [0, T ), is a solution of the Ricci flow on a closed manifold, then for each
α > 0 and every m ∈ N , there exists a constant C (m,n, α) depending only
on m, and n, and max {α, 1}such that if

|Rm (x, t)|g(t) ≤ K for all x ∈Mn and t ∈ [0,
α

K
] ∩ [0, T ),

then
(5.4)

|∇m Rm (x, t)|g(t) ≤
C (m,n, α)K

tm/2
for all x ∈Mn and t ∈ (0,

α

K
]∩[0, T ).

We call these estimates Bernstein-Bando-Shi estimates (see [38],
[462] and [463]; for related smoothing estimates, see [42]). For m = 1, we
can prove (5.4) by considering the gradient quantity

F = t |∇Rm|2 + β |Rm|2 ,
and showing

(5.5)
∂F

∂t
≤ ∆F + C (n)βK3,

for β depending only on max {α, 1} and n, and where the constant C (n)
depends only on n. Since F ≤ βK2 at t = 0, by applying the maximum
principle to (5.5), we obtain t |∇Rm|2 ≤ F ≤ C (n, α)K2 for t ∈ [0, α/K] ,
where C (n, α) depends only on max {α, 1} and n. The first derivative esti-
mate immediately follows. The higher derivative estimates can be proved
using analogous quantities involving higher derivatives of curvature. We
refer the reader to [153], Theorem 7.1 on p. 223-4.

Exercise 5.7. Fill in the details of the proof of (5.5) for m = 1. Hint:
show that (see (5.1))

∂

∂t
|Rm|2 ≤ ∆ |Rm|2 − 2 |∇Rm|2 + 16 |Rm|3

and
∂

∂t
|∇Rm|2 ≤ ∆ |∇Rm|2 + C |Rm| · |∇Rm|2

where we have dropped the good −2
∣∣∇2 Rm

∣∣2 term from the rhs.

We now give the statement of the following estimate of W.-X. Shi.
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Theorem 5.8 (Local derivative of curvature estimates). For any α, K,
r, n and m ∈ N, there exists C depending only on α, K, r, n and m such
that if Mn is a manifold, p ∈ M, and g (t) , t ∈ [0, T0] , 0 < T0 ≤ α/K,
is a solution to the Ricci flow on an open neighborhood U of p containing
B̄g(0) (p, r) as a compact subset, and if

|Rm (x, t)| ≤ K for all x ∈ U and t ∈ [0, T0],

then

|∇m Rm (y, t)| ≤ C (α,K, r, n,m)

tm/2

for all y ∈ Bg(0) (p, r/2) and t ∈ (0, T0].

The proof of Proposition 5.3 is based on this and the following elemen-
tary result which gives a sufficient condition for the metrics to remain uni-
formly equivalent to the initial metric (see Lemma 14.2 of [255] and [153],
p. 203).

Lemma 5.9 (Uniform equivalence of the metrics). Let g (t) , t ∈ [0, T ),
where T ≤ ∞, be a smooth 1-parameter family of metrics on a manifold
Mn. If there exists a constant C <∞ such that

(5.6)

∫ T

0
sup
x∈Mn

∣∣∣∣
∂g

∂t
(x, t)

∣∣∣∣
g(t)

dt ≤ C,

then for any x0 ∈Mn and t0 ∈ [0, T ), we have

(5.7) e−Cg (x0, 0) ≤ g (x0, t0) ≤ eCg (x0, 0) .

Moreover, the metrics g (t) converge uniformly as t → T to a continuous
metric g (T ) with e−Cg ≤ g (T ) ≤ eC .

Applying the first part of this to a solution to the Ricci flow, we have

Corollary 5.10 (Bounded Ricci implies uniform equivalence). If

sup
M×[0,T )

|Rc| ≤ K,

then
e−2KT g (x, 0) ≤ g (x, t) ≤ e2KT g (x, 0) ,

for all x ∈Mn and t ∈ [0, T ).

Proof of the lemma. Given V ∈ TxM and times 0 ≤ t1 ≤ t2 < T,
we have
(5.8)∣∣∣∣log

g(x,t2) (V, V )

g(x,t1) (V, V )

∣∣∣∣ =
∣∣∣∣∣

∫ t2

t1

∂
∂tg(x,t) (V, V )

g(x,t) (V, V )
dt

∣∣∣∣∣ ≤
∫ T

t1

∣∣∣∣
∂g

∂t
(x, t)

∣∣∣∣
g(t)

dt + C (t1) ≤ C,

and limt→T C (t) = 0. Taking the exponential of this estimate with t1 = 0
yields (5.7). By (5.8), the continuity of the metrics g (t) , and the formula

g (t) (V,W ) =
1

4

(
|V +W |2g(t) − |V −W |2g(t)

)
,
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we see that for every V,W ∈ TM

lim
t→T

g (t) (V,W ) + g (T ) (V,W )

exists; the convergence is uniform on compact sets, and g (T ) (V,W ) is a
metric continuous in V and W. �

Exercise 5.11. Prove the following. If Rc ≥ −K, then g (x, t) ≤
e2KT g (x, 0) . If Rc ≤ K, then g (x, t) ≥ e−2KT g (x, 0) .

In Volume 2 we present Sesum’s theorem [453] which states that a so-
lution to the Ricci flow on a closed manifold exists as long as the Ricci
curvature is bounded. That is, if |Rc| ≤ C on a time interval [0, T ), where
T <∞, then the solution can be continued past time T.

To obtain convergence of the metric, we need to bound its derivatives.
This is the reason for stating the following (see also Proposition 6.48 on p.
203 of [153].)

Proposition 5.12 (Curvature bound implies metric derivative bounds).
If (Mn, g (t)) is a solution of the Ricci flow on a closed manifold with

|Rm (x, t)|g(t) ≤ K

for all x ∈Mn, t ∈ [0, T ), and some K <∞, then for any background metric
ḡ and m ∈ N, there exists a constant Cm <∞ depending only on m, K, T ,
g (0) and ḡ such that

(5.9)
∣∣∇̄mg (x, t)

∣∣
ḡ
≤ Cm for all x ∈Mn and t ∈ [0, T ),

where ∇̄ is the Riemannian covariant derivative associated to ḡ.

This completes the sketch of the proof of Proposition 5.3.

Remark 5.13. Note that we have not assumed that the derivatives of
the curvature are bounded. By Shi’s estimate such uniform estimates hold
on any time interval [ε, T ), where ε > 0.

2. Cheeger-Gromov type compactness theorem for Ricci flow

In the study of singular solutions, we are interested in taking limits
of sequences of solutions of the Ricci flow. Such sequences are obtained by
dilating about a sequence of points and times. Before we consider this case of
time-dependent metrics, we first consider sequences of pointed Riemannian
manifolds. Let {(Mn

i , gi, Oi)}i∈N
be a sequence of complete Riemannian

manifolds with a uniform bound on the curvatures over the whole manifolds
and a lower bound on the injectivity radius at the origins:

(1) |Rm (gi)| ≤ C on Mn
i

(2) inj (gi, Oi) ≥ c > 0.

Since we are interested in smooth convergence, we also assume bounds on
the higher covariant derivatives of curvature:
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3.
∣∣∇k Rm (gi)

∣∣ ≤ Ck on Mn
i , where ∇k denotes the kth covariant

derivative with respect to gi.

The Cheeger-Gromov compactness theorem says the following.

Theorem 5.14 (Cheeger-Gromov compactness for pointed Riemannian
manifolds). There exists a subsequence which converges in C∞ to a com-
plete Riemannian manifold (Mn

∞, g∞, O∞) with |Rm (g∞)| ≤ C on Mn
∞,

inj (g∞, O∞) ≥ c > 0, and
∣∣∇k Rm (g∞)

∣∣ ≤ Ck on Mn
∞.

By convergence in C∞ we mean that there exists an exhaustion {Ui}i∈N

of Mn
∞ by open sets and diffeomorphisms Fi : Ui →Mn

i onto an open subset
of Mn

i such that Fi (O∞) = Oi and the sequence of metrics g̃i + F ∗
i (gi)

converges to g∞ on each open set K with compact closure in each Ck-norm1

(measured with respect to g∞.) Note that for each K, we have K ⊂ Ui for i
large enough.

Remark 5.15. Instead of saying for a sequence there exists a subse-
quence which converges we shall sometimes say that a sequence precon-
verges.

Example 5.16 (2d - capping cylinders). Consider the sequence
(
M2
i , gi

)

of Riemannian surfaces diffeomorphic to S2 given as follows. Take the fi-
nite cylinder S1 × [−i, i] , where S1 is the unit circle, and attach two unit
hemispheres to each end. This metric is not C∞ so smooth the metrics out
in a way independent of i and invariant under reflection about the center
circle S1 × {0} .

(1) If Oi = (xi, yi) is a sequence of points such that min {i− yi, yi + i} ≤
C independent of i, then after passing to a subsequence the pointed
sequence

(
M2
i , gi, Oi

)
converges to M2

∞ equal to S1 × [0,∞) with

the unit hemisphere attached at S1 × {0} and the metric smoothed
out. In this case M2

∞ is diffeomorphic to R2. For convenience,
let’s now assume yi + i ≤ C. The subsequence is chosen so that
limi→∞ (yi + i) exists. We may take the exhaustion Ui of M2

∞ to
be S1 × [0, i) with the unit hemisphere attached at S1 ×{0} and the
metric smoothed out. The diffeomorphism Fi : (Ui, g∞) →

(
M2
i , gi

)

is an isometry into half of M2
i .

(2) On the other hand if Oi = (xi, yi) is such that

lim
i→∞

min {i− yi, yi + i} = ∞,

then
(
M2
i , gi, Oi

)
converges to M2

∞ = S1 × R, which is a cylinder.
We leave it to the reader to fill in the details.

The compactness theorem for the Ricci flow [268] states that given
a sequence of complete solutions to the Ricci flow with bounded curvature

1For sequences of solutions of the Ricci flow we give a more technical description of
this below.
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and an injectivity radius estimate at the origins, there exists a subsequence
which converges to a complete solution. There is a long history in this
subject and we refer the reader to [422] for a much more detailed discussion.
We now give the statement of the result we need. The main applications are
to the study of singularities where sequences of solutions arise from dilating
about a sequence of points and times approaching the singularity. Typically
the understanding (classification) of the resulting limits are derived from
monotonicity formulas. In fact, Perelman’s no local collapsing Theorem
provides the injectivity radius estimate necessary to obtain a noncollapsed
limit.

Let p ∈ N andK be a compact subset in a Riemannian manifold (Mn, g) .
We say that a sequence of tensors Ti (t) , t ∈ [0, T ], defined on K converges
to T∞ (t) in the Cp (K × [0, T ], g)-topology as i → ∞ if in every normal
coordinate system

(
x1, . . . , xn

)
in a ball B centered at a point x ∈ K, we

have

∂α+ℓTi (t)

∂xα∂tℓ
→ ∂α+ℓT∞ (t)

∂xα∂tℓ

uniformly on (B ∩K) × [0, T ] for |α| + 2ℓ ≤ p. Here α = (α1, . . . , αk) is a
multi-index and ∂xα + ∂xα1 · · · ∂xαk and |α| + α1 + · · · + αk.

Definition 5.17 (Convergence of manifolds). Let p ∈ N and {Mn
i , gi (t) , Oi},

t ∈ [0, T ], with T > 0 and Oi ∈ Mn
i be a sequence of evolving pointed Rie-

mannian manifolds. We say {Mn
i , gi (t) , Oi}, t ∈ [0, T ], converges to an

evolving pointed Riemannian manifold {M∞, g∞ (t) , O∞}, t ∈ [0, T ],
in the Cp (g∞ (0))-topology if there exists a sequence of open sets Ui in M∞
containing O∞ satisfying Ui ⊂ Ui+1 and ∪iUi = M∞, and a sequence of
diffeomorphisms Fi mapping the sets Ui to open sets Vi in Mn

i satisfying (i)
Fi (O∞) = Oi, and (ii) for any compact set K in M∞ the pulled back metrics
g̃i (t) + F ∗

i gi (t) converge to g∞ (t) in the Cp (K × [0, T ] , g∞ (0))-topology.

First we state a local version of the compactness theorem for the Ricci
flow.

Theorem 5.18 (Compactness theorem - local). Let {(Mn
i , gi (t) , Oi)}i∈N

,
t ∈ [0, T ], with T > 0 be a sequence of complete pointed solutions to the Ricci
flow. Let p0 ≥ 4 be an integer and s0 > 0. Suppose that we have:

(i) the uniform (derivative of) curvature bounds

sup
Bgi(0)

(Oi,s0)×[0,T ]
|∇q Rm (gi (t))| ≤ Cq,s0 <∞

for all 0 ≤ q ≤ p0, and
(ii) an injectivity radius bound

inj gi(0) (Oi) ≥ δ > 0

for all i ∈ N.
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Then there exists c (n) <∞ and a subsequence of
{(
Bgi(0)

(
Oi, e

−c(n)TC0,s0s0

)
, gi (t) , Oi

)}
i∈N

, t ∈ [0, T ],

which converges to an evolving pointed Riemannian manifold {Bn
∞, g∞ (t) , O∞},

t ∈ [0, T ], in the Cp0−2 (g∞ (0))-topology and g∞ (t) is a solution of the Ricci
flow.

Furthermore, if we assume the global bounds

sup
Mn

i ×[0,T ]
|∇q Rm (gi (t))| ≤ Cq <∞

for all 0 ≤ q ≤ p0, instead of (i), then there exists a subsequence of
{(Mn

i , gi (t) , Oi)}i∈N
, t ∈ [0, T ], which converges to an evolving pointed com-

plete Riemannian manifold {Mn
∞, g∞ (t) , O∞}, t ∈ [0, T ] in the Cp0−2 (g∞ (0))-

topology and g∞ (t) is a solution of the Ricci flow.
For more discussion see [267] or [143]. Note that when applying the

above theorem to the Ricci flow, the bounds in (i) can often be derived from
Shi’s local derivative of curvature estimates.

The following global compactness theorem is more often used in the
study of the Ricci flow.

Theorem 5.19 (Compactness theorem - global). Let {(Mn
i , gi (t) , Oi)}i∈N

,
t ∈ (α, ω) ∋ 0, be a sequence of complete pointed solutions to the Ricci flow
such that

(1) (uniformly bounded curvatures)

|Rm (gi (t))|gi(t)
≤ C on Mn

i × (α, ω)

for some constant C <∞ independent of i, and
(2) (injectivity radius estimate at t = 0)

inj gi(0) (Oi) ≥ δ > 0.

Then there exists a subsequence of {(Mn
i , gi (t) , Oi)}i∈N

which converges
as i→ ∞ to a pointed complete solution to the Ricci flow (Mn

∞, g∞ (t) , O∞) ,
t ∈ (α, ω) , with |Rm (g∞)|g∞ ≤ C on Mn

∞ × (α, ω) .

For the proof see [268] or [143]. Note that this theorem only supposes
bounds on the curvature and not on the derivatives of curvature. This is
because for the Ricci flow, if the curvature is bounded in space-time, then
all the derivatives of the curvature are bounded away from time t = α. We
do not need the derivative bounds to be independent of time since we may
apply a diagonalization argument to obtain a subsequence which converges
on the whole time interval (α, ω) . For this same reason, we may weaken the
hypothesis of the theorem and assume only that the curvatures are bounded
by a continuous function of time: |Rm (gi (t))|gi(t)

≤ C (t) .

Remark 5.20. The argument could be extended with some care to solu-
tions restricted to geodesic balls or tubes. The only major difficulty is that
the geodesic balls and tubes at time t = 0 do not stay geodesic balls or tubes



2. CHEEGER-GROMOV TYPE COMPACTNESS THEOREM FOR RICCI FLOW 185

for t > 0. However one can estimate how fast the geodesics balls or tubes
are changing and thus one can find geodesic balls or tubes (of a smaller ra-
dius) at a later time which are contained in the balls or tubes at time t = 0.
For simplicity, we omit the statements and proofs of these extensions (see
[143]).

Some related works on compactness theorems for the Ricci flow are Lu
[356] on the compactness theorem for orbifolds, and Glickenstein [229] on
the compactness theorem without an injectivity radius assumption. See also
Carfora and Marzuoli [87].

Exercise 5.21 (Backward limit of Rosenau as cigar or cylinder). Con-
sider the Rosenau ancient solution of Chapter 4, §6. Determine for which
sequences of points and times (xi, ti) with ti → −∞ the time translated
solutions

(
S2, gi (t) , xi

)
, where gi (t) + g (ti + t) , converges to:

(1) the cigar soliton solution,
(2) the flat cylinder solution.

2.1. Shorter proof of the classification of closed 3-manifolds
with positive Ricci curvature. Using the compactness theorem we can
shorten Hamilton’s proof that closed 3-manifolds M3 with positive Ricci
curvature are diffeomorphic to spherical space forms. However we do not
prove here, as Hamilton does, that the solution of the Ricci flow converges
exponentially fast in C∞ to a constant positive sectional curvature metric.
Instead we prove the convergence after rescaling of a sequence of metrics
g (ti) to a constant positive sectional curvature metric for some ti → T. This
is enough to deduce that M3 is a spherical space form. The basic estimates
that the proof relies on are as follows. For a solution to the Ricci flow on a
closed 3-manifold with positive Ricci curvature initially:

(1) Nonnegative Ricci and positive scalar curvature are preserved ((3.27)
and Corollary 2.10).

(2) The ‘pinching improves’ estimate (5.10).
(3) The no local collapsing theorem and the consequent local injectivity

radius estimate (see Volume 2).
(4) The strong maximum principle applied to solutions of the Ricci flow

with nonnegative scalar curvature everywhere and positive scalar
curvature at a point; this is applied on a limit solution (Corollary
5.37).

(5) Shi’s local derivative estimates (Theorem 5.8).
(6) The Cheeger-Gromov compactness theorem for sequences of pointed

Riemannian manifolds (C∞ version: Theorem 5.14).
(7) The contracted second Bianchi identity (1.17).

Theorem 5.22. If
(
M3, g0

)
is a closed 3-manifold with positive Ricci

curvature, then M3 is diffeomorphic to a spherical space form.
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Proof. By the point picking methods in subsections 2.2.1 and 2.2.2 of
7.2.2.2, the local injectivity radius estimate corollary of the no local col-
lapsing theorem, the derivative of curvature estimates, and the compactness
theorem, there exists a sequence of points and times (xi, ti) with ti → T
such that

Ki + |Rm (xi, ti)| = max
M3

|Rm (ti)|

and the pointed rescaled solutions (M3, gi (t) , xi), where

gi (t) + Kig
(
ti +K−1

i t
)
,

converge in C∞ on compact sets to a complete solution
(
M3, g∞ (t) , x∞

)
,

t ∈ (−∞, ω) , ω > 0, with bounded nonnegative Ricci curvature (by the
Hamilton-Ivey estimate below we actually know that the limit solution has
nonnegative sectional curvature, but we do not need this) and |Rm (x∞, 0)| =
1. (At the moment we do not know whether M3

∞ is compact or not, this will
be proved later.) This implies R (g∞ (x∞, 0)) > 0. Since R (g∞ (t)) ≥ 0, by
the strong maximum principle, we have R (g∞ (t)) > 0 on all of M∞. Fix
any ρ > 0 so that we have uniform positive lower bound R (g∞ (0)) ≥ c > 0
in Bg∞(0) (x∞, ρ) . We shall show that Rc ≡ 1

3Rg for the metric g∞ (0) in
Bg∞(0) (x∞, ρ) . Recall by the ‘Ricci pinching improves’ estimate, that there
exists δ > 0 and C <∞ such that for the original solution g (t)

(5.10)

∣∣Rc−1
3Rg

∣∣
R

≤ CR−δ.

Now gi (0) = Kig (ti) converges to g∞ (0) in C∞ on compact sets. Hence for
i large enough, we have

R (gi) (x, 0) ≥ 1

2
inf

Bg∞(0)(x∞,ρ)
R (g∞ (0)) ≥ c

2

for x ∈ Bgi(0) (xi, ρ− 1) . This implies

R (g (ti)) = KiR (gi (0)) ≥ c

2
Ki in Bgi(0) (xi, ρ− 1) = Bg(ti)

(
xi,

ρ− 1√
Ki

)
.

Now by (5.10), the scale-invariant measure of the difference from Einstein
satisfies: ∣∣Rc−1

3Rg
∣∣

R
(gi (0)) =

∣∣Rc−1
3Rg

∣∣
R

(g (ti))

≤ CR (g (ti))
−δ ≤ C

( c
2
Ki

)−δ

in Bgi(0) (xi, ρ− 1) . Again using the convergence of gi (0) to g∞ (0) , we find
that ∣∣Rc−1

3Rg
∣∣

R
(g∞ (0)) ≤ 2C

( c
2
Ki

)−δ

in Bg∞(0) (x∞, ρ− 2) for all i sufficiently large. Since limi→∞Ki = ∞, we

have
∣∣Rc−1

3Rg
∣∣ (g∞ (0)) ≡ 0 in Bg∞(0) (x∞, ρ− 2) . Since ρ > 0 is arbitrary,
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we conclude that Rc ≡ 1
3Rg on M3

∞ for the metric g∞ (0) . Recall by the con-
tracted second Bianchi identity, this implies R (g∞ (0)) ≡ const > 0. Hence
(for example Myers’ Theorem can used) M3

∞ is compact and
(
M3

∞, g∞ (0)
)

is a spherical space form (in dimension 3 the Weyl tensor is zero so that
Einstein metrics have constant sectional curvature). Finally, since M3

∞ is
compact and admits a complete metric which is a limit of a sequence of
metrics on M3, we conclude M3

∞ is diffeomorphic to M3. Therefore we have
proved the existence of a C∞ metric with constant positive sectional curva-
ture on M3. �

3. The Hamilton-Ivey curvature estimate

We now recall a curvature estimate of Hamilton and Ivey, which implies
that in a scaled sense, the sectional curvatures of any solution to the Ricci
flow on a closed 3-manifold tends to nonnegative. The motivation for the
form of this estimate comes from considering the case where

(
M3, g (t)

)
is

rotationally symmetric and forming a neck pinch. In the region of the neck,
the two smallest eigenvalues are equal and negative and the largest eigen-
value is positive: λ1 (Rm) = λ2 (Rm) < 0 < λ3 (Rm) . These inequalities are
preserved under the following ode system

dλ3

dt
= λ2

3 + λ2
1

dλ1

dt
= λ2

1 + λ1λ3,

which we obtain from (3.23) and where λi = λi (M) . Solving the homoge-
neous system

dλ1

dλ3
=
λ2

1 + λ1λ3

λ2
3 + λ2

1

,

we have

(5.11) log (−λ1) =
λ3

−λ1
+ 2 log

( −λ1

λ3 − λ1

)
+ C

for some constant C. From this we can deduce that if −λ1 is sufficiently
large, then

(5.12) λ3 > −λ1 log (−λ1) .

Exercise 5.23. Confirm equation (5.11) and deduce (5.12).

Before we state the Hamilton-Ivey estimate, we recall an analogue
of Theorem 3.17, which holds for K depending on t. We adopt the same
notation as before.

Proposition 5.24 (Maximum principle for time-dependent convex sets).
Let g (t) , t ∈ [0, T ), be a solution to the Ricci flow on a closed manifold Mn

and let K (t) ⊂ E be subsets which are invariant under parallel translation
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and whose intersections K (t)x + K (t) ∩ Ex with each fiber are closed and
convex. Suppose also that the set

{(v, t) ∈ E × [0, T ) : v ∈ K(t)}
is closed in E × [0, T ) and suppose the ode (3.22) has the property that for
any M (t0) ∈ K (t0) , we have M (t) ∈ K (t) for all t ∈ [t0, T ). If Rm (0) ∈ K,
then Rm (t) ∈ K for all t ∈ [0, T ).

We refer to [155] or [143] for the proof.

Theorem 5.25 (Hamilton-Ivey 3-d curvature estimate). Let
(
M3, g (t)

)

be a solution of the Ricci flow on a closed 3-manifold for 0 ≤ t < T . If
λ1 (Rm) (x, 0) ≥ −1 for all x ∈ M3, then at any point (x, t) ∈ M3 × [0, T )
where λ1 (Rm) (x, t) < 0, we have

(5.13) R ≥ |λ1 (Rm)| (log |λ1 (Rm)| + log (1 + t) − 3) .

In particular,

(5.14) R ≥ |λ1 (Rm)| (log |λ1 (Rm)| − 3) .

Remark 5.26. Assuming λ1 (Rm) ≥ −1 at t = 0, if λ1 (Rm) (x, t) <
−e3, then R (x, t) > 0.

Remark 5.27. By scaling the solution, we see that if we assume

λ1 (Rm) (x, 0) ≥ −C
for all x ∈M3, where C > 0, then

(5.15) R ≥ |λ1 (Rm)|
(
log |λ1 (Rm)| + log

(
C−1 + t

)
− 3
)

at all (x, t) where λ1 (Rm) (x, t) < 0.

Proof. Define

K (t) +



M :

λ1 + λ2 + λ3 ≥ −3/ (1 + t)
and if λ1 ≤ −1/ (1 + t) , then

λ1 + λ2 + λ3 ≥ −λ1 (log (−λ1) + log (1 + t) − 3)





⊂ E.

For each t, K (t) is invariant under parallel translation and for each (x, t) ,
Kx (t) is closed and convex (see [271] or [153], p. 258-260). By our as-
sumption, it is easy to see that Rm [g (0)] ∈ K (0) . The theorem will follow
from showing Rm [g (t)] ∈ K (t) for all t ∈ [0, T ). Indeed, if −1/ (1 + t) <
λ1 (Rm) < 0, then (5.13) follows directly, and when λ1 (Rm) ≤ −1/ (1 + t) ,
then (5.13) follows from Rm [g (t)] ∈ K (t) .

From dropping the factor of 2 on the rhs of (3.24), we have

d

dt
(λ1 + λ2 + λ3) ≥

1

3
(λ1 + λ2 + λ3)

2 .

This implies

(5.16) λ1 + λ2 + λ3 ≥ −3/ (1 + t)
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is preserved under the ode (3.23); that is, if (5.16) holds at time t0, then
(5.16) holds for t ≥ t0.

Given M with λ1 < 0, define

φ (M) =
λ1 + λ2 + λ3

−λ1
− log (−λ1) .

One can compute that under the ode (3.23)

(5.17)
dφ

dt
≥ −λ1.

We verify this: by (3.23), we calculate

λ2
1

dφ

dt
= −λ3

1 − λ1

(
λ2

2 + λ2
3 + λ2λ3

)
+ (λ2 + λ3)λ2λ3.

If λ2 < 0, then

λ2
1

dφ

dt
= −λ3

1 − λ3
2 + (λ2 − λ1)

(
λ2

2 + λ2
3 + λ2λ3

)
≥ −λ3

1.

On the other hand, if λ2 ≥ 0, then

λ2
1

dφ

dt
= −λ3

1 − λ1λ
2
2 + (λ2 − λ1)

(
λ2

3 + λ2λ3

)
≥ −λ3

1.

By (5.17), if λ1 (M) ≤ −1/ (1 + t) , then

d

dt

(
λ1 + λ2 + λ3

−λ1
− log (−λ1) − log (1 + t)

)
≥ 0.

Clearly, this is the estimate we need to show that K (t) is preserved by
the ode (3.23). By Proposition 5.24, we conclude Rm [g (t)] ∈ K (t) for all
t ∈ [0, T ). �

From (5.14) we see that if λ1 (Rm) ≤ −eC+3 for some constant C > 0,
then

|λ1 (Rm)| ≤ C−1R ≤ 3C−1λ3 (Rm) .

That is, if we have a large negative sectional curvature (suppose C is
large), then we have a much larger (in magnitude) positive sectional
curvature. Note also that if λ1 (Rm) ≤ −e6, then

R ≥ 1

2
|λ1 (Rm)| log |λ1 (Rm)| .

Since the function
ψ (x) + x (log x− 3)

which occurs in (5.14) has derivatives ψ′ (x) = log x − 2 and ψ′′ (x) = 1/x.
We have ψ :

(
e2,∞

)
→
(
−e2,∞

)
is strictly increasing, strictly convex and

limx→∞ ψ (x) = ∞. From (5.14) we also see that if λ1 (Rm) < −e2, then

λ1 (Rm) = − |λ1 (Rm)| ≥ −ψ−1 (R) = −φ (R)R,

where φ : (0,∞) → (0,∞) is defined by φ (u) = ψ−1(u)
u . Note that

lim
u→∞

φ (u) = lim
x→∞

x

ψ (x)
= 0.
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Since x
ψ(x) = 1

log x−3 is decreasing for x > e3, we have φ (u) is decreasing for

u > 0. In summary we have:

Corollary 5.28 (3d solutions are φ-solutions). There exists a decreas-
ing function φ : (0,∞) → (0,∞) with limu→∞ φ (u) = 0 such that if(
M3, g (t)

)
, t ∈ [0, T ), is a solution of the Ricci flow on a closed 3-manifold

with λ1 (Rm) (x, 0) ≥ −1 for all x ∈M3, then

(5.18) λ1 (Rm) ≥ −φ (R)R− e2

on M3 × [0, T ).

Note that without any normalizing assumptions on the initial metric g0
at time 0, by (5.15) we see that if t ≥ ε > 0 (i.e., the solution has existed
for at least a little while), then

(5.19) R ≥ |λ1 (Rm)| (log |λ1 (Rm)| + log ε− 3)

wherever λ1 (Rm) < 0. Thus on all of M3 × [ε, T ) we have

λ1 (Rm) ≥ −φ (R)R− ε−1e2.

3.1. 2d and 3d ancient solutions have nonnegative sectional cur-
vature. From (5.19) we obtain the following.

Lemma 5.29 (3-d ancient solutions have nonnegative sectional curva-
ture). If we have a complete ancient solution on a 3-manifold with bounded
curvatures, then the sectional curvature is nonnegative.

Proof. For otherwise, if there exists a point and time where λ1 (Rm) <
0, then we have (5.19) for any ε > 0. Taking the limit as ε→ ∞, we obtain
a contradiction. �

Considering 3-manifolds which are the product of a surface and a line
or a circle, we obtain the following.

Corollary 5.30 (2-d ancient solutions have nonnegative curvature).
Complete ancient solutions on surfaces with bounded curvature have non-
negative curvature.

Actually, it is much simpler to see this from the evolution equation
∂
∂tR = ∆R + R2 which holds when n = 2. For a very similar reason, in
all dimensions ancient solutions with bounded curvature have nonnegative
scalar curvature (see Lemma 7.4).

Remark 5.31. Going back to Theorem 5.25, we see that if we have
a solution defined for all t ∈ [0,∞), then if we have a negative sectional
curvature λ1 (Rm) such that t |λ1 (Rm)| is large, then there exists a positive
sectional curvature λ3 (Rm) such that λ3 (Rm) / |λ1 (Rm)| is large. However,
the homogeneous solutions on Nil, which are defined for t ∈ [0,∞), give
examples of Type III singular solutions on closed 3-manifolds (t |Rm| ≤ C)
where λ3 (Rm) / |λ1 (Rm)| is uniformly bounded.
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3.2. Type I and II 3-dimensional dilations have nonnegative
sectional curvature. Let (Mn, g (t)) , t ∈ [0, T ), be a singular solu-
tion on a closed manifold. That is, either 1. T = ∞ or 2. T < ∞ and
supMn×[0,T ) |Rm| = ∞. (Here we think of the T = ∞ case as singular for

the purpose of studying singularity models; see Chapter 7.) Suppose that
(xi, ti) , xi ∈Mn, ti → T, is a sequence of points and times and αi, βi, and
C are positive constants with lim supi→∞ αi > 0, lim supi→∞ βi > 0 and
such that

|Rm| ≤ CKi

in Bg(ti)
(
xi, αi/

√
Ki

)
× [ti − βi/Ki, ti] , where Ki + |Rm (xi, ti)| . If T <

∞, then there exists a subsequence such that limi→∞ αi = α∞ ∈ (0,∞],
limi→∞ βi = β∞ ∈ (0,∞], and the dilated solutions

(
Bgi(0) (xi, αi) , gi (t) , xi

)
, t ∈ (−βi, 0],

where gi (t) + Kig
(
ti +K−1

i t
)
, converge in C∞ on compact sets to a solu-

tion (Bn
∞, g∞ (t) , x∞) , t ∈ (−β∞, 0], of the Ricci flow with bounded curva-

ture and such that Bg∞(0) (x∞, r) ⊂ Bn
∞ is compact for every r < α∞. This

follows from Perelman’s no local collapsing theorem, Shi’s local derivative
estimates, and Hamilton’s Cheeger-Gromov compactness theorem (Theorem
5.18) for Ricci flow. Note that if α∞ = ∞, then (Bn

∞, g∞ (0)) is complete,
and hence (Bn

∞, g∞ (t)) is complete for all t ∈ (−β∞, 0].
A consequence of the Hamilton-Ivey estimate is the following.

Lemma 5.32 (Finite time singularity models have sect ≥ 0). If
(
M3, g (t)

)
,

t ∈ [0, T ), is a singular solution on a closed 3-manifold with T < ∞
and if {(xi, ti)} is a sequence satisfying the conditions above and such that
|Rm (xi, ti)| → ∞, then the limit solution

(
B3

∞, g∞ (t) , x∞
)
, t ∈ (−β∞, 0],

has nonnegative sectional curvature.

Proof. We leave the proof as an exercise for the reader. �

In the case of solutions which exist for infinite time we have:

Lemma 5.33 (Type IIb singularity models have sect ≥ 0). If
(
M3, g (t)

)
,

t ∈ [0,∞), is a solution to the Ricci flow on a closed 3-manifold and if
{(xi, ti)} , ti → ∞, is a sequence as above and such that

lim
i→∞

ti |Rm (xi, ti)| = ∞,

then the limit solution
(
B3

∞, g∞ (t) , x∞
)
, t ∈ (−β∞, 0], has nonnegative

sectional curvature if it exists (we need an injectivity radius estimate to get
existence of the limit).

Proof. See [146]. �
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4. Strong maximum principles and splitting theorems

4.1. The time derivative of the sup function. In proving various
versions the maximum principle for systems, it is useful to consider the time
derivative of the supremum function. In this short section we present this
tool. This section is not necessary for later parts of the book and may be
skipped.

Let Y be a sequentially compact topological space (i.e., for every
sequence of points {yi} in Y, there exists a subsequence which converges).
Suppose that a function

g : (a, b) × Y → R

and its partial time-derivative ∂g
∂t (t, y) are continuous. Define h : (a, b) → R

by
h (t) + sup

y∈Y
g (t, y) ,

and
d+h

dt
(t) + lim sup

s→0+

h (t+ s) − h (t)

s
.

Lemma 5.34 (Maximum principle tool - d
dt of the sup function). Let

Yt + {z ∈ Y : h (t) = g (t, z)}. We have for any t ∈ (a, b)

d+h

dt
(t) = sup

y∈Yt

∂g

∂t
(t, y) .

Remark 5.35. In applications we will usually only need ≤ .

Proof. Given any sequence si → 0+, let yi ∈ Y be such that h (t+ si) =
g (t+ si, yi) . For any subsequence, since Y is sequentially compact, there ex-
ists a further subsequence ij such that yij → y∞ ∈ Y as j → ∞. By the
continuity of g on (a, b) × Y, we have

g
(
t+ sij , yij

)
→ g (t, y∞) .

We claim y∞ ∈ Yt. If y∞ /∈ Yt, then choose a point y′ ∈ Yt and let

g
(
t, y′

)
− g (t, y∞) + 3ε > 0.

By the continuity of g there exists N0 such that for j ≥ N0 we have
∣∣g
(
t+ sij , yij

)
− g (t, y∞)

∣∣ ≤ ε

and there exists δ > 0 such that for |s| ≤ δ we have
∣∣g
(
t, y′

)
− g

(
t+ s, y′

)∣∣ ≤ ε.

Choose j ≥ N1 large enough so that
∣∣sij
∣∣ ≤ δ for j ≥ N1. If j ≥ max{N0, N1},

then

g
(
t, y′

)
≤ g

(
t+ sij , yij

)
+ ε ≤ g (t, y∞) + 2ε = g

(
t, y′

)
− ε,

which is a contradiction. Hence y∞ ∈ Yt so that

h (t+ si) = g (t+ si, yi) → g (t, y∞) = h (t)
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and we have proved that h (t) is a continuous function.
Now since g

(
t, yij

)
≤ g (t, y∞) ,

lim sup
j→∞

h
(
t+ sij

)
− h (t)

sij
= lim sup

j→∞

g
(
t+ sij , yij

)
− g (t, y∞)

sij

≤ lim sup
j→∞

g
(
t+ sij , yij

)
− g

(
t, yij

)

sij

=
∂g

∂t
(t, y∞) ≤ sup

y∈Yt

∂g

∂t
(t, y) .

The last equality follows from the continuity of ∂g
∂t and the Mean Value

Theorem
g
(
t+ sij , yij

)
− g

(
t, yij

)

sij
=
∂g

∂t

(
t+ s′ij , yij

)

for some 0 ≤ s′ij ≤ sij . Hence for any si → 0+

lim sup
i→∞

h (t+ si) − h (t)

si
≤ sup

y∈Yt

∂g

∂t
(t, y) .

The lemma will follow from proving the reverse inequality. Since Yt is a
closed subset of a sequentially compact space, there exists y′ ∈ Yt such that
∂g
∂t (t, y′) = supy∈Yt

∂g
∂t (t, y). Then for any si → 0+

lim sup
i→∞

h (t+ si) − h (t)

si
≥ lim sup

i→∞

g (t+ si, y
′) − g (t, y′)
si

=
∂g

∂t

(
t, y′

)
.

�

4.2. The strong maximum principle and local splitting.
4.2.1. Strong maximum principle for scalar heat-type equations. First

recall the strong maximum principle for scalar solutions. It says that if we
are given a nonnegative solution of a heat-type equation, and if the solution
(temperature) is positive at some point and time, then the temperature is
positive at all points and times except possibly at the initial time. See
Protter-Weinberger [431] or Landis [335].

Theorem 5.36. Suppose that u : Mn× [0, T ) → R is a classical solution
to the following heat-type equation with respect to a continuous 1-parameter
family of (not necessarily complete) C1 metrics g (t)

∂u

∂t
≥ ∆g(t)u+X (t) · ∇u+ c (t)u

where X (x, t) is a continuous time-dependent vector field and c (x, t) is a
continuous time-dependent function. If u ≥ 0 on M × [0, T ) and u (x0, t0) >
0 for some x0 ∈ M and t0 > 0, then u (x, t) > 0 for all x ∈ M and
t ∈ (t0 − ε, T ) for some ε > 0.

Since under the Ricci flow, ∂R
∂t = ∆R + 2 |Rc|2 ≥ ∆R, we have the

following.
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Corollary 5.37. Suppose that (Mn, g (t)) , t ∈ [0, T ), is a (not neces-
sarily complete) solution to the Ricci flow with R (g (t)) ≥ 0 for all t ≥ 0
and R (x0, t0) > 0 for some x0 ∈ M and t0 > 0. Then R (x, t) > 0 for all
x ∈M and t ∈ (t0 − ε, T ) for some ε > 0.

Remark 5.38. Note that the arguments in the proof of the strong max-
imum principle are local and only rely on the (path) connectedness of the
manifold M and not on the completeness of the metric g.

Exercise 5.39. Show that if Mn is closed, then we can improve Corol-
lary 5.37 to obtain the following conclusion: R (x, t) > 0 for all x ∈M and
t ∈ (0, T ) .

Solution. Suppose R (x1, t1) = 0 for some x1 ∈ M and t1 ∈ (0, t0) .
Then we have R (x, t) ≡ 0 for all x ∈M and t ∈ (0, t1) . In particular Rc ≡ 0
on M × (0, t1) . By the uniqueness of solutions of the Ricci flow on closed
manifolds, we have Rc ≡ 0 on M × (0, T ) . This contradicts R (x0, t0) > 0.

4.2.2. Strong maximum principle for Rm under Ricci flow. Recall that
the Cheeger-Gromoll splitting Theorem 1.77 says that if (Mn, g) is a com-
plete Riemannian manifold with nonnegative Ricci curvature and admits a
geodesic line, then (Mn, g) splits as the Riemannian product of a line and
an (n− 1)-manifold. The existence of a line is a global condition on the
manifold. In the case of the Ricci flow in dimension 3, under the assump-
tion of nonnegative Ricci curvature, we can replace this global condition by
a local curvature condition, namely the existence of a zero Ricci curvature.
In higher dimensions, under the assumption of nonnegative curvature oper-
ator (recall Definition 3.10), although we may not have the splitting as a
product, we obtain a certain rigidity which we describe below.

We motivate our discussion of the strong maximum principle by an ex-
ample.

Example 5.40 (Local nonuniqueness). Consider S3 with the following
initial metric g0. We take a unit cylinder [−1, 1] × S2 (1) and cap the ends
by unit hemispheres. We then smooth the metric near the two S2’s where
the metrics are glued to get a smooth metric g0 on S3 which on an open
submanifold is isometric to a cylinder (−1/2, 1/2) × S2 (1) . If we run the
Ricci flow, then since Rm (x0, 0) > 0 for some x0 ∈ S3, we have Rm (x, t) >
0 for all x ∈ S3 and t > 0. Thus we have a local (incomplete) solution of the
Ricci flow

(
(−1/2, 1/2) × S2, g (t)

)
, t ∈ [0, δ) for some δ > 0, where g (0) is

the standard unit cylinder and Rm (g (t)) > 0 for t > 0. On the other hand,
we also have the cylinder solution

(
(−1/2, 1/2) × S2, ḡ (t)

)
, where ḡ (t) is

the product of (−1/2, 1/2) with the 2-sphere of radius r (t) + (1 − 2t)1/2

(see (2.1)), which has the same initial metric.

The above example shows that it is possible for the dimension of the
image of the curvature operator to jump up. Similar examples can easily be
constructed with initial metric g (0) flat in an open set and g (t) positively
curved everywhere for t > 0.
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Let Im (Rm) + Rm
(
∧2T ∗Mn

)
denote the image of the curvature op-

erator. The strong maximum principle for systems as applied to the
Riemann curvature operator under the Ricci flow says the following.

Theorem 5.41 (Strong Maximum Principle for Rm). Let (Mn, g(t)) ,
t ∈ [0, T ), be a solution to the Ricci flow with nonnegative curvature operator:
Rm [g (t)] ≥ 0. There exists δ > 0 such that for each t ∈ (0, δ) , the set
Im (Rm [g (t)]) ⊂ ∧2T ∗Mn is a smooth subbundle which is invariant under
parallel translation and constant in time. Moreover, Im (Rm [g (x, t)]) is a
Lie subalgebra of ∧2T ∗

xM
n ∼= so (n) for all x ∈M and t ∈ (0, δ) .

When M is a closed manifold, only at the initial time can the image of
the curvature operator jump.

Exercise 5.42. Show that if Mn is closed, then we may take δ = T.

Hint. See Theorem 5.54.

Proposition 5.43. In general, if we have a solution to the Ricci flow
(Mn, g(t)) , t ∈ [0, T ], (not necessarily complete) on a connected open mani-
fold with Rm [g (t)] ≥ 0, then Im (Rm [g (t)]) ⊂ ∧2T ∗Mn is a smooth subbun-
dle which is invariant under parallel translation in space for all t ∈ (0, T ].
There exist a finite sequence of times 0 = t0 < t1 < t2 < · · · < tk = T such
that Im (Rm [g (x, t)]) is a Lie subalgebra of ∧2T ∗

xM
n independent of time for

t ∈ (ti−1, ti], i = 1, . . . , k. Furthermore, Im (Rm [g (t1)]) ⊂ Im (Rm [g (t2)])
for t1 < t2.

Suppose that g (t) , t ∈ [0, T ), is a solution of Ricci flow (not necessarily
complete) with Rm ≥ 0. If Rm (x1, 0) > 0 for some x1 ∈ M, then for all
x ∈M and t > 0

Rm (x, t) > 0.

If the solution is defined for t > t0 where t0 < 0, then Rm (x, t) > 0 for all
x ∈M and t > t0.

If Rm = 0 at some point (x1, t1) , then Rm = 0 for all x ∈M and t ≤ t1.

Exercise 5.44. Construct a solution to Ricci flow (Mn, g) , n ≥ 3, with
Im (Rm [g (x, t)]) ∼= so (i+ 1) for t ∈ (i− 1, i], i = 1, . . . , n− 1.

Let
(
M2, g (t)

)
, t ∈ (α, ω) , be a solution to the Ricci flow on a closed

surface such that R > 0 at some point (x0, t0) . The strong maximum prin-
ciple implies R (t) > 0 for all t ∈ (α, ω) . The reason is if R = 0 at some
(x1, t1) , then R (t) ≡ 0 for t < t1. By the uniqueness of solutions of the
Ricci flow on closed manifolds, we would have R (t) ≡ 0 for all t ∈ (α, ω) , a
contradiction.

If M2 is noncompact, then there exists t̄ ∈ [α, ω] such that R ≡ 0 for
t ≤ t̄ and R (x, t) > 0 for x ∈M and t > t̄.

Proof. Let

Z + {t ∈ (α, ω) : R (g (t)) ≡ 0} .
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Z is closed so that t̄ + sup {t : t ∈ Z} ∈ Z. We have supM R (g (t)) > 0
for all t > t̄ and by the strong maximum principle R ≡ 0 for all t ≤ t̄. By
the strong maximum principle it is also easy to see that R (x, t) > 0 for all
x ∈M and t > t̄.

5. 3-manifolds with nonnegative curvature

We now specialize to the case n = 3. Here things simplify considerably
since the structure of the Lie algebra so (3) is simple. The only Lie subalge-
bras are {0} , so (3) and those isomorphic to so (2) (i.e., the one dimensional
subspaces of so (3).) Suppose t ∈ (0, δ) and consider each of these cases for
Im (Rm [g (t)]) .

(1) (Positive curvature) If Im (Rm [g (x, t)]) ∼= so (3) for all x and
t > 0, then the curvature operator is positive, that is,

(
M3, g(t)

)
has

positive sectional curvature for all t > 0. If M3 is closed, then M3 is
diffeomorphic to a spherical space form by Hamilton’s Theorem 3.6.
If
(
M3, g(t)

)
is complete and noncompact, thenM3 is diffeomorphic

to euclidean space by Gromoll and Meyer [240].
(2) (Flat) If Im (Rm [g (x, t)]) = {0} , then

(
M3, g(t)

)
is flat for all

t > 0. If
(
M3, g(t)

)
is complete, then such manifolds are classified

by the Bieberbach theorem (see [516] or [66]).
(3) (Splitting) If Im (Rm [g (x, t)]) ∼= so (2) , then by the theorem,

there exists a parallel unit 2-form α ∈ Im (Rm [g (x, t)]) which is
independent of time. Taking first the Hodge star ∗ and then the
metric dual ♮ of α, we obtain a unit vector field on M parallel with
respect to each of the metrics g (t)

X + (∗α)♮ .

Now we can apply the deRham local splitting theorem to con-
clude that locally,

(
M3, g(t)

)
is isometric to the metric product of

a surface with positive curvature with the real line. If
(
M3, g(t)

)

is complete, then the universal cover M̃3, with the lifted family of
metrics g̃(t), is globally the product of the real line and a complete
solution to the Ricci flow on a surface with positive curvature.

If M3 is a closed manifold, we have the following.

Theorem 5.45 (Hamilton - closed 3-manifolds with Rm ≥ 0 or Rc ≥ 0).
If
(
M3, g(t)

)
, t ∈ [0, T ), is a solution to the Ricci flow on a closed 3-manifold

with nonnegative sectional (Ricci) curvature, then for t ∈ (0, T ) the universal

covering solution
(
M̃3, g̃(t)

)
is either:

(1) R3 with the standard flat metric,
(2) the product

(
S2, h (t)

)
× R, where h (t) is a solution to the Ricci

flow with positive curvature, or
(3) has positive sectional (Ricci) curvature, and hence M̃3 is diffeomor-

phic to S3 (and M3 is diffeomorphic to a spherical space form.)
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Proof. I. If the sectional curvature of g (t) is nonnegative, then since
in dimension 3 this is equivalent to nonnegative curvature operator, we can
apply Theorem 5.41 and the above classification of Im (Rm [g (x, t)]) to con-
clude the theorem.

II. Now we assume the Ricci curvature of g (t) is nonnegative. The
evolution of the Ricci tensor, in an evolving orthonormal frame, is given by
adding 2 Rc2 to the rhs of (3.1):

∂

∂t
Rab = ∆Rab +Qab

where

Qab + 3RRab − 4RacRcb +
(
2 |Rc|2 −R2

)
δab.

Observe that if at a point Rab is diagonal with eigenvalues A, B, C, then
Qab is diagonal with eigenvalues

α = (B − C)2 +A (B + C)

β = (A− C)2 +B (A+ C)

γ = (A−B)2 + C (A+B) .

In particular, whenever Rc ≥ 0, we have Q ≥ 0. Similar to Theorem 5.41,
one can prove the following. If

(
M3, g(t)

)
, t ∈ [0, T ), is a solution to the

Ricci flow with nonnegative Ricci curvature, then there exists δ > 0 such
that for each t ∈ (0, δ) , the set Im (Rc [g (t)]) ⊂ TM3 is a smooth subbun-
dle which is invariant under parallel translation and constant in time. If
Im (Rc [g (t)]) = TM3 for t > 0, then g (t) has positive Ricci curvature and
M3 is diffeomorphic to a spherical space form. If Im (Rc [g (t)]) 6= TM3,
then locally there exists a parallel vector field, we we assume to be e1 such
that A = Rc (e1, e1) = 0. This implies Q (e1, e1) = α = 0 so that B = C. If
B = C = 0, then the solution is flat locally and hence globally. On the other
hand if B = C > 0, then the solution has nonnegative sectional curvature
and we can apply the previous arguments to see that the universal cover
splits as the product of a surface with a line. �

In the complete noncompact case W.-X. Shi [461] has obtained the same
classification. This relies on the same arguments as in the compact case plus
the additional results (due to W.-X. Shi [462], [463]) that given a complete
3-manifold with bounded nonnegative Ricci curvature, there exists a solution
to the Ricci flow with bounded nonnegative Ricci curvature. We remind the
reader that strong maximum principle arguments are local.

6. Manifolds with nonnegative curvature operator

Recall in dimension 3, Hamilton’s 1982 theorem states that the nor-
malized Ricci flow evolves a metric with positive Ricci curvature on a closed
3-manifold to a constant positive sectional curvature metric. In [257] Hamil-
ton established the long time existence and convergence (exponentially fast
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in every Ck norm) of the Ricci flow on closed 4-manifolds with positive cur-
vature operator to a metric with constant positive sectional curvature(see
Theorem 3.16 above). In particular, such manifolds are diffeomorphic to ei-
ther S4 or RP 4. Hamilton’s proof uses the maximum principle and a convex
analysis of the system of ode (3.21) corresponding to the evolution equa-
tion for Rm to prove pinching estimates for the curvature operator. One can
extend this classification to 4-manifolds with nonnegative curvature [257].

Theorem 5.46 (4–manifolds with Rm ≥ 0). If
(
M4, g(t)

)
, t ∈ [0, T ), is

a solution to the Ricci flow on a closed 4-manifold with nonnegative curva-

ture operator, then for t ∈ (0, T ) the universal covering solution
(
M̃4, g̃(t)

)

is either:

(1) R4 with the standard flat metric,
(2) the product

(
S3, h (t)

)
× R, where h (t) is a solution to the Ricci

flow with positive sectional curvature,
(3) the product

(
S2, h1 (t)

)
×
(
S2, h2 (t)

)
, where both h1 (t) and h2 (t)

are solutions to the Ricci flow with positive curvature,
(4) the product

(
S2, h1 (t)

)
×
(
R2, h2

)
, where h1 (t) is a solution to the

Ricci flow with positive curvature and h2 is the standard flat metric,
(5) CP 2 with a solution to the Ricci flow whose curvature operators are

positive on subspace of real (1, 1)-forms in the space of 2-forms, or

(6) has positive curvature operator, and hence M̃4 is diffeomorphic to
S4 (M4 is diffeomorphic to either S4 or RP 4.)

Proof. In each case the Lie subalgebra Im (Rm) of ∧2 ∼= so (4) is given
as follows. 1. {0} , 2. so (3) , 3. so (2) × so (2) , 4. so (2) , 5. u (2) =
so (3) × so (2) , 6. so (4) . �

In all dimensions at least 4, Huisken [287], Margerin [364], [365], and
Nishikawa [407], [408] proved that if the initial metric has sufficiently point-
wise pinched positive sectional curvatures, then the solution to the normal-
ized flow converges to a constant positive sectional curvature metric. The
main curvature estimates in these papers are based on considering scalar
quantities measuring pointwise pinching of the curvatures (difference from
constant positive sectional curvature).

Conjecture 5.47 (Hamilton - Closed manifolds with positive curvature
operator). Given a closed Riemannian manifold (Mn, g0) , n ≥ 5, with pos-
itive curvature operator, the solution to the normalized Ricci flow exists for
all time and converges to a metric of constant positive sectional curvature.

One difficulty in studying this conjecture is to obtain some sort of ‘cur-
vature pinching is preserved’ type estimate. By the following result [486],
to prove convergence to a constant positive sectional curvature metric, it is
sufficient to prove convergence to an Einstein metric with positive curvature
operator. The presentation below follows section 7.5 of [423].

Theorem 5.48 (Tachibana 1974 - Einstein manifolds with Rm ≥ 0).
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(1) If (Mn, g) is an Einstein manifold with positive curvature operator,
then g has constant positive sectional curvature.

(2) If (Mn, g) is an Einstein manifold with nonnegative curvature op-
erator, then g is locally symmetric.

In other words, the fixed points of the normalized Ricci flow with positive
curvature operator have constant positive sectional curvature.

Problem 5.49. Is there an analogue of Tachibana’s theorem for shrink-
ing gradient Ricci solitons with positive curvature operator on closed mani-
folds?

By Hamilton’s 1986 theorem, this is true when n = 4. If n = 3, then
Hamilton’s 1982 theorem implies the stronger result that there are no shrink-
ing gradient Ricci solitons with positive Ricci curvature on closed 3-manifolds.
When n = 2, the Kazdan-Warner identity (see Theorem 6.2) yields the de-
sired result. In the Kähler analogue of the above problem one assumes the
bisectional curvature is positive. Here, by the convergence result of Chen
and Tian [121], [122], a Kähler-Ricci soliton is Kähler-Einstein and hence
the Fubini-Study metric.

Remark 5.50. Mok and Zhong [383] proved that a simply connected
Kähler-Einstein manifold with nonnegative bisectional curvature is symmet-
ric. Earlier, Matsushima [366] proved that a simply connected Kähler-
Einstein manifold with nonnegative curvature operator (when dimCM = 2,
he only required nonnegative bisectional curvature) is symmetric.

We begin with a nice identity due to Lichnerowicz [347].

Lemma 5.51 (Lichnerowicz 1958). On any closed Riemannian manifold,
the L2-norms of the divergence and covariant derivatives of Rm are related
to their commutator [div,∇] by:

∫

Mn

|div (Rm)|2 dµ−
∫

Mn

〈
Rm ♭,div (∇Rm) −∇div (Rm)

〉
dµ(5.20)

=
1

2

∫

Mn

|∇Rm|2 dµ,

where
(
Rm ♭

)
ijkℓ

= Rℓijk, div (Rm)ijk + ∇ℓRijkℓ and div (∇Rm)ijkℓ +

∇m∇iRjkℓm.

Proof. Note that div (∇Rm) = ∆ Rm . From the second Bianchi iden-
tity

Rijkℓ∇m∇mRijkℓ = −Rijkℓ∇m∇iRjmkℓ −Rijkℓ∇m∇jRmikℓ

= 2Rijkℓ∇m∇jRimkℓ,(5.21)
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using the fact that Rijkℓ is anti-symmetric in i and j. Integrating the identity
(5.21) by parts, we have

0 =

∫

Mn

(
|∇Rm|2 + 2Rijkℓ∇m∇jRimkℓ

)
dµ

=

∫

Mn

(
|∇Rm|2 + 2Rijkℓ (∇m∇jRimkℓ −∇j∇mRimkℓ) − 2 |div (Rm)|2

)
dµ

=

∫

Mn

(
|∇Rm|2 + 2Rijkℓ

(
div (∇Rm)jkℓi −∇j div (Rm)kℓi

)
− 2 |div (Rm)|2

)
dµ.

�

The following result gives one hope that the middle term in (5.20) has
a sign.

Lemma 5.52 (Berger). If (Mn, g) is a Riemannian manifold with non-
negative sectional curvature and if α is a symmetric 2-tensor, then

〈α,div (∇α) −∇div (α)〉 ≥ 0.

Since

(div (∇α) −∇div (α))ij = ∇k∇iαjk −∇i∇kαjk = −Rkijℓαℓk +Riℓαjℓ,

we have

(5.22) 〈α,div (∇α) −∇div (α)〉 = −Rkijℓαℓkαij +Riℓαjℓαij .

Choose an orthonormal frame {ea}na=1 such that α =
∑n

a=1 λaea ⊗ ea ,
λa ∈ R. We may rewrite (5.22) as

〈α,div (∇α) −∇div (α)〉 = −
n∑

a,b=1

(
〈R (ea, eb) eb, ea〉λaλb + 〈R (ea, eb) eb, ea〉λ2

a

)

=
∑

a<b

〈R (ea, eb) eb, ea〉 (λa − λb)
2 ≥ 0.

Indeed our hope is justified and we have the following.

Lemma 5.53 (Tachibana 1974). If (Mn, g) has nonnegative curvature
operator and T : ∧2Mn → ∧2Mn is self-adjoint, then

K +
〈
T ♭,div (∇T ) −∇div (T )

〉
≥ 0

where
(
T ♭
)
ijkℓ

+ Tℓijk.

Proof. We have

K = Tℓijk (∇m∇iTℓmjk −∇i∇mTℓmjk)

and

∇m∇iTℓmjk−∇i∇mTℓmjk = RimℓpTpmjk+RimmpTℓpjk+RimjpTℓmpk+RimkpTℓmjp
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so that
(5.23)
K = RimmpTℓpjkTℓijk︸ ︷︷ ︸

(1)

+RimkpTℓmjpTℓijk︸ ︷︷ ︸+

(2)

RimjpTℓmpkTℓijk︸ ︷︷ ︸
(3)

+RimℓpTpmjkTℓijk︸ ︷︷ ︸
(4)

.

We may also consider the (4, 0)-tensor T as a (3, 1)-tensor so that given
vectors X,Y, Z, T (X,Y, Z) is also a vector. Note that ea ∧ T (eb, ec, ed) =
Tbcdpea ∧ ep. Given an orthonormal frame {ea}na=1 , define the (4, 2)-tensor θ
by:

θabcd + ea ∧ T (eb, ec, ed)︸ ︷︷ ︸
A

+ eb ∧ T (ea, ed, ec)︸ ︷︷ ︸
B

+ ec ∧ T (ed, ea, eb)︸ ︷︷ ︸
C

+ ed ∧ T (ec, eb, ea)︸ ︷︷ ︸
D

∈ ∧2Mn.

We claim

(5.24) 4K = 〈Rm (θabcd) , θabcd〉 ,
which is nonnegative since Rm ≥ 0. First

〈Rm (A) , A〉 = 〈Rm (ea ∧ T (eb, ec, ed)) , ea ∧ T (eb, ec, ed)〉
= RapqaTbcdpTbcdq = RimmpTℓpjkTℓijk = (1) ,

where we used 〈Rm (ea ∧ ep) , ea ∧ eq〉 = Rapqa and then relabelled indices
to get the last equality. Second

〈Rm (A) , B〉 = 〈Rm (ea ∧ T (eb, ec, ed)) , eb ∧ T (ea, ed, ec)〉
= RapqbTbcdpTadcq = RimkpTℓmjpTℓijk = (2) ,

using the symmetries of Rm and T. Third

〈Rm (A) , C〉 = 〈Rm (ea ∧ T (eb, ec, ed)) , ec ∧ T (ed, ea, eb)〉
= RapqcTbcdpTdabq = RimjpTℓmpkTℓijk = (3) .

Fourth, and finally

〈Rm (A) , D〉 = 〈Rm (ea ∧ T (eb, ec, ed)) , ed ∧ T (ec, eb, ea)〉
= RapqdTbcdpTcbaq = RimℓpTpmjkTℓijk = (4) .

From the above four formulas and (5.23), we can easily verify (5.24) since
using the symmetries of the tensors in consideration, we have

1

4
〈Rm (θabcd) , θabcd〉 = 〈Rm (A) , A〉 + 〈Rm (A) , B〉

+ 〈Rm (A) , C〉 + 〈Rm (A) , D〉
= (1) + (2) + (3) + (4) = K.

�

Putting the above together, we get
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Proof of Theorem 5.48. First we assume Rm ≥ 0. Since div (Rm)ijk =

∇iRjk−∇jRik, if a metric is Einstein, then div (Rm) = 0. Hence (5.20) and
Lemma 5.53 (in particular, (5.24)) tell us

0 =
1

2

∫

Mn

|∇Rm|2 dµ+

∫

Mn

〈
Rm ♭,div (∇Rm) −∇div (Rm)

〉
dµ

=
1

2

∫

Mn

|∇Rm|2 dµ+
1

4

∫

Mn

〈
Rm

(
θ̃abcd

)
, θ̃abcd

〉
dµ,(5.25)

where

θ̃abcd + ea ∧ Rm (eb, ec) ed + eb ∧ Rm (ea, ed) ec(5.26)

+ ec ∧ Rm (ed, ea) eb + ed ∧ Rm (ec, eb) ea.

Since both terms on the rhs of (5.25) are nonnegative, they are zero. This
proves ∇Rm ≡ 0 and hence part 2. Now we assume Rm > 0, so that we
have θ̃abcd = 0 for all a, b, c, d. Part 1 of the theorem follows from the fact
that θ̃ = 0 implies (Mn, g) has constant sectional curvature.

To see this we multiply (5.26) by V a,W b, Xc, Y d and sum to get:
(5.27)
V ∧Rm (W,X)Y+W∧Rm (V, Y )X+X∧Rm (Y, V )W+Y ∧Rm (X,W )V = 0

for all vectors V,W,X, Y (V = V aea, etc.). Suppose V, W and X = Y are
orthonormal. By considering the V ∧W component of the above expression,
we see that K (X ∧ V ) = K (X ∧W ) . This implies that if X is unit, then
K (X ∧W ) = 1

n−1 Rc (X,X) = R
n(n−1) is constant on Mn. �

By applying Hamilton’s strong maximum principle for systems, we can
classify those Riemannian manifolds with nonnegative curvature operator
which do not have positive curvature operator. (See Gallot-Meyer [219],
Cao-Chow [77], and Chow-Yang [161].)

Theorem 5.54 (Closed manifolds with nonnegative curvature operator).
If (Mn, g) is a closed Riemannian manifold with nonnegative curvature op-

erator, then its universal covering manifold
(
M̃n, g̃

)
is isometric to the

product of the following:

(1) euclidean space,
(2) closed symmetric space,
(3) closed Riemannian manifold with positive curvature operator,
(4) closed Kähler manifold with positive curvature operator on real

(1, 1)-forms.

The two main ingredients in the proof of the above theorem is Hamilton’s
strong maximum principle for tensors and Berger’s holonomy classifica-
tion theorem [44].

Theorem 5.55 (Berger). If (Mn, g) is a simply connected, irreducible
Riemannian manifold, then either (Mn, g) is a symmetric space of rank ≥ 2,
or the holonomy group is one of the following:
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(1) SO (n)
(2) U (n/2)
(3) SU (n/2)
(4) Sp (n/4) Sp (1)
(5) Sp (n/4)
(6) G2 (n = 7)
(7) Spin (7) (n = 8)
(8) Spin (9) (n = 16).

Proof of Theorem 5.54. By the short time existence Theorem 2.48
and since nonnegative curvature operator is preserved (Corollary 3.18), there
exists a solution g (t) of the Ricci flow with g (0) = g and nonnegative
curvature operator on some time interval t ∈ [0, ε). By Hamilton’s strong
maximum principle for systems (Theorem 5.41), for t > 0, the image of
the curvature operator Im (Rm) is invariant under parallel translation and
constant in time, and is a Lie subalgebra of ∧2 ∼= so (n) isomorphic to

the holonomy Lie algebra h. By Berger’s theorem, if
(
M̃n, g̃ (t)

)
is not a

symmetric space of rank ≥ 2, then the holonomy Lie algebra h is one of
the 8 listed above. If the holonomy group H is either SU (n/2) , Sp (n/4) ,
Spin (7) or G2, we obtain a contradiction since the metrics in these cases are
Ricci flat, and hence flat (since they have nonnegative curvature operator).

If H ∼= Spin (9) , then Alekseevskii proved that
(
M̃n, g̃ (t)

)
is symmetric and

either the Cayley (octonian) projective plane or the dual Cayley disk [4].
Hence H is isomorphic to either SO (n) , U (n/2) or Sp (n/4) Sp (1) (this was
observed by Alekseevskii). In the first case, h ∼= so (n) and hence Im (Rm) =
∧2, which implies the curvature operator is positive: case 3. In the second

case,
(
M̃n, g̃ (t)

)
is a closed Kähler manifold with Im (Rm) ∼= h ∼= u (n/2) .

This implies the curvature operator is positive on real (1, 1)-forms: case 4.

In the last case, where H ∼= Sp (n/4) Sp (1) , we have
(
M̃n, g̃ (t)

)
is Einstein.

By Tachibana’s Theorem 5.48, we conclude
(
M̃n, g̃ (t)

)
is locally symmetric

and hence symmetric since it is simply connected. �

In case 3, when the dimension is at least 4, by the result of Micallef-
Moore [375] (which assumes a curvature condition weaker than either pos-
itive curvature operator or 1/4-pinching), the factor is homeomorphic to a
sphere. In dimension 3 or 4, by Hamilton’s results, the factor is diffeomor-
phic to a sphere.

In case 4, the factor has positive bisectional curvature (which is a weaker
condition than positive curvature operator on real (1, 1)-forms). Andreotti-
Frankel [212] (n = 2), Kobayashi-Ochiai [328] and Mabuchi [362] (n =
3), and Mori [388] and Siu-Yau [476] (all dimensions) showed that closed
Kähler manifolds with positive bisectional curvature are biholomorphic to
CPn (Mabuchi and Mori’s results are algebraic and more general). See
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Bando [37] and Mok [382] for the classification of closed Kähler manifolds
with nonnegative bisectional curvature.

7. Notes and commentary

§1. If initial metric has bounds on some derivatives of curvature, we can
improve the local estimates for the higher derivatives as follows.

Theorem 5.56 (Higher derivative estimates assuming bounds on some
derivatives). For any α,K,Kℓ, r, ℓ ≥ 0, n and m ∈ N, there exists a constant
C < ∞ depending only on α,K,Kℓ, r, ℓ, n and m such that if Mn is a
manifold, p ∈ Mn, and g (t) , t ∈ [0, τ ] , where 0 < τ ≤ α/K, is a solution
to the Ricci flow on an open neighborhood U of p containing B̄g(0) (p, r) as
a compact subset, and if

|Rm (x, t)| ≤ K for all x ∈ U and t ∈ [0, τ ],
∣∣∣∇k Rm (x, 0)

∣∣∣ ≤ Kℓ for all x ∈ U and k ≤ ℓ

then

|∇m Rm (y, t)| ≤ C

tmax{m−ℓ,0}/2

for all y ∈ Bg(0) (p, r/2) and t ∈ (0, τ ].

§6. (Problem 5.49.) It is not clear in the case of shrinking gradient soli-
tons with positive curvature operator whether an argument along the lines
of Tachibana’s will work to show that such metrics have constant sectional
curvature. For example, if Rij + ∇i∇jf + εgij = 0, then

∇iRijkℓ = −∇kRjℓ+∇ℓRjk = ∇k∇ℓ∇jf−∇ℓ∇k∇jf = −Rkℓji∇if = Rijkℓ∇if,

that is

∇i

(
e−fRijkℓ

)
= 0.

Tracing this we also see that ∇i

(
e−fRiℓ

)
= 0. By the second Bianchi identity

we have

∇i

(
e−fRjkℓm

)
+ ∇j

(
e−fRkiℓm

)
+ ∇k

(
e−fRijℓm

)

= −
(
e−fRjkℓm∇if + e−fRkiℓm∇jf + e−fRijℓm∇kf

)
.
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This implies

∆
(
e−fRjkℓm

)
= −∇i∇j

(
e−fRkiℓm

)
−∇i∇k

(
e−fRijℓm

)

−∇i

(
e−fRjkℓm∇if + e−fRkiℓm∇jf + e−fRijℓm∇kf

)

= [∇j ,∇i]
(
e−fRkiℓm

)
+ [∇k,∇i]

(
e−fRijℓm

)

−
(
e−fRjkℓm∆f + e−fRkiℓm∇i∇jf + e−fRijℓm∇i∇kf

)

−∇if∇i

(
e−fRjkℓm

)
.

Hence

∆
(
e−fRjkℓm

)
+ ∇if∇i

(
e−fRjkℓm

)

= [∇j ,∇i]
(
e−fRkiℓm

)
+ [∇k,∇i]

(
e−fRijℓm

)

+ e−fRjkℓm (R+ nε) + e−fRkiℓm (Rij + εgij) + e−fRijℓm (Rik + εgik) .

That is

div
(
ef∇

(
e−fRjkℓm

))

= RijkpRpiℓm +RijℓpRkipm +RijmpRkiℓp

+RikjpRipℓm +RikℓpRijpm +RikmpRijℓp

+RjkℓmR+ (n− 2) εRjkℓm.

Integrating this against e−fRjkℓm yields

(5.28) −
∫

Mn

∣∣∣∇
(
e−fRjkℓm

)∣∣∣
2
efdµ =

∫

Mn

Je−fdµ

where

J + Rjkℓm (RijkpRpiℓm +RijℓpRkipm +RijmpRkiℓp)

+Rjkℓm (RikjpRipℓm +RikℓpRijpm +RikmpRijℓp)

+ (R+ (n− 2) ε) |Rjkℓm|2 .
However, when f is nonzero, it is not clear that the rhs of (5.28) has a sign.





CHAPTER 6

Some miscellaneous techniques for the Ricci,

Yamabe and cross curvature flows

A number of the ideas and techniques on the Riemannian geometry of
surfaces (may) generalize to higher dimensions. In this chapter we take a
moment to consider some of these ideas which will not be discussed later in
the book. We begin by recalling a formula of Bourguignon-Ezin for confor-
mal vector fields which implies an expanding or steady Yamabe soliton has
constant scalar curvature. Then we consider Ben Andrews’ n-dimensional
Poincaré type inequality which in dimension 2 is related to Hamilton’s en-
tropy monotonicity. It would be interesting to find a higher dimensional
application of Andrews’ inequality. In §3 we observe the gradient of Hamil-
ton’s entropy is the matrix Harnack quantity. This relation between entropy
and Harnack has an analogue for Perelman’s entropy functional as we shall
see in Volume 2. In §4 we consider the Aleksandrov reflection technique
applied to the Yamabe flow. It would interesting if this technique could be
applied to ancient or immortal solutions. Another interesting technique for
the Ricci flow on surfaces is Hamilton’s isoperimetric constant monotonicity
formula we consider in §5. Finally, in the last section we summarize some
results about the cross curvature flow of three-manifolds with sectional cur-
vature having a sign. This nonlinear curvature flow of metrics is in a sense
dual to the Ricci flow.

1. Kazdan-Warner type identities and Yamabe and Ricci solitons

Recall the following.

Definition 6.1. A vector field X is a conformal Killing vector field
if

(6.1) ∇iXj + ∇jXi =
2

n
div (X) gij .

On the 2-sphere we have the following identity.

Theorem 6.2 (Kazdan-Warner, [313]). If X is a conformal Killing
vector field, then ∫

S2

〈∇R,X〉 dµ =

∫

S2

R divX dµ = 0.

Exercise 6.3. Show that Theorem 6.2 implies any Ricci soliton on S2

has constant curvature.

207
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The same is true when χ
(
M2
)
< 0. In Volume 2 we shall see this

following from an estimate for solutions of the Ricci flow on surfaces with
χ < 0 (see also [258] or §5.5 of [153].)

In higher dimensions we have the following result.

Proposition 6.4 (Rc < 0 implies no conformal Killing vector fields.).
If (Mn, g) is a closed Riemannian manifold with Rc < 0, then there are no
nonzero conformal Killing vector fields.

Proof. Taking divergence of the equation (6.1) we have

∆Xj +RjkXk +

(
1 − 2

n

)
∇j div (X) = 0.

Hence
1

2
∆ |X|2 = |∇X|2 + 〈∆X,X〉

= |∇X|2 − Rc (X,X) −
(

1 − 2

n

)
〈∇div (X) , X〉 .

Integrating this by parts, we obtain

0 =

∫

Mn

(
|∇X|2 − Rc (X,X) +

(
1 − 2

n

)
|div (X)|2

)
dµ.

Since each of the three terms on the rhs are nonnegative and Rc < 0, we
conclude X = 0. �

On a surface, in each conformal class, there exists a constant curvature
metric. Since the property of being a conformal Killing vector field is a
conformal invariant, we have another proof of the following.

Corollary 6.5 (χ < 0 surface has no conformal Killing vector fields.).
If
(
M2, g

)
is a closed surface with r < 0, then there are no nonzero conformal

Killing vector fields. In particular, all Ricci solitons have constant curvature.

Note that in all dimensions, we have the following result, which extends
the Kazdan-Warner identity.

Proposition 6.6 (Bourguignon-Ezin 1987, [54]). If (Mn, g) is a closed
Riemannian manifold with n ≥ 3 and if X is a conformal Killing vector
field, then ∫

Mn

〈∇R,X〉 dµ =

∫

Mn

R divX dµ = 0.

Proof. (1) Taking the inner product of equation (6.1) with Rij , inte-
grating by parts, and applying the contracted second Bianchi identity, we
have

1

n

∫

Mn

R div (X) dµ =

∫

Mn

Rij∇iXjdµ = −
∫

Mn

〈div (Rc) , X〉 dµ

= −1

2

∫

Mn

〈∇R,X〉 dµ =
1

2

∫

Mn

R div (X) dµ.
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Hence if n 6= 2, we obtain
∫
Mn R div (X) dµ = 0.

(2) A slightly different proof is as follows. Note that for any 2-tensor aij
(not necessarily symmetric)

∇i∇jaij −∇j∇iaij = Rjkakj −Rikaik = 0.

Hence ∇i∇j∇iXj = ∇i∇j∇jXi, so that by taking the double divergence of
(6.1) and using the contracted second Bianchi identity, we have

1

n
∆ div (X) = ∇i∇j∇iXj = ∆ div (X) + ∇i (RikXk)

= ∆ div (X) +
1

2
〈∇R,X〉 +Rik∇iXk.

Substituting (6.1) into this yields (see also [347], p. 134)

∆ (divX) +
1

n− 1
R divX +

n

2 (n− 1)
〈∇R,X〉 = 0

Integrating this implies the proposition. �

As a consequence, we have the following.

Proposition 6.7 (Expanding or steady Yamabe solitons have R con-
stant). An expanding or steady Yamabe soliton, that is, a metric g with

(r −R) gij = ∇iXj + ∇jXi,

for some vector field X and where r ≤ 0, on a closed n-dimensional manifold
has constant scalar curvature.

Exercise 6.8. Prove the above proposition.

Solution. We compute
∫

Mn

(r −R)2 dµ = −
∫

Mn

(r −R) gij ·Rijdµ

= −2

∫

Mn

∇iXjRijdµ

=

∫

Mn

Xj∇jRdµ = 0.

For the Ricci flow we have:

Proposition 6.9 (Expanding or steady Ricci solitons are Einstein).
Any expanding or steady Ricci soliton on a closed n-dimensional manifold
is Einstein.

Proof. Recall that if g is an expanding or steady Ricci soliton on a
closed manifold, then there exists a vector field X and λ ≥ 0 such that

Rij +
1

2
(∇iXj + ∇jXi) −

r

n
gij = 0.
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Similar to (8.17), since ∂
∂tR = LXR+ 2

nrR, we have

(6.2) 0 = ∆ (R− r) − 〈X,∇ (R− r)〉 + 2
∣∣∣Rc− r

n
g
∣∣∣
2
+

2

n
r (R− r) ,

where r ≤ 0. At any point x0 ∈Mn such that R (x0) = Rmin, we have

2
∣∣∣Rc− r

n
g
∣∣∣
2
+

2

n
r (R− r) ≤ 0.

Since both r and R(x0)−r are non-positive, this implies
∣∣Rc− r

ng
∣∣2 (x0) = 0.

Tracing this implies Rmin = R (x0) = r, and hence R ≡ r. Substituting this
back into (6.2), we conclude that Rc ≡ r

ng. �

2. Andrews’ Poincaré type inequality

Recall Hamilton’s surface entropy (see [258]). N is defined for met-
rics of strictly positive curvature on closed surfaces by

N(g) +

∫

M2

log (RArea)Rdµ,

where Area +
∫
M2 dµ is the area of g. We have the following entropy formula

for solutions of the Ricci flow on closed surfaces with positive curvature.

Exercise 6.10. Show that under the Ricci flow ∂
∂tg = −2 Rc = −Rg on

surfaces with positive curvature, we have

dN

dt
= −

∫

M2

|∇R|2
R

dµ+

∫

M2

(R− r)2 dµ

(6.3)

= −
∫

M2

|∇ logR− ∇f |2 Rdµ− 2

∫

M2

∣∣∣∣∇∇f − 1

2
∆f · g

∣∣∣∣
2

dµ ≤ 0(6.4)

where f is defined by ∆f = r −R.

Equation (6.4) is related to a Poincaré type inequality, which holds in
all dimensions on closed manifolds with positive Ricci curvature, due to Ben
Andrews.

Theorem 6.11 (Andrews’ Poincaré type inequality). Let (Mn, g) be a
closed Riemannian manifold with positive Ricci curvature. If ϕ is any func-
tion with

∫
Mn ϕdµ = 0 and if Fij is any trace-free symmetric 2-tensor, then

n

n− 1

∫

Mn

ϕ2dµ ≤
∫

Mn

|Fij |2 dµ(6.5)

+

∫

Mn

(
Rc−1

)ij
(∇iϕ−∇kFki) (∇jϕ−∇ℓFℓj) dµ.
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Corollary 6.12. If
∫
Mn ϕdµ = 0 and (Mn, g) is closed with positive

Ricci curvature, then

n

n− 1

∫

Mn

ϕ2dµ ≤
∫

Mn

(
Rc−1

)ij ∇iϕ∇jϕdµ.

Note that Hamilton’s inequality (6.3):

(6.6)

∫

M2

(R− r)2 dµ ≤
∫

M2

|∇R|2
R

dµ

is the special case of (6.5) where n = 2, Fij = 0 and ϕ = R− r.

Proof. Since
∫
Mn ϕdµ = 0, there exists a function β on Mn such that

∆β = ϕ. Starting from (??) we have

∫

Mn

∣∣∣∣∇i∇jβ − ∆β

n
gij

∣∣∣∣
2

dµ =
n− 1

n

∫

Mn

ϕ2dµ−
∫

Mn

Rij∇iβ∇jβdµ.

For any a ∈ R (the optimal choice for a will be determined from the com-
putations below) we have

∫

Mn

∣∣∣∣−aFij + ∇i∇jβ − ∆β

n
gij

∣∣∣∣
2

dµ(6.7)

=

∫

Mn

(
a2 |Fij |2 dµ− 2aFij∇i∇jβ +

n− 1

n
ϕ2 −Rij∇iβ∇jβ

)
dµ.

For any b ∈ R we also compute
∫

Mn

(
Rc−1

)ij
(∇iϕ−∇kFki + bRik∇kβ) (∇jϕ−∇ℓFℓj + bRjℓ∇ℓβ) dµ

=

∫

Mn

(
Rc−1

)ij
(∇iϕ−∇kFki) (∇jϕ−∇ℓFℓj) dµ

(6.8)

+

∫

Mn

(
b2Rkℓ∇kβ∇ℓβ − 2bϕ2 + 2b∇k∇iβFki

)
dµ,

where we integrated by parts and used the definition of β. Taking b = 1/a
and adding a2 times equation (6.8) to (6.7), we obtain

0 ≤
∫

Mn

∣∣∣∣−aFij + ∇i∇jβ − ∆β

n
gij

∣∣∣∣
2

dµ

+ a2

∫

Mn

(
Rc−1

)ij
(∇iϕ−∇kFki + bRik∇kβ) (∇jϕ−∇ℓFℓj + bRjℓ∇ℓβ) dµ

=

∫

Mn

(
a2 |Fij |2 +

(
n− 1

n
− 2a

)
ϕ2

)
dµ

+ a2

∫

Mn

(
Rc−1

)ij
(∇iϕ−∇kFki) (∇jϕ−∇ℓFℓj) dµ.
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Hence(
2

a
− n− 1

na2

)∫

Mn

ϕ2dµ ≤
∫

Mn

|Fij |2 dµ

+

∫

Mn

(
Rc−1

)ij
(∇iϕ−∇kFki) (∇jϕ−∇ℓFℓj) dµ.

Since 2
a− n−1

na2 ≤ n
n−1 with equality when a = n−1

n , it is best to take a = n−1
n ,

in which case we obtain (6.5). �

An interesting special case of (6.5) is obtained by taking ϕ = R− r and
Fij = α

(
Rij − 1

nRgij
)
, where α ∈ R. Here we have

n

n− 1

∫

Mn

(R− r)2 dµ ≤ α2

∫

Mn

∣∣∣∣Rij −
1

n
Rgij

∣∣∣∣
2

dµ

+

(
1 − α

(
1

2
− 1

n

))2 ∫

Mn

(
Rc−1

)ij ∇iR∇jRdµ.

When n = 2, this is equivalent to (6.6). When n ≥ 3, of particular note is

when α =
(

1
2 − 1

n

)−1
.

Corollary 6.13. If n ≥ 3, then

(6.9)

∫

Mn

(R− r)2 dµ ≤ 4n (n− 1)

(n− 2)2

∫

Mn

∣∣∣∣Rij −
1

n
Rgij

∣∣∣∣
2

dµ.

Note that a direct consequence of (6.9) is that if Rij ≡ 1
nRgij , then

R ≡ r. This is a fact which we originally derived from the contracted second
Bianchi identity.

Problem 6.14 (Andrews’ inequality applications). For dimensions n ≥
3, is there an entropy estimate for solutions of the Ricci flow with some sort
of positive curvature which follows from Andrews’ Poincaré inequality?

3. The gradient of Hamilton’s entropy is the matrix Harnack

Consider the space of smooth metrics Met on Mn. Met is an open
cone in the infinite dimensional vector space of symmetric 2-tensors. Its
tangent space TgMet at any metric g is naturally isomorphic to the space
of symmetric 2-tensors C∞ (T ∗Mn ⊗S T

∗Mn) . We may think of Met as an
infinite dimensional Riemannian manifold with the L2-metric, defined by

(6.10) 〈aij , bij〉L2 (g) +

∫

Mn

gikgjℓaijbkℓdµg,

for g ∈ Met and aij , bij ∈ C∞ (T ∗Mn ⊗S T
∗Mn) ∼= TgMet. If F : Met → R

is a smooth functional, then its gradient ∇F (g) at g is the symmetric
2-tensor defined by

〈
∇F (g)ij , hij

〉
L2

(g) + DhF (g) + lim
t→0

F (g + th) − F (g)

t
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for all h ∈ TgMet, where DhF (g) is called the Frechet derivative of F at
g in the direction h.

Recall that the (unnormalized) entropy of a surface with positive curva-
ture is

E (g) +

∫

M2

logR ·Rdµ,

where R is the scalar curvature. We compute the gradient of the entropy
in the space of metrics. Let hij + ∂

∂sgij be a variation of gij . The variation
of R (in all dimensions) is

∂R

∂s
= −∆H + ∇p∇qhpq − h · Rc

and the variation of the area form is ∂
∂sdµ = 1

2Hdµ. Since Rc = 1
2Rg when

n = 2, we have after an integration by parts

d

ds
E (g) =

∫

M2

hpq

(
−∆ logR · gpq + ∇p∇q logR− 1

2
Rgpq

)
dµ.

That is

Lemma 6.15 (Gradient of entropy is Harnack).

−∇E (gij) = ∆ logR · g −∇∇ logR+
1

2
Rg

= J

(
∇∇ logR+

1

2
Rg

)
,

where the operator J is defined below in (8.51).

The quantity ∇∇ logR + 1
2Rg is the matrix Harnack quantity which

appears in (8.24).

Problem 6.16. Is H.-D. Cao’s matrix Harnack quadratic (see [72]) re-
lated to some entropy for closed Kähler manifolds? Here we expect to need
to make some positive curvature assumption, such as positive bisectional
curvature.

4. The Yamabe flow and Aleksandrov reflection

For the Yamabe flow

(6.11)
∂

∂t
g = −Rg

on locally conformally flat manifolds, there is a gradient estimate for the con-
formal factor by Rugang Ye [533] (see Bartz-Struwe-Ye [40] for dimension
2). Recall that a Riemannian manifold is said to be locally conformally
flat if about point there exists a local coordinate system in which gij = vδij
for some positive function v. For solutions to the Yamabe problem (R ≡ r),
which is the elliptic analogue of the Yamabe flow, Schoen [442] proved a
related ‘no bubbling’ result using the Aleksandrov reflection method
along the lines of the work of Gidas-Ni-Nirenberg [224] and the positive
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mass theorem to embed the universal cover into Sn [446]. Ye’s gradient
estimate also applies to any weakly parabolic conformal flow of metrics on
Sn, which we shall now describe (see [135]).

Let gSn denote the standard metric on Sn, which we shall think of as
the unit sphere in Rn+1. We consider a general class of conformal flows of
metrics conformal to gSn . In particular, given g0 = eu0gSn , suppose that
g (t) = eu(t)gSn is a solution to

∂g

∂t
(x, t) = F

((
Rc− R

2 (n− 1)
g

)
(x, t) ,

g (x, t)

gSn
, t

)
· g (x, t)(6.12)

g (x, 0) = g0 (x)

for x ∈ Sn, t ∈ [0, T ), where F : S2T ∗Sn × R+ × [0, T ) → R.
Recall that if g = eugSn , then

R = (n− 1) e−u
(
n− ∆u− n− 2

4
|∇u|2

)
,

where ∆ and | · | are with respect to gSn . Hence the Yamabe flow ∂
∂tg = −Rg

is equivalent to

(6.13)
∂u

∂t
= (n− 1) e−u

(
∆u+

n− 2

4
|∇u|2 − n

)
.

Exercise 6.17. If ∂
∂sgij = fgij , then

(6.14)
∂

∂s

(
Rij −

1

2 (n− 1)
Rgij

)
= −n− 2

2
∇i∇jf.

Let D1F, D2F, D3F denote the partial derivatives of F. Using (6.14)
show that if ∂

∂sgij = fgij , then the linearization of F is given by

∂

∂s

(
F

(
Rc− R

2 (n− 1)
g,

g

gSn
, t

))
= D1F

(
−n− 2

2
∇i∇jf

)
+D2F

(
f
g

gSn

)
.

From this we see that if F is C1 in the first component and D1F ≤ 0, then
(6.12) is weakly parabolic.

Of particular interest is the Yamabe flow:

∂g

∂t
= −Rg,

and the corresponding normalized Yamabe flow

∂g

∂t
= (r −R) g

where r is the average scalar curvature. We make the following monotonic-
ity assumption on F which ensures the weak parabolicity of the evolution
equation (6.12). We shall always assume F is Lipschitz continuous in the
first component.
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(1) If n ≥ 3, we assume

(6.15) F (β1, h, t) ≥ F (β2, h, t)

for all β1, β2 ∈ S2T ∗Sn with β1 ≤ β2, h > 0 and t ∈ [0, T ).
(2) If n = 2, we assume the evolution equation is of the form

∂g

∂t
(x, t) = F (R (x, t) , t) · g (x, t)

where

(6.16) F (ρ, t) is a nonincreasing function of ρ.

We have the following gradient estimate, proved by [533] for the Yamabe
flow.

Theorem 6.18 (Gradient estimate for weakly conformal flows). If g (t) +
eu(t)gSn , t ∈ [0, T ), is a solution to (6.12) under the hypothesis (6.15) when
n ≥ 3 or the hypothesis (6.16) when n = 2, then there exists a constant
C <∞ depending only on g (0) such that

|∇u (x, t)| ≤ C for all x ∈ Sn and t ∈ [0, T ).

From integrating this estimate along great circles in Sn, we have:

Corollary 6.19 (Classical type Harnack estimate).

max
Sn

u (t) ≤ min
Sn

u (t) + C.

This is a Harnack estimate since we may write it in terms of the conformal
factor as:

(6.17) max
Sn

eu(t) ≤ eC min
Sn

eu(t).

To obtain uniform upper and lower bounds for u, we need a normaliz-
ing condition. For example, if the volume Vol (g (t)) =

∫
Mn e

n
2
u(t)dµSn is

bounded from above and below by positive constants, then |u| ≤ C for some
C <∞. We now can derive the following result of Ye [533].

Theorem 6.20 (Convergence of the Yamabe flow of LCF manifolds). If
(Mn, g0) is a closed, locally conformally flat manifold with positive Yamabe
invariant:

inf
g=eug0

Vol (g)−(n−2)/n
∫

Mn

Rgdµg > 0,

then there exists a solution to the Yamabe flow g (t) , defined for all t ∈ [0,∞)
and with g (0) = g0, such that g (t) converges in each Ck-norm to a C∞

metric g∞ conformal to g0 with constant scalar curvature R (g∞) ≡ r.
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Proof. Since the Yamabe flow (6.13) is strictly parabolic, there exists
a solution for a short time interval [0, ε). Let [0, T ) be the maximal time
interval of existence. We claim T = ∞. By the Harnack estimate (6.17),
the Yamabe flow in terms of the conformal factor (6.13) is a second order
uniformly parabolic equation. Hence by the estimate of Krylov-Safonov
[333], u satisfies a uniform Hölder estimate. By parabolic Schauder theory
(which is similar to elliptic Schauder theory), u satisfies a C2k,α estimate for
all k ≥ 1 (see [349] for example). Hence, unless T = ∞, we can continue the
solution past time T. Next we may apply L. Simon’s asymptotic theorem
to conclude that g (t) converge in each Ck norm to a C∞ metric g∞. From
(2.4) we see that the scalar curvature evolves by:

∂R

∂t
= (n− 1) ∆R+R2 − rR,

so that
dr

dt
=

d

dt

( ∫
M Rdµ∫
M dµ

)
= −n− 2

2

∫
M (R−r)2dµ∫

M dµ
.

Therefore R (g∞) ≡ r. �

Given a point N ∈ Sn, let

σN : Sn − {N} → N⊥

be the stereographic projection map defined by

σN (y) +
y − 〈y,N〉N
1 − 〈y,N〉 .

Here N⊥ is the hyperplane N⊥ +
{
x ∈ Rn+1 : 〈x,N〉 = 0

}
. The inverse of

the stereographic projection map is given by

σ−1
N : N⊥ → Sn − {N}

where

σ−1
N (x) +

2x+
(
|x|2 − 1

)
N

|x|2 + 1

for x ∈ N⊥. We think of N as the north pole. Accordingly we define the
south pole by S + −N.

We are interested in the following conformal diffeomorphisms of Sn :

(1) (Reflection about the equator)

ρN : Sn → Sn

where

ρN (y) + y − 2 〈y,N〉N.
(2) (Conformal dilations)

ϕαN + σ−1
N ◦ α ◦ σN : Sn → Sn

where α : N⊥ → N⊥ is multiplication by α ∈ (0,∞) .
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The conformal dilations ϕαN fix the poles N and S, and ϕ1
N = IdSn . The

direction of the dilation (or stretch) is given as follows: for α > 1, ϕαN takes
points closer to N, while for α < 1, ϕαN takes points closer to S. In terms
of pull backs this means the following: for any metric g on Sn, for α > 1,
(ϕαN )∗ g is concentrated more near S (for α < 1, near N.)

The idea of the Aleksandrov reflection method begins with the following.
Let H+

N + {y ∈ Sn : 〈y,N〉 ≥ 0} denote the northern hemisphere (and

similarly define the southern hemisphere H−
N .)

Lemma 6.21. For any metric g = eugSn , there exists a constant α0 ∈
(0, 1) such that for all α ∈ (0, α0] and N ∈ Sn, we have

(ϕαN )∗ g ≥ ρ∗N (ϕαN )∗ g on H+
N .

Proof. Intuitively, this is quite obvious, so we skip the proof. For an
elementary and detailed proof, we refer the reader to Proposition 3.1 in
[135]. �

Define uαN : Sn → R by (ϕαN )∗ g + exp (uαN ) gSn . Since

ρ∗N (ϕαN )∗ g = exp (uαN ◦ ρN ) gSn ,

the lemma is equivalent to:

Corollary 6.22. For every N ∈ Sn and every α ∈ (0, α0], we have

(6.18) uαN ≥ uαN ◦ ρN on H+
N .

From this we can see that the constant α0 ∈ (0, 1) determines the follow-
ing gradient estimate for the conformal factor u on Sn. This proposition
will enable the Aleksandrov reflection method to provide an estimate for
|∇u| for weakly parabolic conformal flows on Sn.

Proposition 6.23 (Aleksandrov reflection implies gradient estimate).
For any metric g = eugSn , if α0 ∈ (0, 1) is as in the above lemma, then

(6.19) |∇u (x)| ≤ 1 − α2
0

α0

for all x ∈ Sn.

Proof. (Sketch, see [135] for details.) Let

EN + ∂H+
N = {y ∈ Sn : 〈y,N〉 = 0}

denote the equator. First we observe that (6.18) implies for all α ∈ (0, α0]
and N ∈ Sn

〈∇uαN (y) , N〉 ≥ 0

for all y ∈ EN . The vector field N is tangent to Sn on the equator EN .
We extend N |EN

to a vector field N̄ defined on Sn − {N,S} by parallel
translating N along all of the great circles which pass through N and S.
Since

〈∇uαN (y) , N〉 =
2α

α2 + 1

〈
∇u (ϕαN (y)) , N̄

〉
+

2
(
1 − α2

)

α2 + 1
,
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in terms of the original conformal factor, this implies

(6.20)
〈
∇u
(
ϕα0
N (y)

)
, N̄
〉
≥ −1 − α2

0

α0
.

for all y,N ∈ Sn such that 〈y,N〉 = 0. Now we want to see why this implies
the gradient estimate (6.19). Given any point x ∈ Sn, define

Jα0 (x) +
{
y ∈ Sn : ϕα0

N (y) = x for some N ∈ Sn with 〈y,N〉 = 0
}
.

It is not hard to see that

Jα0 (x) =

{
y ∈ Sn : 〈y, x〉 =

2α0

α2
0 + 1

}

is an (n− 1)-sphere centered at x. Let

Kα0 +
{
N ∈ Sn : ϕα0

N (y) = x for some y ∈ Sn with 〈y,N〉 = 0
}
.

Then

Kα0 (x) =

{
N ∈ Sn : 〈N,x〉 =

α2
0 − 1

α2
0 + 1

}

which is also an (n− 1)-sphere centered at x. From this and (6.20) it is not
hard to see that for any x ∈ Sn

〈
∇u (x) , N̄

〉
≥ −1 − α2

0

α0

for all N̄ ∈ Sn such that
〈
N̄ , x

〉
= 0. This completes the proof of (6.19). �

Now we are ready to give the

Proof of Theorem 6.18. Remarkably, the proof is quite easy now.
By Lemma 6.21, there exists α0 ∈ (0, 1) such that for all α ∈ (0, α0] and
N ∈ Sn

(6.21) (ϕαN )∗ g (0) ≥ ρ∗N (ϕαN )∗ g (0) on H+
N .

By the conformal invariance of equation (6.12), both (ϕαN )∗ g (t) and ρ∗N (ϕαN )∗ g (t)
are solutions to the same weakly parabolic flow (6.12). By the maximum
principle for scalars and (6.21), we have

(ϕαN )∗ g (t) ≥ ρ∗N (ϕαN )∗ g (t) on H+
N for all t ∈ [0, T ) and α ∈ (0, α0].

By the proof of Proposition 6.23, we conclude that

|∇u (x, t)| ≤ 1 − α2
0

α0
for all x ∈ Sn and t ∈ [0, T ).

�
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4.1. L. Simon’s asymptotic theorem. Let (Mn, g) be a closed Rie-
mannian manifold and consider an energy functional of the form:

E (u) =

∫

Mn

E (∇u, u, x) dµ,

defined for u ∈ C∞ (Mn) , where

(1) E : TMn × R ×Mn → R depends smoothly on ∇u, u and x,
(2) E (p, z, x) is uniformly convex in p for |p|+ |z| sufficiently small,

so that
d2

ds2
E (sq, 0, x)

∣∣∣∣
s=0

≥ c |q|2

where c > 0 is independent of x ∈Mn and q ∈ TxM
n,

(3) E (p, z, x) depends analytically on p and z, uniformly in x ∈Mn,
for |p| + |z| sufficiently small, so that there exists ε > 0 such that

E (p+ s1q, z + s2w, x) =
∑

m1,m2≥0

Em1,m2 (p, q, z, w, x) sm1
1 sm2

2

and ∣∣∣∣∣∣

∑

m1+m2=k

Em1,m2 (p, q, z, w, x) sm1
1 sm2

2

∣∣∣∣∣∣
≤ 1

for |p| , |q| , |z| , |w| < ε, s21 + s22 < 1 and k ≥ 1.
(4) The gradient (or Euler-Lagrange operator) of E , defined by

〈grad E (u) , v〉L2(Mn) =
d

ds
E (u+ sv)

∣∣∣∣
s=0

,

satisfies grad E (0) = 0.

Consider the second-order parabolic partial differential equation:

∂u

∂t
= − grad E (u) .

Assume that

E (u (t)) ≥ E (0) − δ

for δ sufficiently small implies that u (t) → u∞, where u∞ is a solution to

grad E (u∞) = 0.

The energy functional corresponding to the Yamabe flow is

Y (g) +

∫

Mn

Rdµ

= (n− 1)

∫

Mn

e−u
(
n− ∆u− n− 2

4
|∇u|2

)
e

n
2
udµSn

= (n− 1)

∫

Mn

(
n+

n− 2

4
|∇u|2

)
e

n−2
2
udµSn .
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Here

E (p, z, x) =

(
n+

n− 2

4
|p|2
)
e

n−2
2
z.

In particular
d2

ds2
E (sq, 0, x)

∣∣∣∣
s=0

=
n− 2

2
|q|2 .

and

E (p+ s1q, z + s2w, x) =

(
n+

n− 2

4
|p+ s1q|2

)
e

n−2
2
z+s2w.

5. Isoperimetric estimate

5.1. Evolution of the length of a geodesic. Let (Mn, g (t)) be a

solution to the Ricci flow, γ : [a, b] → Mn be a fixed path, and S + dγ
ds .

Given a time t0, assume that γ is parametrized by arc length with respect
to g (t0) so that |S| = 1 at t = t0. The evolution of the length of γ with
respect to g (t) is given by

d

dt

∣∣∣∣
t=t0

L g(t) (γ) =

∫ b

a

(
∂

∂t

∣∣∣∣
t=t0

√
g (t) (S, S)

)
ds

= −
∫ b

a
Rc g(t0) (S, S) ds.(6.22)

Further assume that γ0 is a geodesic with respect to g (t0) . Recall the second
variation formula (1.120):

∂2

∂r2

∣∣∣∣
r=0

Lg(t0) (γr) =

∫ b

a

(
|∇SR|2 − 〈∇SR,S〉2 − 〈Rm (R,S)S,R〉

)
ds

+ I (R,R) .

where the norms and inner products are with respect to g (t0) . Now let

{ei}n−1
i=1 be an orthonormal basis of parallel vector fields spanning S⊥ along

γ0. Since ∇Sei = 0 along γ0, we have

I (ei, ei) = −
∫ b

a
〈Rm (ei, S)S, ei〉 ds.

Hence we have

Lemma 6.24 (Heat type equation for lengths of geodesics).

d

dt

∣∣∣∣
t=t0

L g(t) (γ) =
n−1∑

i=1

I (ei, ei) =
n−1∑

i=1

∂2

∂r2i

∣∣∣∣
ri=0

Lg(t0) (γri)

where γri is a 1-parameter family of paths with variation vector field ei at
ri = 0.

So in essence, the length of a geodesic satisfies a heat-like equation.
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5.2. Isoperimetric estimate for surfaces. In this section we present
Hamilton’s monotonicity formula for the isoperimetric constant for solutions
of the Ricci flow on the 2-sphere. Throughout this section we give statements
of facts and results without proof; for the detailed proofs see [266] and [153]
§5.14, p. 156ff; We first recall some basic facts about the isoperimetric
constant; see also Volume 2 and the references therein.

Let
(
M2, g

)
be a Riemannian surface diffeomorphic to the 2-sphere.

Given an embedded closed curve γ separating M2 into two open surfaces
M2

+ and M2
−, we define the isoperimetric ratio of γ by

(6.23) CS (γ) + L (γ)2
(

1

A
(
M2

+

) +
1

A
(
M2

−
)
)

= L (γ)2
A
(
M2
)

A
(
M2

+

)
· A
(
M2

−
) ,

where L and A denote the length and area. The isoperimetric constant
of
(
M2, g

)
is

CS
(
M2, g

)
+ inf

γ
CS (γ) ,

where the infimum is taken over all smooth embedded (not necessarily con-
nected) γ that separate M2. It can be shown that there exists a smooth
embedded closed curve γmin such that CS (γmin) = CS

(
M2, g

)
. Similar to

CS we define

CH
(
M2, g

)
+ inf

γ
CH (γ) ,

where the infimum is taken over all smooth embedded (connected) loops γ.
It is not hard to see

CS
(
M2, g

)
≤ CH

(
M2, g

)
≤ 4π.

Furthermore, if CH
(
M2, g

)
< 4π, then there exists a smooth embedded loop

γmin such that CH (γmin) = CH
(
M2, g

)
.

The main result of this section is the following.

Theorem 6.25 (Monotonicity of the isoperimetric constant). If
(
M2, g (t)

)

is a solution of the Ricci flow on a topological 2-sphere, then CH
(
M2, g (t)

)

is monotonically nondecreasing for all t.

The proof relies on deriving the following heat-type equation. Given
an embedded loop γ0 in M2, by the Schoenflies Theorem, γ0 separates M2

into two disks M2
+ and M2

−. Let γρ denote the parallel curves (of signed
distance ρ) to γ0, where γρ ⊂ M2

+ for ρ > 0, and which separate M2 into
two disks M2

+ (ρ) and M2
− (ρ); we assume ρ is sufficiently small so that γρ is

smooth and embedded.

Lemma 6.26 (Heat equation for isoperimetric ratios of parallel loops).
Let

(
M2, g (t)

)
be a solution of the Ricci flow on a topological 2-sphere and let

γ0 be an embedded loop. Given a time t0, let γρ denote the parallel loops with
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respect to g (t0) . Then the isoperimetric ratios CH (ρ, t) of γρ with respect
to the metric g (t) satisfy

∂

∂t
(logCH) =

∂2

∂ρ2
(logCH) +

∫
γρ
k ds

L

∂

∂ρ
(logCH) +

4π − CH
A

(
A+

A−
+
A−
A+

)

at t = t0, where A± + A
(
M2

± (ρ)
)
, A + A

(
M2
)

and k is the geodesic
curvature of γρ.

Roughly speaking, Theorem 6.25 follows from Lemma 6.26 since if γ0 is
a minimizer of CH (γ, g (t0)) with CH (γ0, g (t0)) < 4π, then

∂

∂t

∣∣∣∣
t=t0

(logCH (γ0; g (t))) ≥ 4π − CH (γ0; g (t0))

A

(
A+

A−
+
A−
A+

)
> 0.

A simple geometric result establishes the following.

Lemma 6.27 (Isoperimetric estimate implies injectivity radius estimate).
If
(
M2, g

)
is a topological 2-sphere, then

[
inj
(
M2, g

)]2 ≥ π

4Kmax
CH

(
M2, g

)

where Kmax is the maximum of the Gauss curvature.

So as a consequence, we have:

Corollary 6.28 (Injectivity radius estimate for the Ricci flow on S2).
If
(
M2, g (t)

)
is a solution of the Ricci flow on a topological S2, then

inj
(
M2, g (t)

)
≥ c√

Kmax (t)
,

where c +
√

π
4CH (M2, g (0)) > 0.

As a consequence of the isoperimetric estimate, we see that any singu-
lar solution of the Ricci flow on a topological S2 is Type I; for if it were
Type IIa, one would then obtain a cigar soliton as a limit, contradicting the
isoperimetric estimate.

5.3. Isoperimetric estimate for Type I singular solutions in di-
mension three. Let

(
M3, g

)
be a closed Riemannian 3-manifold. Given

V ∈ (0,Vol (g)) , let

G (V ) + inf
Σ2

A
(
Σ2
)

where the infimum is taken over smooth embedded surfaces Σ2 which sepa-
rate M3 into two regions of volume V and Vol (g) − V. Note that

lim
V→0

G (V ) = lim
V→Vol(g)

G (V ) = 0

and that G is an even function about V = Vol (g) /2. The following result
was proved in [267].
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Theorem 6.29 (Isoperimetric estimate for Type I singular solutions on
3-manifolds). If

(
M3, g (t)

)
, t ∈ [0, T ), is a Type I singular solution of the

Ricci flow on a closed 3-manifold with Vol (g (t)) ≥ c (T − t)3/2 , then there
exists a constant c > 0 such that if Σ2 ⊂ M3 is a smooth embedded surface
separating M3 into two regions with volumes at least V, then

A
(
Σ2; g (t)

)
≥ cmin

{
V 2/3, T − t

}
,

where A
(
Σ2; g (t)

)
denotes the area of Σ2 with respect to g (t) .

The proof of the theorem is a consequence of the following estimate.

Lemma 6.30. If
(
M3, g (t)

)
, t ∈ [0, T ), satisfies the hypotheses of the

above lemma and is normalized so that mint=0R ≥ −ρ, then there exist
constants A,B <∞ such that for all V ∈

[
0, 1

2 Vol (g (t))
]

and t ∈ [0, T )

G (V, t) > e−
2
3
ρt

(
A

V 2/3
+

B

T − t

)−1

.

where G (V, t) denotes G (V ) with respect to g (t) .

Indeed, the lemma implies

A
(
Σ2; g (t)

)
>

1

2
e−

2
3
ρT min

{
A−1V 2/3, B−1 (T − t)

}
.

In turn, the isoperimetric estimate implies an injectivity radius estimate.
This estimate has been superseded by Perelman’s no local collapsing theo-
rem, which not only provides an injectivity radius estimate for both Type I
and IIa singular solutions, but also rules out local collapse and in particular
the formation of the cigar soliton singularity model.

Sketch of proof of lemma. We shall show that G (V, t) > F (V, t)
for all V ∈ (0,Vol (g (t))) and t ∈ [0, T ), where

F (V, t) + e−
2
3
ρt

(
A

V 2/3
+

A

(Vol (g (t)) − V )2/3
+

B

T − t

)−1

and A and B are to be determined; F is an even function about V =
Vol (g) /2. We leave it to the reader to check that
1. for t sufficiently small and any V, G (V, t) > F (V, t) ,
2. given t, for any V sufficiently small, G (V, t) > F (V, t) .
Thus if the lemma is false, then there exists t0 > 0 such that there is a
V0 ∈ (0, 1

2 Vol (g (t0))] where

G (V0, t0) = F (V0, t0)

for the first time. The idea is to obtain a contradiction by deriving heat-type
equations for F and G and applying the maximum principle. There exists
a smooth embedded surface Σ2

0 of constant mean curvature such that

G (V0, t0) = A
(
Σ2

0; g (t0)
)
.
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Let Σ2
r denote the parallel surfaces of signed distance r from Σ2

0 with respect
to g (t0) , where Σ2

r is in the region of volume V0 for r < 0. For r sufficiently
small, Σ2

r is embedded and diffeomorphic to Σ2
0. Let

A (r, t) + A
(
Σ2
r ; g (t)

)

and

V (r, t) + Vol
(
M3

− (r) ; g (t)
)

where M3
− (r) is the region enclosed by Σ2

r on the side which has

Vol
(
M3

− (0) ; g (t0)
)

= V0.

Recall
∂A

∂t
=
∂2A

∂r2
− 4πχ

(
Σ2
r

)
.

On the other hand, using

A
(
Σ2
r ; g (t0)

)
≥ G (V (r, t0) , t0) ≥ F (V (r, t0) , t0)

for all r sufficiently small, and A
(
Σ2

0; g (t0)
)

= F (V (0, t0) , t0) , it follows
that at (0, t0)

∂A

∂r
=
∂F

∂V

∂V

∂r
and

∂2A

∂r2
≥
(
∂V

∂r

)2 ∂2F

∂V 2
+
∂2V

∂r2
∂F

∂V
.

Similarly, from A
(
Σ2

0; g (t)
)
≥ F (V (0, t) , t) for t ≤ t0, we have at (0, t0)

∂A

∂t
≤ ∂F

∂t
+
∂V

∂t

∂F

∂V
.

One can show χ
(
Σ2
r

)
≤ 0 (this requires the Gauss-Bonnet formula, Gauss

equation, Type I condition to estimate the curvature, see [267], §23 for
details). Hence

∂A

∂t
≥ ∂2A

∂r2

which implies

∂F

∂t
+
∂V

∂t

∂F

∂V
≥
(
∂V

∂r

)2 ∂2F

∂V 2
+
∂2V

∂r2
∂F

∂V
.

Using ∂V
∂t ≤ ρV (since R ≥ −ρ) and ∂V

∂r = F, ∂
2V
∂r2

= F ∂F
∂V (again see [267],

§23 for details), we obtain at (0, t0)

∂F

∂t
+ ρV0

∂F

∂V
≥ F 2 ∂

2F

∂V 2
+ F

(
∂F

∂V

)2

where we have assumed 0 < V0 ≤ 1
2 Vol (g (t0)) . The contradiction is ob-

tained by showing that for A and B sufficiently large, by using the definition
of F the opposite inequality holds. �
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Let
(
M3, g

)
be a closed Riemannian 3-manifold. The isoperimetric

constant CI = CI (M, g) is defined by

CI + inf
Σ

Area (Σ)

min
{

Vol (M1)
2/3 ,Vol (M2)

2/3
} ,

where the infimum is taken over all surfaces Σ2 (not necessarily connected)
which divide M3 into two regions M1 and M2. Hence for any surface Σ
dividing M3 into two regions M1 and M2 we have

Area (Σ) ≥ CI · min
{

Vol (M1)
2/3 ,Vol (M2)

2/3
}
.

Now we estimate the volume of small enough balls. For any point p ∈ M3,
we compute

d

dr
Vol (B (p, r)) = Area (∂B (p, r))

≥ CI · min
{

Vol (B (p, r))2/3 ,Vol
(
M3 −B (p, r)

)2/3}
.

Given a constant c ∈ (0, 1], as long as Vol (M −B (p, r)) ≥ c3/2 Vol (B (p, r)) ,
we have

d

dr

{
Vol (B (p, r))1/3

}
≥ 1

3
CIc.

Since Vol (B (p, 0)) = 0, then

Vol (B (p, r)) ≥
(

1

3
CIc

)3

r3.

In particular, if Vol (B (p, r)) ≤ 1
2 Vol (M) , so that we may take c = 1, then

Vol (B (p, r))

r3
≥ C3

I

27
.

Lemma 6.31. There exists a constant κ > 0 depending only on CI such

that if r ∈
[
0,Vol (M)1/3

]
, then

Vol (B (p, r))

r3
≥ κ.

Proof. If r ∈
[
0,Vol (M)1/3

]
, then if also Vol (B (p, r)) ≤ 1

2r
3, we have

Vol (B (p, r)) ≤ 1
2 Vol (M) , which implies

Vol (B (p, r))

r3
≥ C3

I

27
.

Hence for all r ∈
[
0,Vol (M)1/3

]
, we have

Vol (B (p, r)) ≥ min

{
1

2
,

1

27
C3
I

}
r3.

�
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6. Cross curvature flow

In this section, the ideas do not come from the study of surfaces, but
we have situated the section here for lack of a better place. It is an inter-
esting question to see if any of these ideas, which are based in dimension 3,
generalize or are related to ideas that work in higher dimensions.

The Ricci tensor has the following nice property which follow directly
from the contracted second Bianchi identity (see also [256], Corollary 3.2).

Lemma 6.32 (Ricci tensor and harmonic identity map). If Rc is positive
(negative) definite, then the identity map

id : (Mn, g) → (Mn,±Rc)

is a harmonic map.

Now consider dimension 3. At any point, there exists a orthonormal
frame {ei}3

i=1 such that

(6.24) Rm (ei, ej) ek = σij (δjkei − δikej)

where σij = σji is the sectional curvature of the plane spanned by ei and
ej . In an (oriented) orthonormal frame, the cross curvature tensor Cr is
defined by

Cij = Cr (ei, ej) +
1

2
dµipqdµjrs

(
Rpr −

1

2
Rgpr

)(
Rqs −

1

2
Rgqs

)
,

where dµ is the volume form (dµijk is nonzero only when i, j, k are distinct,
in which case it is the sign of the permutation (ijk) .) In an orthonormal
frame satisfying (6.24), where κ1 + R2332, κ2 + R1331, and κ3 + R1221, we
have Rc and Cr are diagonal and Rc (ei, ei) = κj+κk and Cr (ei, ei) = κj ·κk,
where i, j, k are distinct.

Lemma 6.33 (Cross curvature tensor and dual harmonic identity map).
If the sectional curvatures of

(
M3, g

)
are either positive or negative (so that

Cr > 0), then

(6.25)
(
Cr−1

)ij ∇iCjk =
1

2

(
Cr−1

)ij ∇kCij ,

and hence the identity map

id : (Mn,Cr) → (Mn, g)

is a harmonic map.

Comparing Lemmas 6.32 and 6.33, we may think of Rc and Cr as being
dual to each other. The cross curvature flow is defined on a 3-manifold
of negative (positive) sectional curvature by

∂

∂t
gij = ±2Cij .
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Using DeTurck’s trick, J. Buckland has shown that if
(
M3, g

)
is closed, then

for any smooth initial metric with definite sectional curvature, a solution to
the cross curvature flow exists for a short time [59].

Conjecture 6.34 (Chow-Hamilton - convergence of the cross curvature
flow). If

(
M3, g

)
is a closed 3-manifold with negative (positive) sectional

curvature, then a solution g (t) to the normalized cross curvature flow

∂

∂t
gij = ±2Cij ∓

2c

3
gij ,

where c +
∫
M3 g

ijCijdµ
/ ∫

M3 dµ, with g (0) = g0 exists for all t ≥ 0 and
converges to a constant negative (positive) sectional curvature metric as t→
∞.

If the initial metric has negative sectional curvature, then we have the
following monotonicity formulas. Let Eij + Rij − 1

2Rgij be the Einstein

tensor and define Tijk + Eiℓ∇ℓEjk and Ti +
(
E−1

)jk
Tijk = Eij∇j log detE

det g .

Analogous to the decomposition of ∇Rc (equation (3.36)), we decompose
Tijk into its irreducible components

Tijk + Uijk −
1

10
(EijTk + EikTj) +

2

5
EjkTi,

where the coefficients − 1
10 and 2

5 are chosen make U traceless with respect

to E :
(
E−1

)ij
Uijk =

(
E−1

)ik
Uijk =

(
E−1

)jk
Uijk, we obtain

|Tijk − Tjik|2 = |Uijk − Ujik|2 + |Ti|2 .

Here all of the norms are with respect to E, so that for instance |Ti|2 +(
E−1

)ij
TiTj .

Proposition 6.35 (Two monotonicity formulas). As long as a solution
to the cross curvature flow exists (see [151]):

(6.26)
d

dt
Vol (E) =

1

4

∫

M3

|Uijk − Ujik|2
(

detE

det g

)1/2

dµ ≥ 0

and

d

dt

∫

M3

(
1

3
Trace gE −

(
detE

det g

)1/3
)
dµ(6.27)

= −1

6

∫

M3

(
|Uijk − Ujik|2 +

1

3
|Ti|2

)(
detE

det g

)1/3

dµ

−
∫

M3

(
Trace g Cr

3
−
(

det Cr

det g

)1/3
)(

detE

det g

)1/3

dµ

≤ 0.
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Note that Vol (E) is scale-invariant in g and that the integrand in (6.27)
is nonnegative since it is the difference between the arithmetic and geo-
metric means of −κ1, −κ2, and −κ3. This difference vanishes if and only if
the sectional curvature is constant. Note that the metric g is expanding and
the integral scales like g1/2, so the monotonicity formula (6.27) is somewhat
surprising.

Remark 6.36. Ben Andrews [21] has observed that if the universal cover
of
(
M3, g0

)
can be isometrically embedded as a hypersurface in Euclidean or

Minkowski space, then the Gauss curvature flow of the hypersurface yields
the cross curvature flow of the induced metric. When, in addition, M3 is
closed, Andrews has stated that global existence and convergence holds.

7. Notes and commentary

§4. There is also a Harnack estimate for the scalar curvature under the
additional condition of positive Ricci curvature [134]. The Yamabe flow for
initial metrics with large energies has been studied by Schwetlick and Struwe
[449].

§6. Every closed manifold of dimension at least 3 admits a metric with
negative Ricci curvature. In dimension 3 this was proved by Gao and Yau
[220]. In all dimensions ≥ 3 this was proved by Lohkamp [351] (see also
[352]). Lohkamp showed that any smooth metric on a closed manifold may
be approximated in C0 by metrics with negative Ricci curvature.

Considering a much stronger curvature condition, Gromov and Thurston
[244] showed that for every ε > 0, there exists a closed manifold (Mn, g) of
dimension n ≥ 4 with

−1 − ε ≤ sect (g) ≤ 1

and which does not admit a hyperbolic metric.

Problem 6.37. Given n ≥ 4, does there exist ε > 0 such that if a closed
Riemannian manifold (Mn, g) has −1 − ε ≤ sect (g) ≤ 1, then Mn admits
an Einstein metric with negative sectional curvature.

For work related to this direction using the Ricci flow see Ye [532].
However, by the work of Farrell and Ontaneda [205], it is not in general
possible to use the Ricci flow (or other flow with continuous dependence
on the initial metric) to evolve negative sectional curvature pinched metrics
to Einstein metrics with negative sectional curvature. This is because in
general, there is no continuous map from the space of negative sectional
curvature pinched metrics to the space of Einstein metrics with negative
sectional curvature.



CHAPTER 7

Introduction to singularities

One of the main topics of interest in Ricci flow and other geometric
evolution equations is that of singularity formation. Here one would like
to understand the possible singularities which arise in finite and infinite
time singularities as well as the structure of solutions in high curvature re-
gions. In this chapter we introduce the reader to this topic, focusing more
on classical techniques. In Volume 2 we shall go into a more detailed study
of singularities based on Perelman’s work building upon Hamilton’s earlier
work on singularity formation. We begin this chapter by looking at how to
dilate about a singularity. We then recall the classification of types of sin-
gularities based on the rate of blow up of the curvature. An interesting, but
presumably non-generic singularity is the so-called degenerate neck pinch.
Here one has a heuristic argument for why such a singularity should exist.
Since singularity models are ancient solutions, we consider the classifica-
tion of ancient solutions on surfaces. Furthermore, we survey some of the
classical results on 3-dimensional singularity models; in Volume 2 we shall
consider this topic in more detail. Finally, we present some questions and
conjectures about ancient solutions in low dimensions.

1. Dilating about a singularity and taking limits

Now let’s assume (Mn, g (t)) is a solution on a closed manifold on a
maximal time interval [0, T ), where T < ∞, so that supM×[0,T ) |Rm| =
∞. We try to understand the singularity which is forming as t → T by
considering sequences of points and times {(xi, ti)}i∈N

such that xi ∈ M
and ti → T. We call the points xi the origins. From the single solution
(Mn, g (t)) we form a sequence of solutions (Mn, gi (t)) defined by

(7.1) gi (t) = Kig
(
ti +K−1

i t
)

where Ki + |Rm (xi, ti)| . We are interested in the sequences where

lim
i→∞

Ki = ∞.

There are various conditions which we can put on the sequence {(xi, ti)} to
ensure that we obtain either a global or a local limit. We start with the
classical point of view where we first assume there exists a positive constant

229
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C <∞ such that

(7.2) Ki ≥
1

C
sup

Mn×[ti−βiK
−1
i ,ti]

|Rm|

where βi → ∞. In this case, we have

sup
Mn×[−βi,0]

|Rm (gi)| ≤ C.

That is, we have a uniform curvature bound for the sequence of solutions
on time intervals ending at 0 and beginning at times which tend to −∞.
In order to apply Hamilton’s Cheeger-Gromov compactness theorem (see
Theorem 5.19) to a get a limit solution on an n-dimensional manifold, we
need an injectivity radius estimate at the origins of the form:

inj gi(0) (xi) ≥ ι > 0

for some ι > 0. This is equivalent to inj g(ti) (xi) ≥ K
−1/2
i ι.

Remark 7.1. Given a constant 1 < C <∞, let

MC +

{
(x, t) : |Rm (x, t)| ≥ 1

C
sup
Mn

|Rm (g (t))|
}
.

Given a sequence {(xi, ti)} with ti → T, we think of {(xi, ti)} as being at the
smallest space scale (largest curvature scale) if there exists C < ∞
such that (xi, ti) ∈MC .

The following local injectivity radius estimate is a corollary of Perelman’s
no local collapsing theorem which we shall discuss in Volume 2.

Corollary 7.2 (Injectivity radius estimate at smallest space scale). Let
c > 0 and C <∞ be constants. There exists a constant ι > 0 depending only
on c, C and g0 such that if {(xi, ti)} is any sequence of points and times with

ti < T < ∞ such that |Rm (g (ti))| ≤ CKi in the ball Bg(ti)

(
xi, cK

−1/2
i

)
,

then inj g(ti) (xi) ≥ K
−1/2
i ι.

With this, we can apply the compactness theorem to get:

Theorem 7.3 (Ancient limit). If {(xi, ti)} is a sequence satisfying (7.2)
for some C < ∞, then there exists a subsequence such that the sequence
of pointed solutions to Ricci flow {(Mn, gi (t) , xi)} converges uniformly in
every Ck norm on compact sets to a complete solution (Mn, g∞ (t) , x∞) to
the Ricci flow on the time interval (−∞, 0].

Such a solution (Mn, g∞ (t)) , t ∈ (−∞, 0], is called a singularity model.
Ancient solutions with bounded curvature have nonnegative scalar curva-
ture:

Lemma 7.4 (Ancient solutions have nonnegative scalar curvature). If
(Mn, g (t)) , t ∈ (−∞, 0], is a complete solution to the Ricci flow with cur-
vatures bounded on each compact time interval, then either R (g (t)) > 0 for
all t ∈ (−∞, 0] or Rc (g (t)) ≡ 0 for all t ∈ (−∞, 0].
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Proof. (Idea.) From (2.2) and |Rc|2 ≥ 1
nR

2, we have ∂
∂tR ≥ ∆R +

2
nR

2. As long as we can apply the maximum principle (see [143], Chapter
4 for why we can), since the solution exists on any interval [α, 0], we have
R (x, t) ≥ − n

2(t−α) for all t ∈ (α, 0]. Taking the limit as α → −∞, we

conclude R (x, t) ≥ 0 for all t ∈ (−∞, 0]. The strong maximum principle
implies either R > 0 always or R ≡ 0 always. In the latter case, by the
evolution equation for R, we deduce Rc ≡ 0. �

2. Singularity types

It is useful to divide finite time singularities into two types. Suppose
that (Mn, g (t)) is a solution to the Ricci flow on a closed manifold on a
maximal time interval [0, T ). We say that the solution forms a:

(1) Type I singularity (rapidly forming) if supM×[0,T ) (T − t) |Rm| <
∞,

(2) Type IIa singularity (slowly forming) if supM×[0,T ) (T − t) |Rm| =
∞.

Similarly, we may divide infinite time singularities:

(1) Type III singularity (rapidly forming) if supM×[0,∞) t |Rm| <∞,

(2) Type IIb singularity (slowly forming) if supM×[0,∞) t |Rm| = ∞.

Problem 7.5. Under what conditions can one determine the blow up
rate of Type IIa solutions? Perhaps one can begin by considering rotationally
symmetric solutions.

One difficulty could be that Type IIa singularities are not expected to
be generic. In contrast, most immersed convex plane curves with winding
number 2 develop Type II singularities under the curve shortening flow.
Moreover, Angenent and Velazquez [26] proved that for solutions the curve
shortening flow of convex immersed plane curves symmetric about the x-
axis and with exactly one singular arc of turning angle π, the maximum
curvature satisfies the following asymptotics:

max
γ(t)

k = (1 + o (1))

√
log (log [1/ (T − t)])

T − t
.

In comparison, a Type I singularity of the curve shortening flow is defined
by:

max
γ(t)

k ≤ C√
T − t

where C is independent of t.

2.1. Curvature gaps. We have the following lower bound for the blow
up rate of the curvature of a finite time singularity.
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Lemma 7.6 (Curvature gap estimate for finite time singular solutions). If
(Mn, g (t)) is a solution to the Ricci flow on a closed manifold on a maximal
time interval [0, T ), where T <∞, then

(T − t)maxx∈Mn |Rm (x, t)| ≥ 1

8
.

Proof. Recall from (5.1) that

∂

∂t
|Rm|2 ≤ ∆ |Rm|2 + 16 |Rm|3 .

By the maximum principle, the quantity K (t) + maxx∈Mn |Rm (x, t)|2 sat-

isfies dK/dt ≤ 16K3/2. From this and limt→T K (t)−1/2 = 0, we conclude
that

K (t)−1/2 ≤ 8 (T − t)

and the lemma follows. �

For infinite time singularities, provided we have an injectivity radius esti-
mate at each time for some point, we have a similar bound for the maximum
curvature.

Lemma 7.7 (Curvature gap estimate for immortal solutions). If (Mn, g (t))
is a solution to the Ricci flow on a closed manifold on the infinite time in-
terval [0,∞),

max
x∈Mn

|Rm (x, t)| ≤ Ct−δ

for some δ > 0, and if

max
x∈Mn

inj (x, t)2 · max
x∈Mn

|Rm (x, t)| ≥ ι

for some ι > 0, then there exists a constant c > 0 (depending on δ and n)
such that

(7.3) lim sup
t→∞

(
t max
x∈Mn

|Rm (x, t)|
)

≥ c.

Proof. The length of a fixed path γ : [a, b] →Mn (with positive speed)
evolves by (6.22)

d

dt
Lg(t) (γ) = −

∫

γ
Rc (T, T ) ds,

where T = dγ/du
|dγ/du| is the unit tangent vector and ds = |dγ/du| du is the arc

length element. Suppose, for the sake of obtaining a contradiction, that

t max
x∈Mn

|Rc (x, t)| ≤ ε

for some ε > 0 to be chosen later and for t sufficiently large. Then

d

dt
Lg(t) (γ) ≤ ε

t
Lg(t) (γ)
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for t sufficiently large. This implies that the diameter satisfies

d

dt
diam (g (t)) ≤ ε

t
diam (g (t)) .

From this we conclude

diam (g (t)) ≤ Ctε

for some C <∞. Then

diam (g (t))2 max
x∈Mn

|Rm (x, t)| ≤ Ct2ε−δ → 0

as t → ∞, provided ε < δ/2. That is, the metrics approach almost flat in
the sense of Gromov [241], [66]. Since for any metric g, maxx∈Mn injg (x) ≤
diam (g) , we conclude that

max
x∈Mn

inj (x, t)2 · max
x∈Mn

|Rm (x, t)| → 0,

which is a contradiction to our assumption. �

Problem 7.8. Can we remove the injectivity radius assumption in the
above lemma? Note that the homogeneous solutions on Nil in Chapter 4,
§10 satisfy (7.3).

2.2. Elementary point picking.
2.2.1. Type I. If we have a Type I singular solution, then it is natural

to choose any sequence of points and times (xi, ti) with ti → T and

(7.4) (T − ti) |Rm (xi, ti)| ≥ c

for some c > 0. Recall that the dilated solutions gi (t) are defined by (7.1):

gi (t) = Kig
(
ti +K−1

i t
)

on the time interval [−tiKi, (T − ti)Ki), where Ki = |Rm (xi, ti)| . They
satisfy the curvature estimates

|Rm (gi (t))| = K−1
i

∣∣Rm
(
g
(
ti +K−1

i t
))∣∣

≤ K−1
i

C

T −
(
ti +K−1

i t
) =

C

Ki (T − ti) − t

≤ C

c− t

for t ∈ [−tiKi, c), which are independent of i. By the compactness theorem,
since we have an injectivity radius estimate from Perelman’s no local collaps-
ing theorem, the sequence of pointed solutions (Mn, gi (t) , xi) preconverges
to a complete ancient solution (Mn

∞, g∞ (t) , x∞) defined on (−∞, c) with
|Rm (g∞ (t))| ≤ C

c−t ; that is, it is Type I.
The prime examples of Type I singular solutions are:
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(1) A closed 3-manifold with positive Ricci curvature or a closed 4-
manifold with positive curvature operator. In this case, as the time
approaches T, the manifold shrinks to a point while approaching
constant sectional curvature. Since exponential convergence in C∞

is known, it follows that for any sequence of points and times (xi, ti)
with ti → T we must have (T − ti) |Rm (xi, ti)| ≥ c for some c > 0.
The limit ancient solution (Mn

∞, g∞ (t) , x∞) is a shrinking spherical
space form with |Rm (g∞ (0))| ≡ 1 and is defined on (−∞, ω) ,
where ω > 0 is the singular time.

(2) A neck pinch forming on a 3-manifold. An idealized example of
this is the round cylinder S2 × S1 where the radius of S2 at time
t is r (t) =

√
r20 − t and the radius of S1 is independent of t. In

this case, for any sequence of points and times (xi, ti) with ti → T,
the corresponding sequence of solutions (Mn, gi (t) , xi) converges to
the ancient solution

(
S2 × R, g∞ (t)

)
, where S2 has radius r (t) =√

2 − t since R (g∞ (0)) = |Rm (g∞ (0))| ≡ 1.

Remark 7.9 (Parabolic rescaling). Given a singular solution (Mn, g (t)) ,
t ∈ [0, T ), where T <∞, consider the rescaled family of metrics

g̃ (τ) + eτg
(
T − e−τ

)
,

where τ ∈ (− log T,∞) . We easily compute that

∂

∂τ
g̃ (τ) = −2 Rc (g̃ (τ)) + g̃ (τ) .

Given a sequence of points xi ∈ Mn and times τi → ∞, we may consider
the sequence of pointed time-dependent manifolds (Mn, g̃ (τ + τi) , xi) . This
is essentially the same as considering the dilated sequence gi (t) given by
(7.1) and where ti + T − e−τi .

2.2.2. Type IIa. For Type IIa singular solutions we shall assume that
Mn is closed.1 Assume that

(7.5) sup
M×[0,T )

(T − t)R = ∞.

The reason we use R instead of Rm is related to applying the Harnack
inequality; in particular, see Theorem 8.36. In dimension 3, for solutions to
the Ricci flow on closed manifolds, |Rm| ≤ CR+C for some C <∞, so that
(7.5) is equivalent to the Type IIa condition. However, in higher dimensions
this is not true in general and one should replace R by |Rm| in the following
arguments.

Unlike the Type I case, we choose the sequence of points and times more
carefully. Roughly speaking, we want to choose the points and times so that
they maximize (T − t)R (x, t) . However, by assumption the supremum of
this is ∞. Hence we maximize over time intervals approaching the maximal

1For the noncompact case we refer the reader to §16 of [267] or §8.4.2 of [153].
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time interval. So first choose any sequence of times Ti ր T and then choose
points and times (xi, ti) ∈Mn × [0, Ti] such that

(7.6) (Ti − ti)R (xi, ti) = max
Mn×[0,Ti]

(Ti − t)R (x, t) .

Let Ri + R (xi, ti) and

(7.7) gi (t) + Rig
(
ti +R−1

i t
)
.

Then by (7.6)

R (gi) (x, t) = R−1
i R (g)

(
x, ti +R−1

i t
)

≤ (Ti − ti)Ri
(Ti − ti)Ri − t

(7.8)

for all x ∈Mn and t ∈ [−tiRi, (Ti − ti)Ri), where (Ti − ti)Ri → ∞. Assum-
ing the estimate |Rm| ≤ CR+C, we may apply Perelman’s no local collaps-
ing theorem, the higher derivative estimates and the compactness theorem,
to see that the sequence (Mn, gi (t) , xi) subconverges to a complete limit
(Mn

∞, g∞ (t) , x∞) , which is defined for all t ∈ (−∞,∞) . By (7.8) and the
fact that for any t ∈ (−∞,∞) , limN→∞

N
N−t = 1, the limit satisfies the

curvature estimate

(7.9) max
Mn

∞×(−∞,∞)
R (g∞) (x, t) ≤ 1 = R (g∞) (x∞, 0) .

The main conjectured example of a Type IIa singular solution is the
degenerate neck pinch described in the next section.

Exercise 7.10. When Mn is noncompact and the solution has bounded
curvature at each time, we may choose (xi, ti) ∈Mn × [0, Ti] so that

(Ti − ti)R (xi, ti) ≥ (1 − εi) sup
Mn×[0,Ti]

(Ti − t)R (x, t)

where εi → 0. Show that if the limit g∞ (t) of gi (t) exists (the no local
collapsing theorem does not apply since Mn is noncompact), then g∞ (t)
satisfies (7.9).

2.2.3. Type IIb. Take any sequence Ti → ∞ and choose (xi, ti) ∈Mn ×
(0, Ti) such that

ti (Ti − ti)R (xi, ti) = sup
Mn×[0,Ti]

(t (Ti − t)R (x, t)) .

Note that the graph of the function t 7→ t (Ti − t) is an upside down parabola
vanishing at 0 and Ti. As in the Type IIa case, define gi (t) + Rig

(
ti +R−1

i t
)

where Ri + R (xi, ti) . Let αi + −tiRi and ωi + (Ti − ti)Ri so that under
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dilation, [αi, ωi] corresponds to [0, Ti] . We have

R (gi) (x, t) = R−1
i R (g)

(
x, ti +R−1

i t
)

=

(
ti +R−1

i t
) (
Ti − ti −R−1

i t
)
R
(
x, ti +R−1

i t
)

ti (Ti − ti)R (xi, ti)

× tiRi (Ti − ti)Ri
(tiRi + t) ((Ti − ti)Ri − t)

≤ αi
αi − t

ωi
ωi − t

for all x ∈Mn and t ∈ [αi, ωi] . Now

1

−α−1
i + ω−1

i

=
αiωi
αi − ωi

=
ti (Ti − ti)Ri

Ti

= T−1
i sup

Mn×[0,Ti]
(t (Ti − t)R (x, t))

≥ 1

2
sup

Mn×[0,Ti/2]
tR (x, t) → ∞

as i→ ∞. Hence αi → −∞ and ωi → ∞. Hence there exists a subsequence
such that (Mn, gi (t) , xi) converges in C∞ on compact sets to a complete
solution (Mn

∞, , g∞ (t) , x∞) , t ∈ (−∞,∞) , with

sup
Mn

∞×(−∞,∞)
R (g∞) = 1 = R (g∞) (x∞, 0) .

Problem 7.11. Given a solution to the Ricci flow on a closed mani-
fold, is it possible that a Type IIb singularity exists? We are not aware of
any existence result for Type IIb singularities of the Ricci flow on closed
manifolds.

2.2.4. Type III. For Type III singular solutions, supMn×[0,∞) t |Rm (g (t))| +
A < ∞. Analogous to the Type I case, choose any sequence of points and
times (xi, ti) with ti → ∞ and

(7.10) ti |Rm (xi, ti)| ≥ c

for some c > 0. Again gi (t) + Kig
(
ti +K−1

i t
)
, t ∈ [−tiKi,∞), where

Ki = |Rm (xi, ti)| . We have the Type III curvature bound:

|Rm (gi (t))| = K−1
i

∣∣Rm
(
g
(
ti +K−1

i t
))∣∣

≤ A

tiKi + t
≤ A

c+ t

for t ∈ (−tiKi,∞) . Since Perelman’s no local collapsing theorem only ap-
plies to finite time singularities, we do not know if a subsequence converges.

Examples of Type III singularities are expanding hyperbolic manifolds
and most of the homogeneous solutions on 3-manifolds as partially discussed
in §10 of Chapter 4.
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2.3. Curvature bounds for ancient solutions. The following result
is the ‘ancient’ analogue of Lemma 7.6.

Lemma 7.12 (Curvature gap estimate for ancient solutions). If (Mn, g (t))
is an ancient solution with bounded nonnegative Ricci curvature which is not
Ricci flat , then

lim inf
t→−∞

|t| sup
x∈Mn

R (x, t) ≥ 1

2
.

Proof. Since Rc ≥ 0, we have

∂

∂t
R = ∆R+ 2 |Rc|2 ≤ ∆R+ 2R2.

Hence Rmax (t) + supx∈Mn R (x, t) > 0 satisfies

d

dt
(Rmax (t))−1 ≥ −2

and the lemma follows easily. �

Remark 7.13. We have actually shown that there exists a constant C <
∞ depending on the solution such that

Rmax (t) ≥ 1

Rmax (0)−1 − 2t

for all t ≤ 0. Basically this says that the maximum scalar curvature of a
non-Ricci flat ancient solution with bounded nonnegative Ricci curvature
cannot decay faster than comparable to that of an expanding sphere as we
go backward in time toward −∞.

Recall that if we have a complete ancient solution with bounded (with
the bound possibly depending on time) nonnegative curvature operator, then
by the trace Harnack inequality (8.49), we have ∂R

∂t ≥ 0. In particular, for
all (x, t) ∈Mn × (−∞, 0], we have

R (x, t) ≤ C + sup
y∈M

R (y, 0) .

3. Degenerate neck pinch

To the best of our knowledge, it has not been shown that a Type IIa
singularity can form under the Ricci flow on a closed manifold. We now
describe a Type IIa singularity which is conjectured to exist, the degenerate
neck pinch. To see how this singularity should arise, consider a 1-parameter
family of rotationally symmetric solutions gs (t) to the Ricci flow with pos-
itive scalar curvature on a topological n-sphere, n ≥ 3, parametrized by the
unit interval: s ∈ [0, 1] . When s = 0, let the initial metric g0 (0) be a rota-
tionally symmetric dumbbell, which is also invariant under a reflection, with
two equally sized spherical regions joined by a thin neck such that the neck
pinches off at the center after a short time. See Angenent and Knopf [24]
(and [469] for the noncompact case) for sufficient conditions for such a neck
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to pinch. On the other hand, when s = 1, let the initial metric g1 (0) be a
round sphere, so that g1 (t) shrinks homothetically to a round point. Now
let the initial metrics gs (0) be a smooth 1-parameter family of rotationally
symmetric metrics joining g0 (0) to g1 (0) with positive scalar curvature. We
leave it to the reader to show that one can construct such families of solu-
tions. Since all of the solutions are rotationally symmetric and topologically
Sn, there are two ‘tips’ (at the ends) which are the stabilizers of the SO (n)
action.

Since the solutions have positive scalar curvature, for each s ∈ [0, 1] , the
solution exists up to a finite time Ts <∞ when a singularity forms. By the
continuous dependence of the solution on the initial metric, we expect that
there is some parameter s0 ∈ (0, 1) such that for all s ∈ [0, s0), the solution
gs (t) pinches off a neck at time Ts, whereas the solution gs0 (t) does not
pinch off a neck at time Ts0 but rather forms another type of singularity.
We expect that if we take a sequence of times ti → Ts0 and dilate the solution
gs0 (t) about (xi, ti) where xi is a tip at which the curvature of gs0 (ti) is equal
to the maximum of the two tips, then we obtain the Bryant soliton as the
corresponding limit solution.

We can also ask the following question.

Problem 7.14. Given a closed manifold on a topological spherical space
form and a one-parameter family of initial metrics gs (0) , s ∈ [0, 1] such that
g0 (t) forms a Type I singularity model isometric to a shrinking spherical
space form Sn/Γ, and g1 (t) forms a Type I singularity model isometric to
a shrinking quotient of a cylinder

(
Sn−1 × R

)
/Γ, then does there exist s0 ∈

(0, 1) such that gs0 (t) forms a Type IIa singularity?

The expectation is that at any s0 ∈ (0, 1) where there is a transition in
the kind of singularity model, the singularity type of gs0 (t) is IIa. Perhaps
one can consider Sn where the one-parameter family of initial metrics are
all rotationally symmetric. Here one expects that if a Type IIa singularity
forms for one of the initial metrics, then the Bryant soliton is a singularity
model of the solution.

3.1. Point picking for ancient solutions (backward limits). An
ancient solution is Type I if

sup
Mn×(−∞,0]

|t| |Rm (x, t)| <∞

and Type II if

sup
Mn×(−∞,0]

|t| |Rm (x, t)| = ∞.

As far as we know, there hasn’t been an application of taking a backward
limit in a Type I ancient solution (although there is a related idea when
considering Hamilton’s entropy to classify Type I ancient solutions on sur-
faces).
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Similar to the point picking technique for Type IIa solutions (see §2.2.2),
we can sometimes take a backward limit of a Type II ancient solution to
obtain a steady gradient Ricci soliton. Here we take any sequence of times
Ti → −∞ and choose (xi, ti) ∈Mn × (Ti, 0) so that

lim
i→∞

|ti| (ti − Ti) |R (xi, ti)|
supMn×[Ti,0] |t| (t− Ti) |R (x, t)| = 1.

If one has an injectivity radius estimate, then one can show that the dilated
solutions (Mn, gi (t) , xi) converge to a complete solution (Mn

∞, g∞ (t) , x∞)
to the Ricci flow defined on the eternal time interval (−∞,∞) with the
property that R (x∞, 0) = supM3

∞×(−∞,∞)R. When we have, in addition,

that Rm (g∞ (t)) ≥ 0, we can conclude (Mn
∞, g∞ (t)) is a steady gradient

Ricci soliton (see Theorem 8.36). A nice example of this is the choice of
appropriate points and times in the Rosenau solution to obtain the cigar as
a backward limit.

3.1.1. The steady soliton solution as a limit of homothetic soliton (fun-
damental) solutions. To get a better feel for backward limits, we consider
the one-dimensional heat equation

∂u

∂t
=
∂2u

∂x2

on R. A steady soliton solution is

g (x, t) + et−x

which satisfies

g (x, t+ s) = g (x− s, t) .

We can obtain this steady soliton solution as the limit of homothetic soliton
(fundamental) solutions of the form

fa,b,c (x, t) =
a√
t+ c

e−(x−b)2/4(t+c).

In particular, consider the 1-parameter family of fundamental solutions

fc (x, t) +

√
cec√
t+ c

e−(x+2c)2/4(t+c).

Another way to write this is:

fc (x, t) =

(
c

t+ c

)1/2

exp

{
−1

4

x2 + 4c (x− t)

t+ c

}
.

From this we see

lim
c→∞

fc (x, t) = et−x.

Remark 7.15. Note that we let h (x, t) + 1√
t
e−x

2/4t, then

fc (x, t) = f√cec,−2c,c (x, t) =
√
cech (x+ 2c, t+ c) .
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4. Classification of ancient solutions on surfaces

A priori estimates for Ricci flow usually lead to geometric applications.
The Harnack and entropy estimates are no exception. In this section we
study ancient solutions on surfaces. Note that we study these ancient solu-
tions in general and we do not assume they necessarily arise from dilating
about a singularity of some solution to the Ricci flow. First we consider an
application of the Harnack estimate.

Theorem 7.16 (2-d eternal solutions attaining the sup of their curva-
tures are cigars). If

(
M2, g (t)

)
, t ∈ (−∞,∞) , is a complete solution to the

Ricci flow with curvature bounded on compact time intervals and such that
supM×(−∞,∞)R is attained at some point in space and time, then

(
M2, g (t)

)

is either flat or isometric to a constant multiple of the cigar soliton solution.

Proof. By Lemma 7.4, we have either g (t) is flat or has positive curva-
ture. We claim that in the latter case

(
M2, g (t)

)
is a gradient Ricci soliton.

The proposition then follows from this claim and Corollary 4.8.
To prove the claim, let

P +
∂

∂t
logR− |∇ logR|2 = ∆ logR+R.

This is the quantity defined in (8.20) without the 1/t term. One can compute
that

(7.11)
∂

∂t
P = ∆P + 2 〈∇ logR,∇P 〉 + 2

∣∣∣∣∇∇ logR+
1

2
Rg

∣∣∣∣
2

,

and hence

(7.12)
∂

∂t
P ≥ ∆P + 2 〈∇ logR,∇P 〉 + P 2.

Here we applied the inequality |aij |2 ≥ 1
n (tr a)2 to a = ∇∇ logR + 1

2Rg.
Since the solution exists on the interval (α,∞) for any α ∈ R, the maximum
principle says

P = ∆ logR+R ≥ − 1

t− α

for all t > α. Hence, at any (x, t) ∈M2 × (−∞,∞) , by taking α→ −∞, we
see that

∆ logR+R ≥ 0.

Now by our hypothesis, there exists (x0, t0) ∈ M2 × (−∞,∞) such that
R (x0, t0) = supM2×(−∞,∞)R. At (x0, t0) we have ∂R

∂t = 0 and |∇R| = 0,

and hence P (x0, t0) = 0. Since P ≥ 0, applying the strong maximum
principle to (7.11) we see that P ≡ 0 and hence ∇∇ logR + 1

2Rg ≡ 0 on

M2×(−∞,∞) , which says that g(t) is a gradient Ricci soliton flowing along
∇ logR. �

Remark 7.17. The above result extends to higher dimensions. See The-
orem 8.36.
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Next we consider an application of the entropy estimate, Proposition ??.

Theorem 7.18 (2-d Type I ancient solutions are round 2-spheres). If(
M2, g (t)

)
, t ∈ (−∞, ω) , ω ≤ ∞, is a solution to the Ricci flow on a

complete surface with curvature bounded compact time intervals and such
that supM×(−∞,ω−1) |t|R < ∞, then ω < ∞ and the universal cover of(
M2, g (t)

)
is isometric to either a round shrinking S2 or the flat R2.

Remark 7.19. For the noncompact case, see Proposition 7.20 (Theorem
26.1 of [267].)

Proof. As in Lemma 7.4, we have either R ≡ 0 or R > 0 everywhere;
we assume the latter. By passing to the universal cover if necessary, we may
assume M2 ∼= S2.Since the area A (g (t)) of M2 evolves by

d

dt
A (g (t)) = −

∫

M2

Rdµ = −8π,

we have A (g (t)) = 8π (T − t) for some constant T. The entropy is:

N (g (t)) +

∫

M2

R log (RA) dµ

=

∫

M2

R log [R (T − t)] dµ+ 8π log (8π) ,

which is a nonincreasing function of time. By our assumption, we have

sup
M×(−∞,ω−1)

(T − t)R <∞

and hence the limit

(7.13) N−∞ + lim
t→−∞

N (g (t))

exists and is finite.
Now take any sequence of points and times (xi, ti) with R (xi, ti) =

Rmax (ti) and ti → −∞, and consider the dilated solutions

(7.14) gi(t) + Kig
(
ti +K−1

i t
)
,

where Ki + R (xi, ti) . Since 0 < R (gi (0)) ≤ 1, by Klingenberg’s injectivity
radius estimate (see Theorem 5.9 on p. 98 of [103]), inj (gi (0)) ≥

√
2π. Since

A (gi (0)) = 8πKi (T − ti) ≤ C < ∞, the diameters of gi (0) are uniformly
bounded. Hence, by the Cheeger-Gromov type compactness Theorem 5.19,
there is a subsequence

(
M2, gi (t) , xi

)
which limits to an ancient solution

(
M2

−∞, g−∞ (t) , x−∞
)

of the Ricci flow on a closed surface of positive curvature. The entropy of
the limit satisfies

N (g−∞ (t)) = lim
i→∞

N (gi (t)) = lim
i→∞

N
(
g
(
ti +K−1

i t
))

≡ N−∞,

since limi→∞
(
ti +K−1

i t
)

= −∞ for all t ∈ (−∞, 0]. In particular, the
entropy of the limit is independent of time. By Corollaries ?? and ??,
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we conclude that g−∞ (t) is a shrinking round 2-sphere. Since the con-
stant curvature metrics minimize entropy among all metrics on S2, we
have N−∞ ≤ N (g (t)). But since N (g (t)) is nonincreasing, we also have
N−∞ ≥ N (g (t)). Thus N (g (t)) ≡ N−∞ and g (t) is a shrinking 2-sphere of
constant curvature. �

Proposition 7.20. Any ancient solution
(
M2, g (t)

)
, t ∈ (−∞, ω) , on

a noncompact surface with R (g (t)) > 0 is Type II.

Remark 7.21. That is, there does not exist a Type I ancient solution
with positive curvature on a noncompact surface.

Proof 1. Suppose
(
M2, g (t)

)
, t ∈ (−∞, ω) , is a Type I ancient so-

lution on a noncompact surface with R (g (t)) > 0. If ASCR (g (t)) = ∞,
then we can apply the point picking methods to obtain an infinite number
of bumps of curvature which contradicts Theorem 7.35.

Choose any origin O ∈M. By Proposition 4.19 we have

AVR (g) > 0

and there exists c1 > 0 such that

R (x, t) dg(t) (x,O)2 ≥ c1

for all x ∈Mn. Let

A (r) +
{
x ∈M2 : r ≤ d (x,O) ≤ 2r

}
.

By the proof of Proposition 4.19 we can actually show that there exists
c2 > 0 such that

Area (A (r)) ≥ c2r
2.

Thus ∫

A(r)
Rdµ ≥ c1

r2
· c2r2 = c1c2 > 0.

Since
{
A
(
3k
)}∞

k=0
are disjoint, we conclude

∫

M2

Rdµ ≥
∞∑

k=0

∫

A(3k)
Rdµ = ∞.

This contradicts the Cohn-Vossen inequality which says that
∫

M2

Rdµ ≤ 4π.

�

Another proof is as follows.

Proof 2. We claim AVR (g (t)) = 0. For if AVR (g (t)) > 0, then by
[400] the ancient solution can be extended to a Type III immortal solution,
that is, for t ∈ (0,∞) we have tR (x, t) ≤ C independent of x and t. By the
Harnack inequality, since the solution is ancient, we also have ∂R

∂t ≥ 0 so
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that we conclude R ≡ 0. By Proposition 4.19, ASCR (g (t)) = ∞, and as in
the proof above, we obtain a contradiction to Theorem 7.35. �

We conclude this section with what happens in the complementary case
where supM×(−∞,ω−1) |t|R = ∞:

Proposition 7.22 (2d - backward limit of Type II ancient solution is
cigar). If

(
M2, g (t)

)
, t ∈ (−∞, ω) , ω ≤ ∞, is a solution to the Ricci flow

on a complete surface with curvature bounded on compact time intervals and
such that

sup
M×(−∞,ω−1)

|t|R = ∞,

then there exists a sequence of points and times (xi, ti) with ti → −∞ such
that

(
M2, gi (t) , xi

)
, where gi (t) is given by (7.14), limits to a constant

multiple of the cigar soliton solution.

Proof. We first choose any times Ti → −∞ and positive numbers εi →
0. Since the curvatures are uniformly bounded on compact time intervals,
there exists a sequence (xi, ti) such that

(7.15) |ti| (ti − Ti)R (xi, ti) ≥ (1 − εi) sup
M×[Ti,0]

|t| (t− Ti)R (x, t) .

Define

αi + (ti − Ti)R (xi, ti)

ωi + −tiR (xi, ti) .

Then
1

α−1
i + ω−1

i

=
|ti| (ti − Ti)R (xi, ti)

|Ti|
→ ∞

so that

lim
i→∞

αi = ∞ = lim
i→∞

ωi.

Let Ki + R (xi, ti) and consider the sequence of dilated metrics

gi (t) + Kig
(
ti +K−1

i t
)

which are defined on the time interval (−∞, ωi]. By (7.15) we have the
curvature estimates

0 < R (gi (t)) ≤
αiωi

(1 − εi) (αi + t) (ωi − t)
+ fi (t) .

Since M2 is noncompact, by the Gromoll-Meyer injectivity radius estimate,
since 0 < K (gi (0)) ≤ 1

2(1−εi)
,

inj (gi (0)) ≥
√

2 (1 − εi)π.

Hence we can apply Hamilton’s Cheeger-Gromov compactness theorem for
solutions of Ricci flow to conclude that there exists a subsequence

(
M2, gi (t) , xi

)

which converges to a limit solution
(
M2

∞, g∞ (t) , x∞
)
. Since on any compact
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time interval I ⊂ (−∞,∞) we have fi (t) → 1 uniformly, this limit solution
satisfies the curvature estimate

0 ≤ R (g∞ (t)) ≤ 1

for all t ∈ (−∞,∞) . Since Rg∞(0) (x∞) = limi→∞Rgi(0) (xi) = 1 > 0, the
strong maximum principle implies R (g∞ (t)) > 0. By Theorem 7.16, we
conclude that

(
M2

∞, g∞ (t)
)

is a cigar soliton solution. �

In any dimension, an ancient solution (Mn, g (t)) is called an ancient
κ-solution if it is complete, nonflat with bounded nonnegative curvature
operator and if for any metric ball B(x, r) ⊂ Mn with r > 0 and such that

|Rm | ≤ r−2 on B(x, r), we have VolB(x,r)
rn ≥ κ (see Chapter ??, §?? for

further discussion.) Since the cigar soliton is not an ancient κ-solution for
any κ > 0, from Propositions 7.18 and 7.22, we obtain the following.

Corollary 7.23 (Hamilton 1995 - n = 2, κ-ancient solutions are round
S2). If

(
M2, g (t)

)
is an ancient κ-solution, then

(
M2, g (t)

)
is a round

shrinking 2-sphere.

Another proof of this will be given in Volume 2.

5. Extending noncompact ancient surface solutions to eternal
solutions

In this section we prove a 2-dimensional analogue of Perelman’s conjec-
ture for ancient κ-solutions. This result hinges on an arbitrary dimensional
long-time existence result for solutions of the Kähler-Ricci flow with non-
negative bisectional curvature and average scalar curvature decaying (see
Volume 2 for the definition of bisectional curvature.)

Theorem 7.24 (Shi). Let (Mn, g0) be a complete noncompact Kähler
manifold with bounded nonnegative bisectional curvature. Assume that there
exists a C > 0 and 0 < θ < 2 such that for any x ∈Mn and r > 0,

(7.16)
1

Vol (B (x, r))

∫

B(x,r)
Rdµ ≤ C

(1 + r)θ
.

Then a solution g (t) to the Kähler-Ricci flow with g (0) = g0 exists for all
time.

See [464], Theorem 7.9 for the proof. There is a slightly more general
result in [404] (Corollary 2.2) using a different and simpler approach of
obtaining the key C0 estimates. The result says that one has the same
result if the integral on the left hand side of (7.16) is bounded by a positive
function k(r) with

∫ r
0 sk(s) = o(r2).

Theorem 7.25 (Ni - 2-d noncompact ancient solutions are eternal). If
(M2, g(t)) is a 2-dimensional complete noncompact ancient solution to Ricci
flow such that on any compact time interval the curvature is bounded, then
(M2, g(t)) can be extended to an eternal solution.
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Proof. We assume that the solution exists on the time interval (−∞, 1]
and consider a fixed time: (M2, g(0)). Recall from Lemma 7.4 that if (M2, g(0))
is not flat then R > 0. By the classical Cohn-Vossen inequality we know
that ∫

M2

R(x, 0) dµ ≤ 4π

The injectivity radius estimate of Gromoll-Meyer implies that the injectivity
radius of (M2, g(0)) has the lower bound π/

√
K, whereK + 1

2 supx∈M2 R(x, 0).
By Corollary 1.68, there exists C = C(K) such that Vol (B (x, r)) ≥ Cr for
any x ∈ M2 and r ≥ 1. (Actually, since we have an injectivity radius esti-
mate, in our case a simpler proof of the linear growth of the volume of balls
follows from simply taking a ray and considering an infinite chain of disjoint
unit balls centered at points along the ray.) We then have

1

Vol (B (x, r))

∫

B(x,r)
Rdµ ≤ C

r + 1
.

The result now follows from Theorem 7.24 (Riemannian surfaces are Kähler).
�

This leads to the following question:

Problem 7.26 (Are 2-d eternal solutions cigars?). For every eternal so-
lution on a surface with the curvature bounded at each time, is supM2×(−∞,∞)R
finite and attained? If so, the solution must either be flat or the cigar soliton.

6. Dimension reduction

Given a singular solution (Mn, g (t)) we are interested in singularity
models (Mn

∞, g∞ (t)) , which are the complete limit solutions of dilations of
the original solution g (t) about suitable sequences of points and times. In
dimension 3, these singularity models have nonnegative sectional curvature
and the classification result in section 4 of Chapter 4 applies. If the univer-
sal cover of

(
M3

∞, g∞ (t)
)

does not split, then g∞ (t) has positive sectional
curvature. In this case one would like to study the geometry at spatial
infinity of the solution g∞ (t) at a fixed time, say t = 0. To do this we shall
now describe how to find a sequence of points yi ∈ M3

∞ tending to spatial
infinity about which to dilate the solution to get a limit which splits.

Definition 7.27. Let (Mn, g) be a complete noncompact Riemannian
manifold with nonnegative Ricci curvature. An asymptotic cone of (Mn, g)
is a pointed Gromov-Hausdorff limit of a sequence {(Mn, εig, p)}∞i=1 , where
εi → 0.

One can obtain interesting metrics on R4 invariant under SU (2) (for the
following the reader may find it useful to first do Exercise 4.21).

Exercise 7.28 (Perelman [415]). Let {fi}3
i=1 be left-invariant vector

fields on SU (2) ∼= S3 with
[fi, fj ] = 2fk
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where (ijk) is a cyclic permutation of (123) . Let
{
ηi
}3

i=1
denote the dual

coframe field and consider a metric on R4 given in spherical coordinates by

g = dr2 +

3∑

i=1

ai (r)
2 ηi ⊗ ηi.

Show that if (ijk) is a cyclic permutation of (123) , then
〈
R

(
fi,

∂

∂r

)
∂

∂r
, fi

〉
= −ai (r) a′′i (r) = −a

′′
i (r)

ai (r)
|fi|2

〈R (fi, fj) fj , fi〉

= |fi|2 |fj |2
(
−
a′ia

′
j

aiaj
+
a4
i + a4

j − 3a4
k + 2a2

i a
2
k + 2a2

ja
2
k − 2a2

i a
2
j

a2
i a

2
ja

2
k

)

〈
R (fi, fj) fk,

∂

∂r

〉

=
|fi| |fj | |fk|
aiajak

(
−a

′
i

ai

(
a2
k + a2

i − a2
j

)
+
a′j
aj

(
a2
i − a2

j − a2
k

)
+ 2aka

′
k

)

〈
R

(
fi,

∂

∂r

)
∂

∂r
, fj

〉
= 〈R (fi, fj) fj , fk〉 =

〈
R

(
∂

∂r
, fi

)
fi, fj

〉

=

〈
R

(
∂

∂r
, fi

)
fi, fk

〉
= 0.

Consider the special case (Fubini-Study metric on CP 2) where

ai (r) = sin r cos r

aj = ak = cos r.

Perelman [415] showed that for metrics of the form

ai (r) =
1

10
r (1 + φ (r) sin (log log r))

aj (r) =
1

10
r (1 + φ (r) sin (log log r))−1

ak (r) =
1

10
r (1 − γ (r))

where φ and γ are smooth functions satisfying

φ (r) = 0 for 0 ≤ r ≤ ρ, φ (r) > 0 for r > ρ, 0 ≤ φ′ (r) ≤ r−2,
∣∣φ′′ (r)

∣∣ ≤ r−3,

and

γ (r) = 0 for 0 ≤ r ≤ ρ/2, γ′ (r) > 0

and

γ′′ (r) > 0 for ρ/2 < r < ρ, γ′ (r) =
(
r log3/2 r

)−1
for r > ρ
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(and smoothed out at the origin where r = 0), one has

|Rm| = O
(
r−2
)

Rc

(
∂

∂r
,
∂

∂r

)
≥ C/

(
r2 log3./2 r

)

Rc (fi, fi) ≥ C/r2.

In particular, the Ricci curvature of such metrics are positive. However,
since φ (r) ≥ c > 0 for r ≥ ρ+ 1, and sine oscillates, we have the following:

Theorem 7.29 (Perelman). The asymptotic cones of these metrics are
not unique.

Exercise 7.30. Prove the above results.

6.1. Point picking.

Theorem 7.31 (Infinite ASCR point picking). Let (Mn, g) be a complete
noncompact Riemannian manifold with ASCR (g) = ∞ and let O ∈ Mn.
There exists a sequence of points {xi}∞i=1 with d (xi, O) → ∞ and sequences
εi → 0 and ri > 0 with R (xi) r

2
i → ∞ such that the balls B (xi, ri) are

disjoint, d (xi, O) /ri → ∞, and

(7.17) sup
B(xi,ri)

R ≤ (1 + εi)R (xi) .

Proof. Choose any sequences δi → 0 and Ai → ∞ such that Aiδ
2
i → ∞.

Define si > 0 by

(7.18) si + max

{
s > 0 : max

B(O,s)
R (x) d (x,O)2 ≤ Ai

}
.

Since ASCR (g) = ∞, we have si < ∞ for each i. By the definition of si
there exists yi ∈ B (O, si) such that d (yi, O) = si and

(7.19) R (yi) d (yi, O)2 = Ai.

Since Ai → ∞, we have si → ∞. Now choose xi ∈Mn with d (xi, O) ≥ si →
∞ so that

(7.20) R (xi) ≥ (1 − δi) sup
Mn−B(O,si)

R.

These will be the centers of the balls we will consider; their radii will be
ri + δisi which satisfy ri/si → 0 so that d (xi, O) /ri → ∞. Note that

(7.21) R (xi) ≥ (1 − δi)R (yi) = (1 − δi)Ais
−2
i .

In particular, R (xi) r
2
i ≥ (1 − δi)Aiδ

2
i → ∞. Since d (xi, O) → ∞ and

ri/d (xi, O) → 0, it is easy to see that after passing to a suitable subsequence,
B (xi, ri) are disjoint.

Finally we prove (7.17). Suppose x ∈ B (xi, ri) . If d (x,O) ≥ si, then by
(7.20)

R (x) ≤ 1

1 − δi
R (xi) .
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On the other hand, if d (x,O) < si, then by (7.18), R (x) ≤ Aid (x,O)−2 .
Now we use

d (x,O) ≥ d (xi, O) − d (x, xi) ≥ si − ri = (1 − δi) si,

which implies

R (x) ≤ Ai (1 − δi)
−2 s−2

i ≤ (1 − δi)
−3R (xi)

by (7.21). Since (1 − δi)
−3 ≥ (1 − δi)

−1 , we choose εi + (1 − δi)
−3 − 1 and

we have proved (7.17). �

6.2. Bumps of curvature. The geometries of ancient solutions are
often product like at spatial infinity. By this we mean that given a fixed
time, there often exists a sequence of points tending to spatial infinity whose
corresponding rescalings limit to a solution which is the product of a line
and a surface. The complementary case, which we want to rule out, is when
the manifold has so-called curvature bumps tending to spatial infinity.

Definition 7.32 (Curvature bump). A ball B (p, r) in a Riemannian
manifold (Mn, g) is called a curvature ε-bump if

sect (g) ≥ ε

r2
in B (p, r) .

This notion is scale-invariant in the sense that if B (p, r) is a curvature

ε-bump with respect to a metric g, then B
(
p,
√
Ar
)

is a curvature ε-bump

with respect to the metric Ag for any A > 0. We are interested in whether
there can be lots of curvature bumps far away from each other.

Definition 7.33. Let O ∈Mn. Given λ > 0 (usually large), a curvature
ε-bump B (p, r) is said to be λ-remote with respect to O if

d (x,O) ≥ λr.

Given points p and q in a Riemannian manifold, we let pq denote a
minimal geodesic from p to q. By the second variation of arc length formula
one can see that long minimal geodesics tend to avoid positive curvature
regions. A quantitative version of this fact is the following, whose proof
relies on the repeated use of Toponogov’s triangle comparison theorem.

Proposition 7.34 (Repulsion principle). For every ε > 0 and n ≥ 2
there exists a λ < ∞ depending only on ε and n such that if (Mn, g) is a
complete Riemannian manifold with nonnegative sectional curvature and if

(1) x ∈Mn is a point and r > 0 is a radius such that sect (g) ≥ ε
r2

in
B (x, 3r) ,

(2) y1 and y2 are points with min {d (y1, x) , d (y2, x)} ≥ λr,

then any minimal geodesic y1y2 joining y1 and y2 is disjoint from the ball of
radius s + min {d (y1, x) , d (y2, x)} /λ ≥ r centered at x ; that is, for every
w ∈ y1y2, d (w, x) ≥ s.
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See §21 of [267] or [143] for the proof. The repulsion principle implies
the following, which is the main result of this section.

Theorem 7.35 (Finite number of curvature bumps). For every ε > 0
and n ≥ 2 there exists a λ < ∞ depending only on ε and n such that if
(Mn, g) is a complete Riemannian manifold with nonnegative sectional cur-
vature, then there are at most a finite number of disjoint λ-remote curvature
ε-bumps.

Proof. Given any ε > 0, let λ <∞ be as in the proposition above. Sup-
pose there are an infinite number of disjoint λ-remote curvature ε-bumps.
Since any compact region can only have a finite number of disjoint curvature
bumps, we can find an infinite sequence of disjoint λ-remote curvature ε-
bumps B (xi, ri) with d (xi+1, O) ≥ 2d (xi, O) . Given any i and j with i < j,
there exists a unique point wij on a minimal geodesic Oxj with d (wij , O) =
d (xi, O) . By the repulsion principle, we have d (wij , xi) ≥ 1

λd (xi, O) . Now
we consider the triangle xiOwij and apply the Toponogov triangle compar-
ison theorem and the law of cosines to obtain

d (wij , xi)
2 ≤ d (xi, O)2 + d (wij , O)2 − 2 cos (∡xiOwij) d (xi, O) d (wij , O)

= 2d (xi, O)2 (1 − cos (∡xiOxj)) .

Hence cos (∡xiOxj) ≤ 1 − 1
2λ2 , which implies ∡xiOxj ≥ θ, for all i and j

with i < j, and where θ = cos−1
(
1 − 1

2λ2

)
> 0. This yields a contradiction.

6.3. Dimension reduction.

Exercise 7.36. Show that if f is a C∞ function with ∇i∇jf > 0 ev-
erywhere and ∇f (O) = 0 at some point O ∈M on a complete Riemannian
manifold (Mn, g) , then Mn is diffeomorphic to Rn.

Hint. This follows from Morse theory (see for example [378]).

Theorem 7.37. Let (Mn, g) , where the dimension n is odd, be a com-
plete steady gradient Ricci soliton on a noncompact manifold with positive
sectional curvature and such that R attains its maximum at some point O ∈
M. Suppose there exists a sequence of points {xi} such that d (xi, O) → ∞,
{ri} is a sequence of radii with r2iR (xi) → ∞ and

R (x) ≤ CR (xi) for all x ∈ B (xi, ri)

for some constant C < ∞. (We can obtain such a sequence from the point
picking Theorem 7.31.) In addition, assume that {xi} can be chosen with
the above properties and

R (xi) ≥ c max
Σφ(xi)

R

where Rij = ∇i∇jφ and c > 0 is independent of i. Then there exists a
constant c′ > 0 such that

inj (xi) ≥ c′R (xi)
−1/2 .
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Proof. The steady gradient Ricci soliton equation is

(7.22) ∇i∇jφ = Rij > 0.

Recall from taking the divergence of (7.22) we have

(7.23) ∇R+ 2 Rc (∇φ) = 0

so that |∇φ| (O) = 0 since |∇R| (O) = 0 and Rc > 0. Hence φ attains its
minimum at O. Substituting ∇∇φ for Rc in (7.23) implies

R+ |∇φ|2 = const = R (O)

since |∇φ| (O) = 0. Thus |∇φ| ≤
√
R (O) on M. Let γ be a unit speed

geodesic emanating from O. Then d
dsφ (γ (s)) ≤ |∇φ| ≤

√
R (O) so that,

normalizing φ so that φ (O) = 0, we have

φ (x) ≤
√
R (O)d (x,O) .

To get a lower bound for d
dsφ (γ (s)) = ∇φ · γ̇ we argue as follows:

d

ds
〈∇φ, γ̇〉 = ∇∇φ (γ̇, γ̇) = Rc (γ̇, γ̇) > 0

so that

〈∇φ (γ (s)) , γ̇ (s)〉 ≥ 〈∇φ (γ (ε)) , γ̇ (ε)〉 .
It is not hard to see that there exists ε > 0 and A > 0 such that 〈∇φ, γ̇ (ε)〉 ≥
A for any unit speed geodesic γ emanating from O (see Remark 7.38 below).
We then have d

dsφ (γ (s)) ≥ A for all s ≥ ε and integrating this yields

φ (x) ≥ Ad (x,O) .

Consider the level sets of φ

Σc + φ−1 (c) .

By the above estimates, for every x ∈ Σc where c is sufficiently large

(7.24)
c√
R (O)

≤ d (x,O) ≤ c

A
.

Let II denote the second fundamental form of Σc recall from (??):

(7.25) II (X,Y ) =
(∇∇φ) (X,Y )

|∇φ| =
Rc (X,Y )

|∇φ| > 0.

From (??) we have for any c0 > φ (O) , there exists b0 > 0 such that |∇φ| ≥
b0 on Σc for c ≥ c0. Hence, by (7.25) and the bound on the Ricci tensor
(Rc > 0 and the scalar curvature achieves its maximum), for some C1 <∞

|II (x)| ≤ C1R (x) for x ∈ Σc

for c sufficiently large.
Now by hypothesis we have a sequence of points {xi} such that d (xi, O) →

∞, {ri} is a sequence of radii with r2iR (xi) → ∞ and

R (x) ≤ C2R (xi) for all x ∈ B (xi, ri)
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for some constant C2 <∞, and

R (xi) ≥ c3 max
Σφ(xi)

R

where c3 > 0 is independent of i. Since

∇R · ∇φ = −2 Rc (∇φ,∇φ) ≤ 0

we have R is decreasing along the integral curves to ∇φ. In particular,

R (x) ≤ 1

c3
R (xi) for all x ∈ Σc where c ≥ φ (xi) .

Then

|II (x)| ≤ C1

c3
R (xi) for x ∈ Σc where c ≥ φ (xi) .

Since sect (M) > 0 and II > 0, by the Gauss equations, for any linearly
independent X,Y ∈ TΣc

(Rm Σc) (X,Y, Y,X) = (RmM ) (X,Y, Y,X)+II (X,X) II (Y, Y )−[II (X,Y )]2 > 0.

Furthermore, from this we have

|Rm Σc | ≤ C4R (xi) for x ∈ Σc where c ≥ φ (xi) .

Since Mn is odd-dimensional, Σc is even-dimensional and we can apply the
Klingenberg injectivity radius estimate to obtain

inj (Σc) ≥
c5√
R (xi)

for some c5 > 0 independent of i. Hence there exists c6 > 0 independent of
i such that

VolΣc

(
BΣc

(
γ (c) ,

r√
R (xi)

))
≥ c6

[
rR (xi)

−1/2
]n−1

for any r ≤ c5. Let γ :
[
φ (xi) , φ (xi) +R (xi)

−1/2
]
→ M be the integral

curve to ∇φ with γ (φ (xi)) = xi. Since |∇φ| ≤
√
R (O), by the co-area

formula (Lemma ??) we have

Vol
(
B
(
xi, R (xi)

−1/2
))

≥
∫ φ(xi)+

1

2
√

R(O)
R(xi)

−1/2

φ(xi)



∫

BΣc

(
γ(c),

c7√
R(xi)

) 1

|∇φ|dσ


 dc

≥ 1√
R (O)

c6

[
c7R (xi)

−1/2
]n−1 1

2
√
R (O)

R (xi)
−1/2

=
c6c

n−1
7

2R (O)

[
R (xi)

−1/2
]n

where c7 + min
{
c5,

1
2

}
. This implies the desired injectivity estimate at

{xi} . �
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Remark 7.38. For any unit speed geodesic γ : [0, L] → M emanating
from O we have

(7.26)
d2

ds2
φ (γ (s)) = (∇∇φ) (γ̇, γ̇) > 0

and d
ds

∣∣
s=0

φ (γ (s)) = 0, so that for any ε > 0 there exists c > 0 (independent
of γ) such that

d

ds
φ (γ (s)) ≥ c

for s ≥ ε. The way to see this is to first choose any ε < inj (O) and to note
that

inf
γ(0)=O

d

ds

∣∣∣∣
s=ε

φ (γ (s)) + c > 0

(the lhs is the same as infd(x,O)=ε
∂φ
∂r (x)), and then to apply (7.26) for

larger ε.

7. Hamilton’s partial classification of 3-dimensional singularities

By the Hamilton-Ivey curvature estimate, singularity models have non-
negative sectional curvature. The relative topological and geometric sim-
plicity of such solutions is one of the reasons their classification is possible.

The following partial classification result for 3-dimensional Type I sin-
gularities was proved by Hamilton, §24 of [267].

Theorem 7.39 (3-dimensional Type I singularity models). If a solution(
M3, g (t)

)
, t ∈ [0, T ), to the Ricci flow on a closed 3-manifold develops a

Type I singularity, then either:

(1) (Spherical space form) M3 is diffeomorphic to a spherical space
form and the solution g̃ (t) to the normalized Ricci flow with g̃ (0) =
g (0) converges to a constant positive sectional curvature metric, or

(2) (Exist neck-like points) there exists a sequence of points and times
(xi, ti) with ti → T such that the corresponding dilated solutions(
M3, gi (t)

)
defined by (7.1) converge to a quotient of the shrinking

round cylinder S2 × R.

Proof. (Sketch. See see Theorem 24.7 of [267] or section 9.4 of [153]
for more details.) By (3.25), there exists a constant ρ such that R+ρ ≥ c > 0
at all points and times. Given ε > 0, consider the quantity

F + (T − t)ε
∣∣Rm−1

3RI∧2

∣∣2

(R+ ρ)2−ε
.

Note that Rm−1
3RI∧2 is the trace-free part of Rm . Certainly we cannot

show that in general F → 0. The idea is to show that if case 2 does
not hold, that is, there does not exist a sequence of neck-like points, then
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limt→T maxx∈M3 F (x, t) = 0. In particular, suppose that there exist c, δ > 0
such that at every point and time, either

(T − t) |Rm| < c

or
|Rm−Rθ ⊗ θ|

|Rm| > δ

for every unit 2-form θ. One can show that there exists a constant a > 0
such that

∂

∂t
F ≤ ∆F +

2 (1 − ε)

R+ ρ
〈∇R,∇F 〉 − a

T − t
F.

Applying the maximum principle, one deduces that

lim
t→T

max
x∈M3

F (x, t) = 0.

With a little more work, one can actually show that the solution g̃ (t) to the
normalized flow with g̃ (0) = g (0) converges to a constant positive sectional
curvature metric on M3. �

The intuition underlying the statement of the above theorem is that a
Type I singularity on a 3-manifold should either represent convergence of
the normalized flow to a spherical space form (case 1) or the formation of a
neck pinch (what is expected to happen in case 2).

Recall that given a solution (Mn, g (t)) and a sequence of points and
times (xi, ti) , we considered the dilated solutions (Mn, gi (t)) , where

gi (t) = Kig
(
ti +K−1

i t
)
, Ki + |Rm (xi, ti)| .

Given a Type I singularity, for any sequence of points and times (xi, ti)
with (T − ti) |Rm (xi, ti)| ≥ c for some c > 0, the dilated solutions (Mn, gi (t))
satisfy a uniform curvature bound. After passing to a subsequence, these
solutions (Mn, gi (t) , xi) converge to a complete ancient Type I solution
(Mn

∞, g∞ (t) , x∞) . When n = 3, by the Hamilton-Ivey estimate, we know
that g∞ (t) has nonnegative sectional curvature. Moreover, by Theorem 7.39,
we have that either (Mn

∞, g∞ (t)) is isometric to a shrinking spherical space
form or there exists another sequence of points and times (x̄i, t̄i) whose di-
lated solutions (Mn, ḡi (t) , x̄i) converge to a shrinking round cylinder S2×R

; these two possibilities are mutually exclusive.
For Type II singularities, to obtain a partial classification, we need to

invoke Perelman’s no local collapsing theorem, which provides us with the
injectivity estimate that we previously unknown. With this aid, which also
rules out the cigar soliton as a singularity model, Hamilton’s result becomes
strengthened to the following.

Theorem 7.40 (Partial classification of Type IIa singularity models).
If a solution

(
M3, g (t)

)
, t ∈ [0, T ), to the Ricci flow on a closed 3-manifold

develops a Type IIa singularity, then
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(1) there exists a sequence of points and times (xi, ti) with ti → T such
that the corresponding dilated solutions

(
M3, gi (t)

)
defined by (7.1)

converge to a steady Ricci soliton with positive sectional curvature.
(2) In addition, there exist points and times (x̄i, t̄i) with t̄i → T such

that the corresponding dilated solutions
(
M3, ḡi (t)

)
converge to the

shrinking round cylinder S2 × R.

Proof. For a Type IIa singularity, motivated by the eternal solutions
application of the matrix Harnack estimate (Theorem 8.36), it is useful to
be more careful in how we pick the sequence (xi, ti) . We restrict ourselves to
the 3-dimensional case, where we have the estimate C |Rm|−C ≤ R ≤ |Rm| .
To start, choose any sequence of times Ti → T <∞. Let

Ωi + sup
M3×[0,Ti]

(Ti − t) |R (x, t)|

which satisfies Ωi → ∞. One can choose points and times (xi, ti) such that

lim
i→∞

Ω−1
i (Ti − ti) |R (xi, ti)| = 1.

In this case, the dilated solutions
(
M3, gi (t) , xi

)
converge (recall Perelman’s

no local collapsing Theorem ?? provides the required injectivity radius esti-
mate) to a complete solution

(
M3

∞, g∞ (t) , x∞
)

to the Ricci flow defined on
the eternal time interval (−∞,∞) with the property that Rm (g∞ (t)) ≥ 0
and R (x∞, 0) = supM3

∞×(−∞,∞)R > 0. By Theorem 8.36, we have that(
M3

∞, g∞ (t)
)

is a steady gradient Ricci soliton. The strong maximum prin-
ciple (see section 4 of Chapter 4) implies that either g∞ (t) has positive
sectional curvature or the universal covering solution g̃∞ (t) splits as the
product of a steady gradient Ricci soliton on a surface with R. The latter
case is not possible since by Lemma 4.7 the surface Ricci soliton must be the
cigar, which is ruled out by the no local collapsing theorem. Hence g∞ (t)
must have positive sectional curvature and dimension reduce to a round
cylinder S2 × R. �

The above result is in agreement with the degenerate neck pinch picture
(see section 3).

Exercise 7.41 (Chu). Show that if g evolves by Ricci flow and α is a
1-form evolving by

∂

∂t
α = ∆dα = ∆α− Rc (α) ,

then

(7.27)
∂

∂t
|α|2g = ∆ |α|2g − 2 |∇α|2 .

Hence, by the maximum principle, we have

max
Mn

|α (t)|2g(t)
is a nonincreasing function of t.
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Equation (7.27) has the following application to the Ricci flow due to
Ilmanen and Knopf [296].

Theorem 7.42. If (Mn, g (t)) is a solution to the Ricci flow on a closed
manifold and if ω ∈ H1 (Mn,Z) is an element of infinite order, then there
exists c = c (g (0) , ω) > 0 such that the length with respect to g (t) of any
curve representing ω is bounded below by c for all t ≥ 0.

This result has the following consequence.

Corollary 7.43. No compact quotient of S2 ×R can occur as the limit
of dilations about a singularity for a solution of the Ricci flow on a closed
3-manifold.

Remark 7.44. As we shall see in Volume 2, this result is also an easy
consequence of Perelman’s no local collapsing theorem.

8. Some conjectures about ancient solutions

Recall that a solution (Mn, g (t)) to the Ricci flow is called ancient if it
is defined on an interval of the form (−∞, ω) , where ω ∈ R+∪{∞} , and we
say that an ancient solution is Type I if supMn×(−∞,0] |t| |Rm (x, t)| <∞.

In dimension 2, it may be hoped that there is a nice classification of
ancient solutions.

Problem 7.45 (Classification of 2-d ancient solutions). Suppose that(
M2, g (t)

)
is a complete ancient solution with bounded curvature (the bound

may depend on time). By Lemma 7.4 we have either R [g (t)] ≡ 0 or
R [g (t)] > 0 everywhere. In the latter case is

(
M2, g (t)

)
necessarily ho-

mothetic to one of the following solutions?

(1) The cigar soliton.
(2) The constant curvature shrinking S2 or RP 2.
(3) The Rosenau solution or its Z2 quotient.

Note that we have not assumed that
(
M2, g (t)

)
is an ancient κ-solution.

A rather naive reason for believing the above 3 cases may be the only possi-
bilities is the following. By Propositions 7.18 and 7.22, if

(
M2, g (t)

)
is not

isometric to a constant curvature shrinking S2 or RP 2, then there exists a
backward limit (dilate about an appropriate sequence of points and times
(xi, ti) with ti → −∞) which is isometric to a cigar soliton. We expect that
the noncompact case should correspond to the cigar soliton and compact
case to the Rosenau solution.

In dimension 3, based on the analogous reasoning, one may hope for a
similar classification for ancient κ-solutions. Recall that an ancient solution
is an ancient κ-solution if it is complete, nonflat with bounded nonnegative
curvature operator and κ-noncollapsed on all scales for some κ > 0. The
following is mostly in [417].
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Problem 7.46 (Classification of 3-d κ-ancient solutions). Suppose that(
M3, g (t)

)
is an ancient κ-solution for some κ > 0 with positive sectional

curvature. Is
(
M3, g (t)

)
necessarily homothetic to one of the following so-

lutions?

(1) The Bryant soliton.
(2) A shrinking spherical space form.
(3) A rotationally symmetric solution on S3 or its Z2 quotient (by the

antipodal map) on RP 3. Is such a solution unique up to homothety?

Here, unless we are on a shrinking spherical space form, we can show
that a backward limit is a steady Ricci soliton with positive sectional cur-
vature. The dimension reduction must be a round 2-sphere since the cigar
is not κ-noncollapsed for any κ > 0. Since the Ricci soliton is essentially
asymptotically rotationally symmetric, it is reasonable to conjecture that it
must in fact be globally rotationally symmetric. Now the noncompact case
should correspond to the Bryant soliton and compact case to a rotation-
ally symmetric solution on S3 or its Z2 quotient on RP 3 (analogous to the
Rosenau solution).

Problem 7.47 (Removing the κ condition). In the previous problem, if
we remove the assumption of being κ-noncollapsed for some κ > 0, then we
may ask if the only other possibilities are the quotients of the product of an
ancient 2-dimensional solution with R. At the moment it is not clear whether
or not there is a complete Ricci soliton with positive sectional curvature on
a noncompact 3-manifold (diffeomorphic to R3) which dimension reduces
to the cigar soliton. This question (and the analogous one for the mean
curvature flow) was posed by Altschuler, Grayson and Hamilton.2

In all dimensions, one can ask the following, which is mostly in [267].

Problem 7.48 (Ancient solutions with positive curvature operator).
Suppose that (Mn, g (t)) , t ∈ (−∞, ω), where ω > 0, is a complete ancient
solution to the Ricci flow with positive curvature operator with

sup
M×(−∞,0]

|t| |Rm (x, t)| <∞

(Type I). Is Mn closed? Is (Mn, g (t)) in fact a shrinking spherical space
form?

In section 22 of [267] Hamilton wrote:

We do not know any examples of complete noncompact an-
cient solutions of positive curvature operator with Rs2 < ∞
and R |t| < ∞, and we conjecture none exist, since the cur-
vature has had plenty of space and time to dissipate.

2Apparently each of the three attributes this question to the other two! In the absence
of a consensus we attribute it to all three. :-)
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More explicitly, by Rs2 < ∞ and R |t| < ∞, Hamilton meant finite
asymptotic scalar curvature ratio:

ASCR (g (t)) <∞, and sup
M×(−∞,0]

|t| |Rm (x, t)| <∞.

The follow results, which are inspired or essentially follow from the ideas
in [267] and [270], were proved in [156].

Proposition 7.49 (Chow-Lu - 3-d ancient Type I solutions). Suppose
that

(
M3, g (t)

)
is a complete ancient solution of the Ricci flow with bounded

positive sectional curvature and

(7.28) sup
M3×(−∞,0]

|t|γ R (x, t) <∞

for some γ > 0. Then either

(1)
(
M3, g (t)

)
is isometric to a shrinking spherical space form, or

(2) there exists a constant c > 0 such that for all τ ∈ (−∞, 0] and all
δ > 0, there exist a point and time (x0, t0) with t0 < τ such that

|Rm (x0, t0)| · |t0| ≥ c > 0

and there exists a unit 2-form θ such that

|Rm−R (θ ⊗ θ)| ≤ δ |Rm|
at (x0, t0) .

By applying the compactness theorem and the fact that one has an
injectivity radius estimate for complete noncompact manifolds with bounded
positive sectional curvature, we have the following.

Corollary 7.50. If
(
M3, g (t)

)
, t ∈ (−∞, ω) , is a complete noncom-

pact Type I ancient solution of the Ricci flow with bounded positive sectional
curvature on an orientable 3-manifold, then there exists a sequence of points
and times (xi, ti) ∈M3 × (−∞, ω) such that the dilated and translated solu-
tions

(
M3, gi (t) , xi

)
, t ∈ (−∞, ωi) , where

gi (t) = R (xi, ti) · g
(
ti +

t

R (xi, ti)

)

and ωi = R (xi, ti) (T − ti) , limit to a solution
(
M3

∞, g∞ (t) , x∞
)
, t ∈ (−∞, ω∞) ,

to the Ricci flow isometric to the standard shrinking cylinder S2 × R.

A simple consequence of this is:

Corollary 7.51 (3-d gradient shrinking solitons). A gradient shrinking
soliton on a closed 3-manifold with positive sectional curvature is isometric
to a shrinking constant positive sectional curvature metric.

With more work, one can prove the following. However in Volume 2 we
shall see a generalization of this result by Perelman (see the remarks before
Proposition 4.19.)
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Proposition 7.52 (Chow-Lu). If
(
M3, g (t)

)
is a complete noncompact

Type I ancient solution to the Ricci flow on an orientable 3-manifold with
positive sectional curvature, then ASCR (g (t)) = ∞ for all t.

In addition, if we assume our 3-dimensional ancient solution is non-flat,
Type I and κ-noncollapsed, then Mn is closed.

Problem 7.53. Are Type I ancient solutions κ-solutions?

More ambitiously, one can ask:

Problem 7.54. Is it true that under hypothesis (7.28) in Proposition
7.49 that case (2) cannot occur?

9. Notes and commentary

§1. The idea of dilating about a singularity has a long history in geomet-
ric analysis and partial differential equations. For semilinear heat equations,
there are the works of Escobedo-Kavian [200], Giga-Kohn [226], and many
others.

§3. For the mean curvature flow of a surface in euclidean 3-space, An-
genent and Velazquez [25] have proved the existence of a degenerate neck
pinch. Numerical studies of a degenerate neck pinch have been conducted
by Garfinkle and Isenberg [221].



CHAPTER 8

Harnack type estimates

Let (Mn, g (t)) be a solution to the Ricci flow on a time interval I ⊂ R.
Recall that one of the estimates used in understanding the long time behavior
of the solution is the differential Harnack estimate. In this chapter
we shall discuss various Harnack type estimates in the form of gradient
estimates. Since the Harnack estimates for Ricci flow are similar in spirit
to the original Li-Yau estimate for positive solutions of the heat equation,
we begin by presenting the latter. Next, for simplicity we consider the
case of the Ricci flow on surfaces. Motivated by gradient Ricci solitons, we
discuss Hamilton’s matrix Harnack estimate for solutions with nonnegative
curvature operator of the Ricci flow in any dimension. The trace version
of this estimate generalizes to solutions of the linearized Ricci flow system.
Finally we consider a pinching estimate for solutions of the linearized Ricci
flow system in dimension 3.

1. Li-Yau estimate for the heat equation

Recall the heat kernel on Rn is given by

h(x, t) = (4πt)−n/2 exp

{
−|x|2

4t

}
.

This solution tends to the delta function centered at the origin as t → 0.
Note that h is self-similar (Ricci solitons are the analogues of this):

h(cx, c2t) = c−nh(x, t)

for any positive constant c. Taking the logarithm of h, we have

log h = −n
2

log (4πt) − |x|2
4t

,

with Laplacian

(8.1) ∆ log h+
n

2t
= 0.

It is rather surprising that one can obtain the following sharp estimate.

Theorem 8.1 (Li and Yau 1986 - Differential Harnack estimate, [346]).
If u : Mn × [0,∞) → R is a positive solution to the heat equation on a

259
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Riemannian manifold (Mn, g) with nonnegative Ricci curvature, then

(8.2)
∂

∂t
log u− |∇ log u|2 +

n

2t
= ∆ log u+

n

2t
≥ 0.

Remark 8.2. The estimate is sharp in the sense that (8.1) implies equal-
ity holds in the case of the fundamental solution on euclidean space.

Proof. (Idea.) We calculate using (1.60) that

∂

∂t
(∆ log u) = ∆

(
∂

∂t
log u

)
= ∆

(
∆ log u+ |∇ log u|2

)

= ∆ (∆ log u) + 2∇ log u · ∆∇ log u+ 2 |∇∇ log u|2

= ∆ (∆ log u) + 2∇ log u · ∇∆ log u+ 2 |∇∇ log u|2

+ 2Rij∇i log u∇j log u

≥ ∆ (∆ log u) + 2∇ log u · ∇ (∆ log u) +
2

n
(∆ log u)2 ,

since Rc ≥ 0. On a closed manifold the result now follows from the maximum
principle since the solution to the ode

dq
dt = 2

nq
2 with limt→0 q (t) = −∞ is

q (t) = − n
2t .

In the complete case, one applies the maximum principle to the quantity

F = ϕ·
(
∆ log u+ ε |∇ log u|2

)
, where ε > 0 and ϕ is a radial cutoff function

(with respect to some choice of origin). See [346] or [447], §4.1 for details.
�

Integrating this inequality over graphs (γ (t) , t) of paths γ : [t1, t2] →M2

joining points x1 and x2, we have a classical type Harnack inequality.

Corollary 8.3 (Comparing the solution at different points and times).
Suppose Rc (g) ≥ 0. For any x1, x2 ∈Mn and 0 < t1 < t2,

(8.3)
u(x2, t2)

u(x1, t1)
≥
(
t2
t1

)−n
2

exp

(
−1

4

d(x1, x2)
2

t2 − t1

)
.

Proof. Indeed, for such a path γ, we have

log
u(x2, t2)

u(x1, t1)
=

∫ t2

t1

d

dt
[log u (γ (t) , t)] dt

=

∫ t2

t1

(
∂

∂t
log u+ ∇ log u · dγ

dt

)
dt

≥
∫ t2

t1

(
|∇ log u|2 − n

2t
+ ∇ log u · dγ

dt

)
dt

≥ −n
2

log

(
t2
t1

)
− 1

4

∫ t2

t1

∣∣∣∣
dγ

dt
(t)

∣∣∣∣
2

dt
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and the result follows from taking γ to be a constant speed minimal geodesic

(so that
∣∣∣dγdt (t)

∣∣∣ ≡ d(x1,x2)
t2−t1 ). �

Remark 8.4. Note that the exponent 1
4
d(x1,x2)2

t2−t1 in (8.3) is the analogue

of Perelman’s ℓ-function defined in Volume 2. We may think of 1
4
d(x1,x2)2

t2−t1
as a space-time distance between (x1, t1) and (x2, t2) .

In [346], estimates are also obtained in the case where there is a negative
lower bound for the Ricci curvature of (Mn, g) as well as the case where there
is a potential function added to the heat equation so that u is a positive
solution of ∂u

∂t = ∆u+ V · u, where V : Mn → R.

Remark 8.5. If we define f (x, t) + − log
(
(4πt)n/2 u (x, t)

)
so that u =

(4πt)−n/2 e−f , then f satisfies

(8.4)
∂f

∂t
= ∆f − |∇f |2 − n

2t

and we may rewrite (8.2) as

(8.5)
∂f

∂t
+ |∇f |2 = ∆f − n

2t
≤ 0

and (8.3) as

(8.6) f(x2, t2) − f(x1, t1) ≤
d(x1, x2)

2

4 (t2 − t1)
.

Now suppose u is a fundamental solution of the heat equation centered at
some point p ∈ Mn so that limt→0 u = δp. Then limt→0 f (p, t) = 0 and we
have

(8.7) f (x, t) ≤ d(x, p)2

4t
.

We phrase the Harnack inequality this way in view of the ℓ-function for the
Ricci flow which we consider in Volume 2. In terms of the fundamental
solution, this says

(8.8) u (x, t) ≥ (4πt)−n/2 e−
d(x,p)2

4t .

Remark 8.6. The Li-Yau estimate ∆ log u+
n

2t
≥ 0 for positive solutions

of the heat equation on manifolds with Rc ≥ 0 is a generalized Laplacian
comparison theorem. This because taking u to be the fundamental solution
and t→ 0, it implies the inequality (see (1.70))

∆
(
d2
p

)
− 2n ≤ 0,

where dp is the distance to a point p, especially when u is a fundamental
solution centered at p.

The precursor to the parabolic Li-Yau gradient estimate is the following
Liouville type theorem.



262 8. HARNACK TYPE ESTIMATES

Theorem 8.7 (Yau 1975, [526]). If (Mn, g) is complete Riemannian
manifold with nonnegative Ricci curvature and u is a positive harmonic
function, then u is constant.

The proof is based on the following elliptic gradient estimate: given
p ∈Mn, there exists C <∞ depending only on n such that

(8.9) sup
x∈B(p,r)

|∇ log u| (x) ≤ C

r

for all r < ∞. The Liouville theorem follows immediately from taking r →
∞. The idea of the proof of (8.9) is to consider the function

F (x) +
(
r2 − d (x, p)2

)
|∇ log u| (x)

and by taking its Laplacian and applying the maximum principle (and using
the Rc ≥ 0 hypothesis) to derive the inequality:

(8.10) F 2 − C1F − C2r
2 ≤ 0,

where C1 and C2 depend only on n. This implies F ≤ C3r for some C3 and
hence

(8.11) |∇ log u| (x) ≤ C3

r − d (x, p)

for all x ∈ B (p, r) . The estimate (8.9) now follows from restricting this
estimate to x ∈ B (p, r/2) . Here we have swept under the rug one technical
point: the distance function d (·, p) is not smooth at cut points of p. Implic-
itly, in the above proof, we have assumed that the point x0 where F attains
its maximum is not a cut point of p. If x0 is a cut point of p, we use Calabi’s
trick and argue as follows.

Let γ : [0, L] → Mn, where L + d (x, p) , be a minimal geodesic joining
p to x0. Let pε + γ (ε) for ε > 0. Now define

Fε (x) +
(
r2 − (d (x, pε) + ε)2

)
|∇ log u| (x) .

Since, by the triangle inequality, d (x, pε) + ε ≥ d (x, p) and d (x0, pε) + ε =
d (x0, p) , we have

Fε (x) ≤ F (x) for all x ∈Mn

Fε (x0) = F (x0) .

So clearly Fε attains its maximum at x0. Since the function x 7→ d (x, pε)
is smooth in a neighborhood of x0, we may apply the maximum principle
to obtain an estimate for Fε (x0) which also depends on ε. Taking the limit
as ε → 0 we obtain the estimate F (x0) = limε→0 Fε (x0) ≤ C3r since the
estimate for Fε tends to the original estimate for F as ε→ 0.

Exercise 8.8. Work out an inequality for Fε similar to (8.10) and show
that the resulting estimate for Fε limits to the desired estimate (8.11).
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Yau’s gradient estimate implies the following Harnack inequality (we
state it for the more general case of Ricci curvature bounded from below).
If (Mn, g) is a complete Riemannian manifold with Rc ≥ − (n− 1)H, where
H ≥ 0, and if u is a positive harmonic function on a ball B (p, r) , then

sup
x∈B(p,r/2)

u ≤ C inf
x∈B(p,r/2)

u

where C depends only on n, H and r. In particular, if u is harmonic in
B (p, r) ⊂Mn, then

sup
x∈B(p,r/2)

|∇ log u| (x) ≤ Cn
1 +

√
Hr

r

where Cn depends only on n. (See [443] for a nice exposition of this.)
Yau’s theorem was extended to harmonic functions with sublinear growth

(without assuming nonnegativity) by Cheng and Yau [127]. They proved
the Liouville theorem under the assumption to |u (x)| = o (d (x, p)) . This
result is also sharp in the sense that linear functions on euclidean space are
harmonic.

More generally, Yau has conjectured sharp estimates for the dimension of
polynomial growth harmonic/holomorphic functions on complete Riemann-
ian/Kähler manifolds with nonnegative Ricci/bisectional curvature. Given
a Riemannian manifold (Mn, g) , let Hd (Mn, g) denote the space of har-

monic functions u with |u (x)| ≤ Cd (x, p)d , and given a Kähler manifold
(Mn, g) , let Od (Mn, g) denote the space of holomorphic functions u with

|u (x)| ≤ Cd (x, p)d .

Theorem 8.9 (Colding-Minicozzi [166], Li [341]). If (Mn, g) is com-
plete Riemannian manifold with nonnegative Ricci curvature, then

dimR Hd (Mn, g) <∞.

Theorem 8.10 (Ni, Chen-Fu-Yin-Zhu [397], [111]). If (Mn, g) is com-
plete Riemannian manifold with nonnegative bisectional curvature, then

dimC Od (Mn, g) ≤ dimC Od (Cn) .

If there exists d ≥ 1 such that dimC Od (Mn, g) = dimC Od (Cn) , then
(Mn, g) is biholomorphic and isometric to complex euclidean space.

1.1. Another (similar) proof of the Liouville theorem. Suppose
Rc ≥ 0 and ∆f = 0. Then by (1.61) we have

1

2
∆ |∇f |2 ≥ |∇∇f |2 .

We compute

1

2
∆

(
|∇f |2
f2

)
≥ 1

f2

(
|∇∇f |2 − 2

f
∇f · ∇ |∇f |2 +

3

f2
|∇f |4

)
.
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Hence if we let u = log f, then we obtain ∆u = − |∇u|2 and

1

2
∆ |∇u|2 ≥ −∇u · ∇ |∇u|2 + |∇∇u|2 .

Given a point p ∈ Mn and a radius R, let η (x) = η (d (x, p)) where η :
[0,∞) → [0, 1] satisfies

η (r) =

{
1 if r ≤ R
0 if r ≥ 2R

,

η′ ≤ 0, (η′)2 ≤ (η′)2 /η ≤ CR−2 and |η′′| ≤ CR−2 for some C < ∞. We

compute that Q + η |∇u|2 satisfies at points where η > 0

1

2
∆Q ≥ 1

2
∆η |∇u|2 + ∇η · ∇ |∇u|2 − η∇u · ∇ |∇u|2 + η |∇∇u|2

≥
(

1

2
η−1∆η − η−2 |∇η|2 + η−1∇η · ∇u

)
Q

+
(
η−1∇η −∇u

)
· ∇Q+

1

n
η−1Q2

where the second inequality only used |∇∇u|2 ≥ 1
n (∆u)2 = 1

n |∇u|
4 . In

particular, if |∇u|2 6≡ 0, then at a maximum point of Q we have ∆Q ≤ 0
and ∇Q = 0 so that

0 ≥ 1

2
∆η − η−1 |∇η|2 + ∇η · ∇u+

Q

n
.

Since

|∇η · ∇u| ≤ Q

2n
+
n

2
η−1 |∇η|2 ,

we have

Q

n
≤ −∆η + (n+ 2) η−1 |∇η|2

= −η′∆d− η′′ + (n+ 2) η−1
(
η′
)2

By the Laplacian comparison theorem we have ∆d ≤ n−1
d ≤ n−1

R where
η′ 6= 0. Hence

Q

n
≤ C (n)R−2.

Calabi’s trick takes care of the case when the maximum of Q occurs at a
cut point of p.

2. Surfaces with positive curvature

When χ
(
M2
)
> 0 the estimate (??) helps us prove the infinite time

existence of the solution, since it gives a (time dependent) curvature bound;
but unlike the r < 0 case, it does not directly imply the curvatures converge
to a constant exponentially fast. In order to obtain convergence, we need
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some new estimates. For some mysterious reason, these estimates can be
motivated by the notion of a gradient Ricci soliton (Mn, g):

(8.12) Rij + ∇i∇jf + λgij = 0.

where f : Mn → R. It is interesting to see what other quantities vanish on
gradient Ricci solitons. First, taking the trace, we have

(8.13) R+ ∆f + nλ = 0.

When Mn is closed, we have ∆f = r − R, which is same as the equation
(??) for the potential function.

Next, let’s take the divergence of equation (8.12). By the contracted
second Bianchi identity and commuting derivatives, we get in all dimensions:

0 = ∇j (Rij + ∇i∇jf + λgij) =
1

2
∇iR+ ∇i∆f −Rjijk∇kf

= −1

2
∇iR+Rik∇kf.(8.14)

Substituting (8.12) into the above equation, we obtain

(8.15) 0 = ∇i

(
R+ |∇f |2 + 2λf

)

so that

(8.16) R− r + |∇f |2 + 2λf = H + 2λf

is a constant, where H is the quantity defined in (??). This presents us
with the motivation for making the computation in (??) since the potential
function f defined by (??) satisfies a linear type heat equation.

Note that taking another divergence of (8.14), we have

(8.17) 0 = ∆R+ 2 |Rc|2 + 2λR− 〈∇R,∇f〉 .
Another way to see this last equation is to observe that ∂

∂tg = L∇fg + 2λg
implies that for a solution to the Ricci flow

∆R+ 2 |Rc|2 =
∂

∂t
R = L∇fR− 2λR = 〈∇R,∇f〉 − 2λR.

(We obtain the second equality from the diffeomorphism invariance of the
scalar curvature and the fact that scales like the inverse of the metric.)

Now let’s specialize to the case n = 2. Here Rij = 1
2Rgij and when

R > 0, (8.14) implies

(8.18) ∇i logR−∇if = 0.

Taking a second divergence and using the definition of f , we obtain ∆ logR+
R+ 2λ = 0. Note that when M2 is compact, since 2λ = −r and dr

dt = r2, we

have r ≥ −1
t . Hence on a gradient Ricci soliton with positive curvature we

have

(8.19) ∆ logR+R+
1

t
≥ 0.
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In the next section we see that the above inequality is true for all complete
solutions with bounded positive curvature.

3. Harnack estimate on complete surfaces with positive
curvature

3.1. Trace estimate. The consideration of inequality (8.19) puts us in
a position to describe the first estimate, which is called the trace differen-
tial Harnack estimate. Given a solution

(
M2, g (t)

)
to the unnormalized

Ricci flow on a closed surface with positive curvature, the trace Harnack
quantity is defined by

(8.20) Q = ∆ logR+R+
1

t
=

∂

∂t
logR− |∇ logR|2 +

1

t
.

The second equality follows from

(8.21)
∂

∂t
R = ∆R+ 2 |Rc|2 = ∆R+R2.

A calculation shows that

(8.22)
∂

∂t
Q ≥ ∆Q+ 2 〈∇ logR,∇Q〉 +Q

(
Q− 2

t

)
.

We do not give the details here of the above calculation since a more general
calculation is carried out in the proof of Proposition 8.21 (see equations
(8.34) and (8.36)). By the maximum principle, we have (see [258])

Theorem 8.11 (Trace differential Harnack on surfaces).

(8.23) Q (x, t) ≥ 0

for all x ∈M2 and t > 0.

Remark 8.12. An analogue of the above result was proved in [131] for
solutions on S2 with variable signed curvature (see also [275]). For a gra-
dient estimate, proved using the method of Aleksandrov reflection, see [40].

An immediate consequence of Theorem 8.11 is:

Corollary 8.13 (tR pointwise monotonicity). For each x ∈ M2, the
function t 7→ tR (x, t) is nondecreasing.

Proof. Indeed, this follows from ∂
∂t logR+ 1

t ≥ 0. �

The exact same statement as in the corollary is true in all dimensions
under the assumption of bounded, nonnegative curvature operator.

Integrating (8.23) over graphs (γ (t) , t) of paths γ : [t1, t2] →M2 joining
points x1 and x2, we have

R (x2, t2)

R (x1, t1)
≥
(
t2
t1

)−1

exp

{
−1

4
inf
γ

∫ t2

t1

∣∣∣∣
dγ

dt
(t)

∣∣∣∣
2

g(t)

dt

}
.
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Let d (x, y, t) denote the distance from x to y with respect to the metric
g (t) . Since R > 0, we have g (t) ≤ g (t1) for all t ≥ t1. Hence we obtain the
following.

Corollary 8.14 (Integral Harnack estimate).

R (x2, t2)

R (x1, t1)
≥
(
t2
t1

)−1

exp

{
−d (x1, x2, t1)

2

4 (t2 − t1)

}
.

In section ?? below we shall see an application of the Harnack estimate
to proving convergence of the Ricci flow when R (g0) > 0.

3.2. Curvature changing signs. When R changes sign we can also
obtain a trace Harnack estimate. We find it convenient to consider the
normalized Ricci flow for this estimate. Let s (t) be a solution to the ode
ds
dt = s2 − rs with s (0) < minx∈M2 R (x, 0) . This is the ode corresponding
to the pde (??) for the scalar curvature. We find that

∂

∂t
(R− s) = ∆ (R− s) + (R− s)(R− r + s).

and the inequality R− s > 0 is preserved. Let

Q̃ +
∂

∂t
log (R− s) − |∇ log (R− s)|2 − s = ∆ log (R− s) +R− r.

One can extend the proof of Theorem 8.11 to show the following.

Proposition 8.15 (Trace differential Harnack - curvature changing signs).
There exists C <∞ such that for all x ∈M2 and t ≥ 0

Q̃ (x, t) ≥ −C.
Integrating yields:

Corollary 8.16. There exists C < ∞ such that for all x1, x2 ∈ M2

and t2 > t1 ≥ 0

R (x2, t2) − s (t2) ≥ e−∆/4−C(t2−t1) (R (x1, t1) − s (t1)) ,

where

∆ = ∆ (x1, x2, t1, t2) + inf
γ

∫ t2

t1

∣∣∣∣
dγ

dt
(t)

∣∣∣∣
2

g(t)

dt,

and the infimum is taken over all paths γ : [t1, t2] → M2 whose graphs
(γ (t) , t) join (x1, t1) to (x2, t2) .

From the corollary one can show that if one has a uniform diameter
bound for the metrics g (t) , then there exists c > 0 such that for any points
x1, x ∈M2 and t ≥ 0

R (x, t+ 1) − s (t+ 1) ≥ c (R (x1, t) − s (t)) .

Taking x1 ∈M2 such that R (x1, t) = r, we have

R (x, t+ 1) ≥ c (r − s (t)) + s (t+ 1) .
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Since limt→∞ s (t) = 0, taking t sufficiently large, we conclude R (x, t+ 1) >
0 for all x ∈ M2. Thus, if we can prove a uniform diameter bound, then it
will follow that solutions to the Ricci flow on S2 eventually have positive
curvature.

3.3. Matrix estimate. Finally we note that the trace differential Har-
nack estimate generalizes to a matrix inequality. Under the same assump-
tions as above, we have:

Proposition 8.17 (Matrix differential Harnack estimate).

(8.24) ∇i∇j logR+
1

2

(
R+

1

t

)
gij ≥ 0.

The trace of this estimate is (8.23). In Chapter 8 we shall see the general
form of the differential Harnack estimate in all dimensions, which generalizes
(8.24).

Exercise 8.18. Prove (8.24). In particular, if we let Qij + ∇i∇j logR+
1
2

(
R+ 1

t

)
gij and Q + gijQij , show that under the Ricci flow on surfaces

(8.25)
∂

∂t
Qij = ∆Qij + 2∇kQij∇kL+ 2QikQjk −

(
2

t
+ 3R

)
Qij +RQgij .

Then show that the maximum principle for tensors implies Qij ≥ 0.

4. Linear trace and interpolated estimates for the Ricci flow on
surfaces

There is a version of the Li-Yau estimate for the Ricci flow.

Proposition 8.19 (Chow and Hamilton 1997, [150]). If
(
M2, g(t)

)
is

a solution to the Ricci flow on a closed surface with R > 0, and if u is a
positive solution to

∂u

∂t
= ∆u+Ru,

then

(8.26)
∂

∂t
log u− |∇ log u|2 +

1

t
= △ log u+R+

1

t
≥ 0.

We call this the linear trace Harnack estimate (or simply linear
trace estimate). The following special case was proved earlier:

Corollary 8.20 (Hamilton 1988, [258]).

(8.27)
∂

∂t
logR− |∇ logR|2 +

1

t
= △ logR+R+

1

t
≥ 0.

We also have the following interpolating Harnack estimate which
links the Li-Yau estimate to the linear trace estimate.
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Proposition 8.21 (Chow 1998, [136]). Given ε > 0, if
(
M2, g(t)

)
is a

solution to the ε-Ricci flow

(8.28)
∂

∂t
gij = −2εRij = −εRgij

on a closed surface with R > 0, and u is a positive solution to

(8.29)
∂

∂t
u = △u+ εRu,

then

(8.30)
∂

∂t
log u− |∇ log u|2 +

1

t
= △ log u+ εR+

1

t
≥ 0.

Corollary 8.22. For any x1, x2 ∈M and 0 < t1 < t2,

u(x2, t2)

u(x1, t1)
≥
(
t2
t1

)−n
2

e−ℓ,

where ℓ (x2, t2;x1, t1) + infγ L (γ)

L (γ) +
1

4

∫ t2

t1

∣∣∣∣
dγ

dt
(t)

∣∣∣∣
2

g(t)

dt

and where the infimum is taken over all smooth paths γ : [t1, t2] →M2 with
γ (ti) = xi for i = 1, 2.

This corollary, which is analogous to Corollary 8.3, was first obtained
by Hamilton in the case where ε = 1 and u = R. The proof of the above
proposition is not difficult and we now present the details.

Proof. Since n = 2 we have some special evolution equations under
Ricci flow. Recall that under (8.28) we have (see (2.3) and Lemma 2.32)

∂R

∂t
= ε

(
∆R+R2

)
(8.31)

∂

∂t
(∆) = εR∆

where the Laplacian ∆ is acting on functions. Let

P + △ log u+ εR

where u is a positive solution to (8.29). Using the above formulas, we com-
pute

∂P

∂t
=

∂

∂t
(△) log u+ ∆

(
∂

∂t
log u

)
+ ε

∂R

∂t

= ∆
(
△ log u+ |∇ log u|2 + εR

)
+ εR∆ log u+ ε

∂R

∂t
.

On the rhs we want to convert as many terms to P as possible, so we rewrite
this as:

(8.32)
∂P

∂t
= ∆P + ∆ |∇ log u|2 + εRP − ε2R2 + ε

∂R

∂t
.
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We rewrite the second (quadratic) term on the rhs as:

∆ |∇ log u|2 = 2 |∇∇ log u|2 + 2∆∇ log u · ∇ log u

= 2 |∇∇ log u|2 + 2∇∆ log u · ∇ log u+ 2Rij∇i log u∇j log u,

where we used (1.60). Substituting this into (8.32), converting one of the
gradient terms to P, and using the identity Rij = 1

2Rgij , we have

∂P

∂t
= ∆P + 2 |∇i∇j log u|2 + 2∇P · ∇ log u− 2ε∇R · ∇ log u

+R |∇ log u|2 + εRP − ε2R2 + ε
∂R

∂t
(8.33)

Now we define the tensor

Pij = ∇i∇j log u+
1

2
εRgij .

The motivation for this is that Pij is both similar to ∇i∇j log u, which
appears on the rhs of (8.33), and gijPij = P. (Note also that Pij vanishes
on a gradient soliton of the ε-Ricci flow flowing along ∇ log u.) Using this
and completing the square for the gradient terms in (8.33), we have when
R > 0

∂P

∂t
= ∆P + 2 |Pij |2 − εRP + 2∇P · ∇ log u

+R |∇ log u− ε∇ logR|2 + εR

(
∂

∂t
logR− ε |∇ logR|2

)
.

Dropping the nonnegative gradient term, using the inequality 2 |Pij |2 ≥ P 2,
adding 1/t to P, and using the evolution equation (8.31) for R we obtain

∂

∂t

(
P +

1

t

)
= ∆

(
P +

1

t

)
+ 2∇

(
P +

1

t

)
· ∇ log u(8.34)

+

(
P − 1

t

)(
P +

1

t

)
− εR

(
P +

1

t

)

+ εR

(
ε (∆ logR+R) +

1

t

)
.

When ε = 0, the last term is 0 ; we claim

(8.35) ∆ logR+R+
1

εt
≥ 0

when ε > 0 and R > 0. To see this, first consider the case ε = 1 and
u = R. Since ∂R

∂t = ∆R + R2, here we have
(
M2, g(t), u = R

)
is a solution

to (8.28)-(8.29) and P̃ + P = ε (∆ logR+R) with ε = 1. Hence
(8.36)
∂

∂t

(
P̃ +

1

t

)
= ∆

(
P̃ +

1

t

)
+ 2∇

(
P̃ +

1

t

)
· ∇ log u+

(
P̃ − 1

t

)(
P̃ +

1

t

)
.
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By the maximum principle, under the Ricci flow

0 ≤ P̃ +
1

t
= ∆ logR+R+

1

t
.

Hence, for ε > 0, we have that under (8.28), inequality (8.35) holds:

∆ logR+R+
1

εt
≥ 0.

(This supplies the details for the proof of Theorem 8.11 by taking ε = 1.)
From this and (8.34) we conclude for all ε ≥ 0,

(
M2, g(t), u

)
satisfies

∂

∂t

(
P +

1

t

)
≥ ∆

(
P +

1

t

)
+ 2∇

(
P +

1

t

)
· ∇ log u

+

(
P − 1

t

)(
P +

1

t

)
− εR

(
P +

1

t

)
.

By the maximum principle, since P + 1
t > 0 for t sufficiently small, we have

P + 1
t ≥ 0 for all t ≥ 0 as long as the solution exists. �

5. Hamilton’s matrix estimate

In n-dimensions, we have the following generalization of Hamilton’s dif-
ferential Harnack estimate for surfaces.

Theorem 8.23 (Hamilton 1993 - Matrix Harnack for the Ricci flow,
[259]). If (Mn, g( t )) is a solution to the Ricci flow with nonnegative cur-
vature operator, so RijkℓUijUℓk ≥ 0 for all 2-forms, and either (Mn, g( t ))
is compact or complete noncompact with bounded curvature, then for any
1-form W ∈ C∞ (∧1M

)
and 2-form U ∈ C∞ (∧2M

)
we have

(8.37) Z (U,W ) + MijWiWj + 2PpijUpiWj +RpijqUpiUqj ≥ 0.

Here the 3-tensor P is defined by

(8.38) Pkij + ∇kRij −∇iRkj

and the symmetric 2-tensor M is defined by

(8.39) Mij + △Rij −
1

2
∇i∇jR+ 2RkijℓRkℓ −RipRpj +

1

2t
Rij .

We call this Hamilton’s matrix Harnack estimate for the Ricci
flow. Observe the appearance of these tensors in Lemma 9.8 below. In
particular,

Pkij = gjℓR̃
ℓ
ik0(8.40)

Mij = gjℓR̃
ℓ
i00 +

1

2t
Rij .(8.41)

Note also the identities

(8.42) Pkij = ∇ℓRkijℓ



272 8. HARNACK TYPE ESTIMATES

(which is the once contracted second Bianchi identity (1.18)) and

(8.43) Mij = ∇kPkij +RkijℓRkℓ +
1

2t
Rij .

Indeed, (8.43) follows from (8.39), commuting a pair of covariant deriva-
tives in the expression for ∇kPkij , and using the contracted second Bianchi
identity:

∇kPkij = ∇k (∇kRij −∇iRkj)

= ∆Rij −∇i div (Rc)j +RkijℓRkℓ −RipRpj .

The reader may also check that (8.42) and (8.43) are equivalent to the space-

time identity (9.31): g̃ef ∇̃eR̃
d
abf = R̃dab0.

The motivation for considering the expression Z (U,W ) is as follows.
Suppose we have an expanding gradient Ricci soliton (Mn, g) flowing along
the vector field ∇f. That is,

(8.44) Rij + ∇i∇jf +
1

2t
gij = 0.

Recall that on a compact manifold, we had the coefficient − r
n in front of gij

(see (8.12) and the discussion preceding it). The reason for now considering
the coefficient 1

2t is that for an Einstein metric with limt→0R = −∞, we have

Rij + 1
2tgij = 0. To obtain the Harnack quadratic we differentiate equation

(8.44):

∇iRjk −∇jRik = −∇i∇j∇kf + ∇j∇i∇kf = Rijkℓ∇ℓf

so that

(8.45) Pijk −Rijkℓ∇ℓf = 0.

Next we take a divergence:

0 = ∇iPijk −Rijkℓ∇i∇ℓf −∇iRijkℓ∇ℓf

= Mjk −RijkℓRiℓ −
1

2t
Rjk −Rijkℓ∇i∇ℓf + ∇iRkℓji∇ℓf

= Mjk + Pkℓj∇ℓf.

Hence
Mjk + 2Pkℓj∇ℓf −Rkℓji∇if∇ℓf = 0

and for any 1-form W we have

MjkWjWk − 2PkℓjWk∇ℓfWj +RkℓijWk∇ℓf∇ifWj = 0.

Now if we take Uij = 1
2 (∇ifWj −∇jfWi) , then

MjkWjWk + 2PkℓjUkℓWj +RkℓijUkℓUji = 0.

The lhs is the expression Z (U,W ) defined in (8.37). That is, for a expand-
ing gradient Ricci soliton flowing along ∇f, we have

(8.46) Z (∇f ∧W,W ) = 0

for all 1-forms W.
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Tracing the estimate in Theorem 8.23, we obtain:

Corollary 8.24 (Trace Harnack for RF). Under the same hypotheses
as the theorem,

(8.47)
∂ R

∂ t
+
R

t
+ 2∇iRV

i + 2RijV
iV i ≥ 0

for any vector field V . In particular, taking V = 0 one obtains

∂

∂ t
(tR) ≥ 0.

Hence, for any x ∈M and 0 < t1 ≤ t2, we have

R (x, t2) ≥
t1
t2
R (x, t1) .

Proof. Let {ωa}na=1 be an orthonormal coframe. Applying (8.37) to
U = ωa ∧ V and W = ωa, we have

0 ≤
n∑

a=1

Z (ωa ∧ V, ωa) =

n∑

a=1

(
Mijω

a
i ω

a
j − 2PpijVpω

a
i ω

a
j +RpijqViω

a
pVjω

a
q

)

= gijMij − 2PpijVpg
ij +RpijqViVjg

pq

=
1

2
△R+ |Rkℓ|2 +

1

2t
R+ ∇pRVp +RijViVj

and multiplying by 2 yields (8.47). �

Exercise 8.25. Under the hypotheses of Theorem 8.23, show that for
any 1-form V

(8.48) Mij + 2PpijVp +RpijqVpVq ≥ 0.

Remark 8.26. From (8.46) we see that

H (V ) +
∂ R

∂ t
+
R

t
+ 2∇iRV

i + 2RijV
iV i

vanishes on an expanding gradient Ricci soliton flowing along V = ∇f.

In singularity analysis, we shall find particularly useful this last fact that
the scalar curvature does not decrease too fast.

Corollary 8.27 (Ancient solutions with bounded Rm ≥ 0 have R
nondecreasing). If in addition to the above hypotheses, the solution to the
Ricci flow exists for all ancient time, i.e., g (t) is defined for t ∈ (−∞, 0],
then

(8.49)
∂ R

∂ t
≥ 0.
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Proof. For any α < 0, using the fact that the solution exist on the
time interval [α, 0], we have

∂R

∂t
+

R

t− α
≥ 0.

The corollary now follows from taking the limit as α→ −∞. �

For all n ≥ 2, if Rc > 0, then the minimizing vector field V for the lhs

of (8.47) is V i = −1
2

(
Rc−1

)ij ∇jR, so we get

∂ R

∂ t
+
R

t
− 1

2

(
Rc−1

)ij ∇iR∇jR ≥ 0.

Since Rc−1 ≥ 1
Rg

−1 (or Rc ≤ Rg), we conclude

∂ R

∂ t
+
R

t
− 1

2

|∇R|2
R

≥ 0.

When n = 2, we can get a slightly better estimate by using the identity
Rij = 1

2Rgij . Here we find that

∂ R

∂ t
+
R

t
− |∇R|2

R
≥ 0,

which is equivalent to (8.27).
In fact, we can see that when n = 2 (8.37) is equivalent to (8.24). In

particular,

Pkij =
1

2
(∇kRgij −∇iRgkj)

and

Mij =
1

2
△Rgij −

1

2
∇i∇jR+

1

4
R

(
R+

1

t

)
gij .

So (8.48) implies

αij + △Rgij −∇i∇jR+
1

2
R

(
R+

1

t

)
gij(8.50)

+ 2∇R · V gij − (∇iRVj + ∇jRVi) +R
(
|V |2 gij − ViVj

)

≥ 0.

Given a symmetric 2-tensor ω, we define the symmetric 2-tensor J (ω) by

(8.51) J (ω)ij + (trace gω) gij − ωij .

Diagonalizing ω, we see that if

(ωij) =

(
λ1 0
0 λ2

)
, then

(
J (ω)ij

)
=

(
λ2 0
0 λ1

)
,



6. SKETCH OF THE PROOF OF THE MATRIX HARNACK ESTIMATE 275

so that J as rotates the eigenspaces of ω by 90◦. Note

J (∇∇R)ij = △Rgij −∇i∇jR

J (∇R⊗ V + V ⊗∇R)ij = 2∇R · V gij − (∇iRVj + ∇jRVi)

J (V ⊗ V )ij = |V |2 gij − ViVj

J (φg)ij = φgij

for any function φ. Hence (8.50) says

J

(
∇∇R+

1

2
R

(
R+

1

t

)
g + ∇R⊗ V + V ⊗∇R+RV ⊗ V

)

ij

≥ 0.

Clearly αij ≥ 0 implies J (α)ij ≥ 0. Hence

∇i∇jR+
1

2
R

(
R+

1

t

)
gij + ∇iRVj + ∇jRVi +RViVj ≥ 0.

The minimizing choice is V = − 1
R∇R, so that after dividing by R, we obtain

∇i∇j logR+
1

2

(
R+

1

t

)
gij ≥ 0,

which is the matrix Harnack inequality (8.24).
There is a similar matrix Harnack inequality for solutions to the Kähler-

Ricci flow with nonnegative bisectional curvature by Cao [72] (see
Chapter ??).

6. Sketch of the proof of the matrix Harnack estimate

In this section we briefly sketch the proof of Hamilton’s matrix Harnack
estimate. For simplicity we shall only consider the case where both Mn is
closed and Rm (g (t)) > 0. For the general case where (Mn, g (t)) is complete
with nonnegative curvature operator we ask the reader to consult [259] or
[143]. Related to Uhlenbeck’s trick discussed following Lemma 3.11, below
we consider tensors as functions on the orthonormal frame bundle; this
simplifies the evolution equations for the Harnack quadratic.

Let (Mn, g) be a Riemannian manifold and OM be its orthonormal
frame bundle, which is an O (n,R)-principal bundle. Given a covariant p-
tensor ω, we define the corresponding function

ω† : OM → Rnp

by

ω† (Y ) +
(
ωa1···ap (Y )

)n
a1,...,ap=1

=
(
ω
(
Ya1 , . . . , Yap

))n
a1,...,ap=1

where Y = {Ya}na=1 is an orthonormal frame. This definition provides a
1-1 correspondence between covariant p-tensors ω and O (n,R)-equivariant
functions ω† : OM → Rnp

.

Exercise 8.28. Define ω† : OM → Rnp+q
for a (p, q)-tensor ω.
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Since under the Ricci flow the metric depends on t, it is convenient to
perform calculations in local coordinates on the time-dependent orthonormal
frame bundle. We shall suppress these calculations and just provide the
answers; for details see [259] or [143]. Given a solution (Mn, g (t)) , t ∈
[0, T ), of the Ricci flow, we may consider the orthonormal frame bundles
OM (t) as contained in FM × [0, T ), where FM is the GL (n,R)-principal
frame bundle. The vector field ∂/∂t is not tangent to the submanifold

OM̃ + ∪t∈[0,T )OM (t) × {t} . To rectify this, we define

∇∂/∂t +
∂

∂t
+Rabg

bcΛac

where the vector fields Λbc on FM are defined via their action on tensors by

(
Λbcω

)
a1···ap

+
p∑

i=1

δbai
ωa1···ai−1cai+1···ap .

The vector field ∇∂/∂t is tangent to OM̃ and ∇∂/∂t − ∂
∂t is space-like and

perpendicular to OM (t) .

Exercise 8.29. Show that

∇∂/∂tgab = 0

∇∂/∂tRab = ∆Rab + 2RcabdRcd.

The evolution equations for the components of the Harnack quadratic
are given by the following (see Lemmas 4.2, 4.3, and 4.4 of [259].). Since
these formulas may be derived using the space-time formalism in Chapter
9, we omit the proof.

Lemma 8.30 (Evolution of components of matrix Harnack quadratic).

(8.52) (∇∂/∂t −△)Rabcd = 2(Babcd −Babdc +Bacbd −Badbc),

(∇∂/∂t −△)Pabc = −2RdeDdRabec(8.53)

+ 2 (RadebPdec +RadecPdbe +RbdecPade) ,

and

(∇∂/∂t −△)Mab = 2Rcd (DcPdab +DcPdba) + 2RacdbMcd(8.54)

+ 2PacdPbcd − 4PacdPbdc + 2RcdRceRadeb −
1

2t
Rab,

where Babcd + −RaebfRcedf .
Remark 8.31. For (8.52) see (3.18)-(3.19). Caveat: the sign convention

we are using for Rm is opposite of that in Hamilton’s papers.

When calculating the evolution of the Harnack quadratic

(8.55) Z (U,W ) = MabWaWb + 2PabcUabWc +RabcdUabUdc
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it is most convenient to impose the following equations for U and W at a
point:

(∇∂/∂t − ∆)Uab = 0(8.56)

∇aUbc =
1

2
(RabWc −RacWb) +

1

4t
(gabWc − gacWb)(8.57)

(∇∂/∂t − ∆)Wa =
1

t
Wa(8.58)

∇aWb = 0.(8.59)

In the application of the maximum principle to show that Z (U,W ) > 0
we assume there is (x0, t0) and U and W (not both 0) at (x0, t0) such that
Z (U,W ) = 0. To derive a contradiction we have flexibility of extending U
and W to a space-time neighborhood of (x0, t0) so that (8.56)-(8.59) hold
at (x0, t0) .

Exercise 8.32. Show that if (Mn, g (t)) is an expanding gradient Ricci
soliton flowing along ∇f and W is a 1-form satisfying (8.59), then U = ∇f∧
W satisfies (8.57). Show also that if W satisfies (8.58), then U = ∇f ∧W
satisfies (8.56).

A straightforward calculation using (8.52)-(8.54) yields the following.

Lemma 8.33 (Evolution of the Harnack quadratic). If U (x, t) is a 2-
form and W (x, t) is a 1-form and (8.56)-(8.59) hold at a point and time,
then at that point and time we have

(
∂

∂t
− ∆

)
[Z (U,W )] = 2RacdbMcdWaWb − 2PacdPbdcWaWb(8.60)

+ 8RadecPdbeUabWc + 4RaefcRbefdUabUcd

+ (PabcWc +RabdcUcd)(PabeWe +RabfeUef ).

We are now in a position to give the

Proof of Theorem 8.23 when Mn closed and Rm > 0. It is not
difficult to see that for t sufficiently small, we have Z (U,W ) > 0 for all U
and W not both 0. Suppose that t0 > 0 is the first time at which there
exists x0 ∈ Mn and U and W at x0 not both 0 such that Z (U,W ) = 0.
Extend U and W in space and time so that (8.56)-(8.59) hold at (x0, t0) .
By the lemma, we have (8.60) at (x0, t0). The square term

(PabcWc +RabdcUcd)(PabeWe +RabfeUef )

on the last line of (8.60) is nonnegative. We claim the other terms on the
rhs of (8.60)

J + 2RacdbMcdWaWb − 2PacdPbdcWaWb(8.61)

+ 8RadecPdbeUabWc + 4RaefcRbefdUabU



278 8. HARNACK TYPE ESTIMATES

are also nonnegative. Since Z (U,W ) is nonnegative at (x0, t0), there exist

an orthogonal basis of vectors
{
Y N ⊕XN

}n(n+1)/2

N=1
in ∧2

x0
Mn⊕ ∧1

x0
Mn such

that

Z (U,W ) =
∑

N

〈
Y N ⊕XN , U ⊕W

〉2
=
∑

N

(XN
a Wa + Y N

ab Uab)
2.

By (8.55),

(8.62) Rabdc =
∑

N

Y N
ab Y

N
cd Pabc =

∑

N

Y N
abX

N
c Mab =

∑

N

XN
a X

N
b .

Substituting these equations into (8.61) yields

J =
∑

N

Y N
ac Y

N
bd

∑

M

XM
c XM

d WaWb − 2
∑

N

Y N
acX

N
d

∑

M

YM
bd X

M
c WaWb

+ 8
∑

N

Y N
adY

N
ce

∑

M

YM
db X

M
e UabWc + 4

∑

N

Y N
ae Y

N
cf

∑

M

YM
be Y

M
df UabUcd

=
∑

M,N

(YM
ac X

N
c Wa − Y N

acX
M
c Wa − 2YM

ac Y
N
bc Uab)

2 ≥ 0.

We conclude that if U and W satisfy (8.56)-(8.59) and Z (U,W ) ≥ 0 at
point and time, then

(
∂
∂t − ∆

)
[Z (U,W )] ≥ 0 at that point and time. With

a little more work, one can show Z (U,W ) ≥ 0 for all U and W at all points
and times. �

7. Linear trace Harnack estimate in all dimensions

Recall that the Lichnerowicz Laplacian acting on symmetric 2-tensors is
given by

∆Lvij = ∆vij + 2Rkijℓvkℓ −Rikvjk −Rjkvik.

We have the following linear trace Harnack estimate.

Theorem 8.34 (Chow and Hamilton 1997). If (Mn, g (t) , v (t)) , t ∈
[0, T ) is a solution to the linearized Ricci flow system:

∂

∂t
gij = −2Rij(8.63)

∂

∂t
vij = ∆Lvij(8.64)

where (Mn, g (t)) is complete with bounded, nonnegative curvature operator
and v (t) is also nonnegative and bounded, then v (t) ≥ 0 for t ∈ [0, t) and
for any vector X we have

(8.65) Z (X) + ∇i∇jvij +Rijvij + 2 (∇jvij)Xi + vijXiXj +
V

2t
≥ 0

where V = gijvij .

Remark 8.35. The linear trace Harnack estimate has a Kähler analogue
which we discuss in Chapter ??.
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When n = 2, we may set vij = ugij and we then find that u satisfies the
equation

∂u

∂t
= ∆u+Ru.

In this case, inequality (8.65) reduces to

∆u+Ru+ 2∇u ·X + u |X|2 +
u

t
≥ 0

for all vector fields X. If u > 0, we then have

u

(
∆ log u+R+

1

t

)
+ u |∇ log u+X|2 ≥ 0.

Hence, by taking X = −∇ log u, we get the equivalent inequality:

∆ log u+R+
1

t
≥ 0.

This is (8.26).

Proof of Theorem 8.34. (Sketch.) We just give the proof for the
case where vij > 0 and V = gijvij ≥ ε for some ε > 0. In this case the
vector field Y minimizing Z in (8.65) satisfies div (v)i + vijYj = 0, or equiv-

alently Y j = −
(
v−1
)ji

div (v)i . One can calculate that (see [150] or [147]
for details)

∂

∂t
Z (Y ) = △Z (Y ) + 2vij (Mij + 2PpijYp +RpijqYpYq)

(8.66)

+ 2vij

(
∇kYi −Rki −

1

2t
gki

)(
∇kYj −Rkj −

1

2t
gki

)
− 2

t
Z (Y ) ,

where Mij and Ppij are defined in (8.39) and (8.38), respectively. Recall also
that

Z (U,W ) + MijWiWj + 2PpijUpiWj +RpijqUpiUqj

is the the matrix Harnack quadratic. Since v > 0, at each point there exists
an orthonormal coframe {ωa}na=1 and λa > 0 such that v =

∑n
a=1 λaω

a⊗ωa.
Then the second term on the rhs of (8.66) is

vij (Mij + 2PpijYp +RpijqYpYq) =
n∑

a=1

λaZ (Y ∧ ωa, ωa) .

By the matrix Harnack estimate, this term is nonnegative. (Equivalently,
we could have used (8.48).) Thus

(8.67)
∂

∂t
Z (Y ) ≥ △Z (Y ) − 2

t
Z (Y ) .

Since V ≥ ε > 0, we have Z (Y ) > 0 for t small enough. Applying the
maximum principle to (8.67), we conclude that Z (Y ) ≥ 0. �
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A fundamental application of the linear trace Harnack estimate is the
following classification of eternal solutions. Originally, this result was proved
by Hamilton in [260] using the matrix Harnack estimate. The proof below
we give is due to Ni [398] (an analogous result also holds for immortal
solutions).

Theorem 8.36 (Ancient solution with Rm ≥ 0 and attaining supR
are steady gradient solitons). If (Mn, g (t)) , t ∈ (−∞, ω) , is a complete
solution to the Ricci flow with nonnegative curvature operator, positive Ricci
curvature, and such that supM×(−∞,ω)R is attained at some point in space

and time, then (Mn, g (t)) is a steady gradient Ricci soliton.

Remark 8.37. This is the generalization to all dimensions of Theorem
7.16.

Proof. Let

(8.68) Z̄ [v] = Z̄ [v] (Y ) + ∇i∇jvij +Rijvij + 2 (∇jvij)Yi + vijYiYj ,

where Y j = −
(
v−1
)ji

div (v)i . Then similar to (8.66) we have

∂

∂t
Z̄ [v] = △Z̄ [v] + 2vij

(
M̄ij + 2PpijYp +RpijqYpYq

)
(8.69)

+ 2vij (∇kYi −Rki) (∇kYj −Rkj) ,

where

(8.70) M̄ij + △Rij −
1

2
∇i∇jR+ 2RkijℓRkℓ −RipRpj = Mij −

1

2t
Rij .

Since (Mn, g (t)) is an ancient solution, the matrix Harnack estimate says

M̄ij + 2PpijYp +RpijqYpYq ≥ 0.

If v > 0, then v =
∑n

a=1 λaW
a⊗W a where {W a} is orthonormal and λa > 0.

Suppose there exists a point and time (x0, t0) such that Z̄ [v] (x0, t0) = 0.
Then by the strong maximum principle, Z̄ [v] ≡ 0 and

0 ≡ vij (∇kYi −Rki) (∇kYj −Rkj) =
n∑

a,b=1

λa

[
(∇Y − Rc)

(
W b,W a

)]2
.

Since λa > 0, this implies

∇iYj −Rij = 0

and we conclude that (Mn, g (t)) is a steady Ricci soliton. Now we need to
find v such that the condition Z̄ [v] (x0, t0) = 0 holds for some (x0, t0) . To
do this, simply take v = Rc > 0. Since we have assumed supM×(−∞,∞)R

is attained at some point in space and time, there exists (x0, t0) such that
∂R
∂t = 0 and ∇R = 0 at (x0, t0) . This implies Z̄ (x0, t0) = 0, and we can
apply the above argument. �
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Exercise 8.38. Establish the following formula which generalizes (8.69).
If (Mn, g (t)) is a solution to Ricci flow and vij (t) is any symmetric 2-tensor
and X (t) any vector field, then

(
∂

∂t
− ∆

)(
∇i∇jvij +Rijvij − 2Xi∇jvij + vijX

iXj
)

=
(
∇i∇j +Rij − 2Xi∇j +XiXj

)(( ∂

∂t
− ∆L

)
vij

)

+ 2

(
∆Rij − 1

2∇i∇jR+ 2RkijℓRkℓ −RikRjk
+2 (∇iRjℓ −∇ℓRji)X

ℓ +RkijℓX
kXℓ

)
vij

(8.71)

+ 2 (Rik + ∇kXi) (Rjk + ∇kXj) vij

+ 2

(
−
(
∂

∂t
− ∆

)
Xi +XℓRiℓ + 2 (Rik + ∇kXi) · ∇k

)(
∇jvij − vijX

j
)
.

Note that when vij (t) is a solution to the Lichnerowicz Laplacian heat equa-
tion, the first term on the rhs is zero. Also, the vector field X minimizing
the linear trace Harnack quadratic satisfies ∇jvij − vijX

j = 0 in which case
the last line is zero.

Remark 8.39. It is interesting to note that if ∇̃i + ∇i −Xi and R̃ij +
Rij + ∇iXj , then

(8.72) ∇i∇j +Rij − 2Xj∇i +XiXj = ∇̃i∇̃j + R̃ij ,

so that the linear trace Harnack calculation can be interpreted as

(
∂

∂t
− ∆

)((
∇̃i∇̃j + R̃ij

)
vij

)

=
(
∇̃i∇̃j + R̃ij

)(( ∂

∂t
− ∆L

)
vij

)
+ 2

(
M̄ij + 2PiℓjX

ℓ +RkijℓX
kXℓ

)
vij

+ 2R̃kiR̃kjvij + 2

(
−
(
∂

∂t
− ∆ − Rc

)
Xi + 2R̃ki · ∇k

)(
∇̃jvij

)
.

Hint. Formula (8.71) follows from combining the following three for-
mulas:

(
∂

∂t
− ∆

)(
∇i∇jvij +Rijvij

)
=
(
∇i∇j +Rij

)(( ∂

∂t
− ∆L

)
vij

)

+ 2

(
∆Rij −

1

2
∇i∇jR+ 2RkijℓRkℓ

)
vij

+ 4Rik∇k∇jvij
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and
(
∂

∂t
− ∆

)(
Xi∇jvij

)

= Xi

(
∇j

(
∂

∂t
− ∆L

)
vij + 2 (∇iRjℓ −∇ℓRji) vℓj + 2Rkℓ∇kviℓ −Riℓ∇jvjℓ

)

+

((
∂

∂t
− ∆

)
Xi

)
∇jvij − 2∇kX

i∇k∇jvij

and

∂

∂t

(
vijX

iXj
)

= ∆
(
vijX

iXj
)

+

((
∂

∂t
− ∆

)
vij

)
XiXj

+ 2vij

((
∂

∂t
− ∆

)
Xi

)
Xj − 2vij∇kX

i∇kX
j − 4∇kvij∇kX

iXj .

8. A pinching estimate for solutions of the linearized Ricci flow
equation

In dimension 3, solutions to the linearized Ricci flow equation satisfy the
following a priori estimate. Recall that if (Mn, g (t)) is a solution to the Ricci
flow on a closed manifold with Rmin (g (0)) > −ρ, then Rmin (g (t)) > −ρ for
all t ≥ 0.

Theorem 8.40 (Anderson and Chow - 3-d estimate for linearized RF,
[8]). If

(
M3, g (t) , v (t)

)
, t ∈ [0, T ), T < ∞, is a solution to the linearized

Ricci flow (8.63)-(8.64) on a closed 3-manifold such that Rmin (g (0)) > −ρ,
then there exists a constant C <∞ depending only on g (0) , v (0) , ρ and T
such that

(8.73) |v| ≤ C (R+ ρ)

on M × [0, T ). If ρ = 0, then we may choose C independent of T.

Since we may take v = Rc, one of the estimates in [255] is a special case;
the ‘Ricci pinching preserved’ type estimate (3.29).

Corollary 8.41 (Hamilton 1982). If
(
M3, g (t)

)
, t ∈ [0, T ) is a solution

to the Ricci flow on a closed 3-manifold with positive scalar curvature, then

there exists a constant C <∞ such that |Rc|
R ≤ C on M3 × [0, T ).

Proof of theorem. (Sketch.) Let V = gijvij . One computes that

∂

∂t

(
|v|2

(R+ ρ)2

)
= ∆

(
|v|2

(R+ ρ)2

)
+

2

R+ ρ
∇R · ∇

(
|v|2

(R+ ρ)2

)

− 2

(R+ ρ)4
|(R+ ρ)∇ivjk −∇iRvjk|2 + 4P,
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where

P +
1

(R+ ρ)3

[
2RRc ·vV − 2RRc ·v2 +

1

2
R2
(
|v|2 − V 2

)
− |v|2 |Rc|2

](8.74)

+
ρ

(R+ ρ)3

[
2 Rc ·vV − 2 Rc ·v2 +

1

2
R
(
|v|2 − V 2

)]
.

(Here
(
v2
)
ij

= vikvjk.) One can also show that

|v|2 |Rc|2 − 2RV Rc ·v + 2RRc ·v2 +
1

2
R2
(
V 2 − |v|2

)
≥ 0.

Thus we have

∂

∂t

(
|v|2

(R+ ρ)2

)
≤ ∆

(
|v|2

(R+ ρ)2

)
+

2

R+ ρ
∇R · ∇

(
|v|2

(R+ ρ)2

)

+ 4
ρ

(R+ ρ)3

[
2 Rc ·vV − 2 Rc ·v2 +

1

2
R
(
|v|2 − V 2

)]
.(8.75)

By the Hamilton-Ivey estimate, we have |Rc| ≤ C (R+ ρ). This implies

ρ

(R+ ρ)3

[
2 Rc ·vV − 2 Rc ·v2 +

1

2
R
(
|v|2 − V 2

)]
≤ Cρ

|v|2

(R+ ρ)2
,

so that (8.75) becomes

(8.76)

∂

∂t

(
|v|2

(R+ ρ)2

)
≤ ∆

(
|v|2

(R+ ρ)2

)
+

2∇R
R+ ρ

· ∇
(

|v|2

(R+ ρ)2

)
+ 4Cρ

|v|2

(R+ ρ)2
.

Applying the maximum principle to this equation implies

|v|2

(R+ ρ)2
(t) ≤ C0 exp (4CρT ) ,

for t ∈ [0, T ), where C0 = maxt=0 |v|2 / (R+ ρ)2 . �

9. Notes and commentary

§1. For an exposition of differential Harnack estimates for geometric
evolution equations, see Hamilton [273] and Chow-Guenther [147]. For
some differential Harnack estimates for the heat equation not discussed in
this chapter, see Hamilton [261], Yau [530], [531], and Bakry-Qian [36].
Hamilton’s matrix Harnack estimate for the heat equation is:

Theorem 8.42 (Matrix Harnack for heat equation - Hamilton 1993,
[261]). If u is a positive solution to the heat equation on a closed Riemannian



284 8. HARNACK TYPE ESTIMATES

manifold with parallel Ricci tensor and nonnegative sectional curvature, then

(8.77) ∇i∇j log u+
1

2t
gij ≥ 0.

Now if γ (s) is a geodesic parametrized by arc length, then this implies

d2

ds2

(
log u (γ (s)) +

s2

4t

)
≥ 0.

An interesting property that smooth solutions of the heat equation on
euclidean space satisfy is the Mean Value Property (see p. 51-54 of [201]).
Given x0 ∈ Rn, t0 ∈ R and r > 0, define the heat ball:

E (x0, t0; r) +
{

(x, t) ∈ Rn+1 : t ≤ t0, (4π (t0 − t))n/2 e−|x0−x|2/4(t0−t) ≥ r−n
}
.

Theorem 8.43 (Mean value property for euclidean heat equation). Let
U ⊂ Rn be an open set. If u is a smooth solution to the heat equation in
U × (0, T ] and if E (x0, t0; r) ⊂ U × (0, T ], then

u (x0, t0) =
1

4rn

∫∫

E(x0,t0;r)

u (x, t)
|x0 − x|2

(t0 − t)2
dxdt.

§2. The Ricci soliton equation appears in Friedan [213], equation (2.2.1)
on p. 395, where the non-Einstein solutions are called quasi-Einstein met-
rics.

§3. The analogue of the trace differential Harnack estimate for the
mean curvature flow (3.51) ∂X

∂t = −Hν is as follows. If we have a weakly
convex solution (i.e., the second fundamental form hij is nonnegative) then
(see [269])

(8.78)
∂H

∂t
+
H

2t
+ 2 〈∇H,V 〉 + hijV

iV j ≥ 0

for any vector field V. If hij > 0, then we conclude

∂H

∂t
+
H

2t
−
(
h−1

)ij ∇iH∇jH ≥ 0.

Integrating this differential Harnack we obtain the following classical type
Harnack inequality. Given 0 < t1 < t2 and xi ∈ Xti (M) , i = 1, 2, let

∆ = ∆ (x1, t1, x2, t2) + inf
γ

∫ t2

t1

|γ̇M (t)|2 dt,

where the infimum is taken over all γ : [t1, t2] → Rn with γ (t) ∈ Xt (M) ,
γ (ti) = xi, and

γ̇M +
dγ

dt
−
〈
dγ

dt
, ν

〉
ν.
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We have

H (x2, t2) ≥
(
t2
t2

)−1/2

e−∆/4H (x1, t1) .

A solution to the mean curvature flow on a finite time interval [0, T )

forms a Type II singularity if supMn−1×[0,T ) (T − t) |hij |2 = ∞. In this
case, assuming an injectivity radius estimate, there exists a complete limit
solution X∞ (t) : Mn−1

∞ → Rn, t ∈ (−∞,∞) , which is weakly convex and
where the mean curvature attains its maximum at some point and time.
Now (8.78) implies

∂H

∂t
+ 2 〈∇H,V 〉 + hijV

iV j ≥ 0

for all V, since the solution is defined on an ancient time interval. We then
can conclude that X ∞ (t) is a translating soliton.

There are similar Harnack estimates for the Gauss curvature flow
(GCF). If X : Mn−1 → Rn satisfies ∂X

∂t = −Kν, where K is the Gauss
curvature, then [133]:

∂K

∂t
+

(n− 1)K

nt
−
(
h−1

)ij ∇iK∇jK ≥ 0.

Similar to the mean curvature flow, one shows that

K (x2, t2) ≥
(
t2
t2

)−n−1/n

e−Θ/4K (x1, t1)

where

Θ = Θ (x1, t1, x2, t2) + inf
γ

∫ t2

t1

Kh−1 (γ̇M , γ̇M ) dt.

It is particularly useful to choose γ to be a straight line segment in Rn in
which case we obtain the following result of Hamilton [263]. If γ : [0, τ ] →
Rn is a straight line segment transversal to Xt (M) for t ∈ [0, τ ] , then

t 7→ t(n−1)/nK (γ (t) , t) sec θ (t)

is nondecreasing, where θ (t) ∈ [0, π/2) is the angle between γ (t) and the
normal ν.

For much more general curvature flows of hypersurfaces see Andrews
[13].

§6. One way of computing the evolution of the Laplacian of the Ricci
tensor ∆Rij is to use the following.
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Exercise 8.44. Show that if aij is a 2-tensor, then

∂

∂t
(∆aij) = ∆

(
∂

∂t
aij

)
+ 2Rkl∇k∇laij

+ 2 (∇kRim + ∇iRkm −∇mRki)∇kamj

+ 2 (∇kRjm + ∇jRkm −∇mRkj)∇kaim

+ amj∆R
m
i + aim∆Rmj .

Solution. We compute

∂

∂t
(∆aij) = ∆

(
∂

∂t
aij

)
+ 2Rkl∇k∇laij

−
(
∂

∂t
Γmkk

)
∇maij −

(
∂

∂t
Γmki

)
∇kamj −

(
∂

∂t
Γmkj

)
∇kaim

−∇k

((
∂

∂t
Γmki

)
amj +

(
∂

∂t
Γmkj

)
aim

)

= ∆

(
∂

∂t
aij

)
+ 2Rkl∇k∇laij

− 2

(
∂

∂t
Γmki

)
∇kamj − 2

(
∂

∂t
Γmkj

)
∇kaim

− amj∇k

(
∂

∂t
Γmki

)
− aim∇k

(
∂

∂t
Γmkj

)

since
∑

k
∂
∂tΓ

m
kk = 0. Now

(8.79) −gjk∇j

(
∂

∂t
Γℓik

)
= ∇k (∇iRkl + ∇kRil −∇lRik) = ∆Ril

because ∇k (∇iRkl −∇lRik) = 0.
Note that formula (8.79) provides a quick way to derive the evolution of

the Ricci tensor (2.37) since from tracing (3.8) we have

gjk
∂

∂t
Rℓijk = −gjk∇j

(
∂

∂t
Γℓik

)
= ∆Ril

so that

∂

∂t
Rℓi = gjk

(
∂

∂t
Rℓijk

)
+

(
∂

∂t
gjk
)
Rℓijk

= ∆Ril + 2RjkR
ℓ
ijk.

§8. The pinching estimate (8.73) was partially motivated by the work
of Gursky [251].



CHAPTER 9

Space-time geometry

In this chapter we shall discuss the space-time geometry and its use to
both give a geometric interpretation of the Harnack type estimates and to
motivate some of Perelman’s constructions. In §1 we begin with a space-
time connection of Sun-Chin Chu and one of the authors, which when paired
with the compatible degenerate space-time metric, satisfies a generalized
Ricci flow (see Proposition 9.4). We then calculate the Riemann and Ricci
curvature tensors of the space-time connection and observe identities which
are essentially the Ricci soliton equation (Lemma 9.11 and equation (9.29).)
In §2 we observe that Riemann and Ricci curvature tensors of the space-time
connection are Hamilton’s matrix and trace Harnack quadratics, respectively
(with or without the time terms 1

2tRij and R
t , depending on the connection

we consider.) We also show that the space-time second Bianchi identity
yields a quick way to directly derive the evolution equations for the matrix
Harnack quadratic. In §3 we introduce potentially infinite metrics on the
product of space-time with an N -dimensional Einstein solution of Ricci flow.
The time components of these metrics are

(
R+ bN

2t

)
dt2. We calculate the

Levi-Civita connection and curvatures of these metrics (Lemmas 9.19, 9.23
and Proposition 9.27) and find that in a certain sense it is best to take b = −1
which are Perelman’s metrics. In this case the metrics are potentially Ricci
flat (Theorem 9.31). Next we observe that if we let N → ∞, then the
Levi-Civita connections approach the space-time connection defined in §1.
More generally, when b 6= 0, we show that the space-time metrics potentially
satisfy the gradient Ricci soliton equation; only when b = −1 is this equation
the potentially Ricci flat equation. In §4 we derive the definition of the L-
function by renormalizing the length functional of the potentially infinite
metrics. Finally in §5 we consider potentially infinite metrics adapted to
1-parameter families of solutions of the Ricci-DeTurck flow. This leads to
a geometric space-time interpretation of the linear trace Harnack estimate
and is related to Perelman’s idea of fixing a measure.

1. A space-time solution to the Ricci flow for degenerate metrics

We begin by considering a generalization of the Ricci flow equation for
a metric-connection pair. Recall:

287
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Lemma 9.1. Under the Ricci flow the metric inverse and Levi-Civita
connection evolve by

(9.1)
∂

∂t
gij = 2gikgjℓRkℓ

(9.2)
∂

∂t
Γkij = −gkℓ (∇iRjℓ + ∇jRiℓ −∇ℓRij) .

Proof. Equation (9.1) follows directly from the Ricci flow equation and
the formula for differentiating the inverse of a matrix:

d

dt

(
A−1

)
ij

= −
(
A−1

)
ik

(
d

dt
Akℓ

)(
A−1

)
ℓj
.

Equation (9.2) is just (2.18). �

The metric g−1 = gij ∂
∂xi ⊗ ∂

∂xj on the cotangent bundle TM∗ is
positive definite and as such has a unique torsion free compatible connec-
tion, the Levi-Civita connection ∇, whose components are the Christoffel
symbols.

Given a manifold M̃n+1 and a 1-parameter family of degenerate (i.e.,

positive semi-definite) metrics g̃ (t) on TM̃∗, we generalize the Ricci flow
equation as follows.1

Definition 9.2 (Hamilton). A triple
(
M̃n+1, g̃ (t) , ∇̃ (t)

)
, where ∇̃ (t)

are torsion free connections on TM̃, is said to be a solution to the Ricci
flow for degenerate metrics if ∇̃g̃ = 0 and

∂

∂t
g̃ab = 2g̃acg̃bdR̃cd(9.3)

∂

∂t
Γ̃cab = −g̃cd

(
∇̃aR̃bd + ∇̃bR̃ad − ∇̃dR̃ab

)
(9.4)

where R̃ab is the Ricci tensor of the connection ∇̃.

Note that equations (9.3)-(9.4) are the exact analogues of (9.1)-(9.2).
Let (Mn, g (t)) be a solution to the Ricci flow defined on a time interval

I ⊂ R. We now consider the space-time manifold M̃n+1 = Mn×I. Define
the degenerate metric g̃ on the space-time cotangent bundle TM̃∗

by

(9.5) g̃ (x, t) = g−1 (t) (x) .

1We choose the manifold to have dimension n +1 simply becuase we have space-time
in mind.
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This metric is zero in the time direction. Let x0 = t be the time coordinate
and again let

{
xi
}n
i=1

be local coordinates on Mn. Then

g̃ij = gij

g̃i0 = g̃0j = 0

g̃00 = 0.

Presumably the degeneracy of the metric in the time direction is related to
the infinite speed of propagation of the heat equation. For example, the
forward light cones of the Lorentz metric dx2 − Ndt2 on R2 flatten out to
the upper half plane as N → ∞.

Define the space-time connections ∇̃ (t) on TM̃ by

Γ̃kij = Γkij(9.6)

Γ̃ki0 = Γ̃k0i = −Rki(9.7)

Γ̃k00 = −1

2
∇kR,(9.8)

and all of the other components are zero.

Notation 9.3. Here and throughout this chapter, i, j, k, ... will run from
1 to n whereas a, b, c, ... will run from 0 to n.

The naturality of the above defined connections are exhibited by the
following.

Proposition 9.4 (Chow and S.-C. Chu 1995, [140]). If (Mn, g (t)) is a

solution of the Ricci flow, then the triple
(
M̃n+1, g̃ (t) , ∇̃ (t)

)
is a solution

to the Ricci flow for degenerate metrics.

First note that (9.6)-(9.7) imply

∇̃g̃ = 0.

For example,

∇̃0g̃
ij =

∂

∂t
gij + Γ̃i0kg

kj + Γ̃j0kg
ik = 0.

Exercise 9.5 (Connections ∇̃ satisfying the ∇̃g̃ = 0 condition). Show

that a torsion-free connection ∇̃ on TM̃ is compatible with g̃ (∇̃g̃ = 0) if
and only if

Γ̃kij = Γkij

Γ̃ki0 = −Rki +Aki

Γ̃0
ij = Γ̃0

0j = 0

for some 2-form A, and where i, j, k ≥ 1.
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The proof of the proposition requires the calculation of the space-time
Ricci curvature tensor (see [140] for details). The space-time Riemann
curvature tensor is defined by

R̃m (X,Y )Z + ∇̃X∇̃Y Z − ∇̃Y ∇̃XZ − ∇̃[X,Y ]Z,

and the space-time Ricci curvature tensor is defined by

R̃c (Y,Z) + trace
(
X 7→ R̃m (X,Y )Z

)
.

The second Bianchi identity says

(9.9)
(
∇̃XR̃m

)
(Y,Z)W +

(
∇̃Y R̃m

)
(Z,X)W +

(
∇̃ZR̃m

)
(X,Y )W = 0.

Lemma 9.6 (Space-time Ricci curvatures).

R̃jk = Rjk(9.10)

R̃0k =
1

2
∇kR(9.11)

R̃00 =
1

2

∂R

∂t
=

1

2
∆R+ |Rc|2 .(9.12)

Remark 9.7. Note the identities

(9.13) R̃ba = −Γ̃ba0

where a, b ≥ 0 and R̃ba + g̃bcR̃ac.

The above lemma follows easily from tracing the formulas for the space-
time Riemann curvature tensor. We omit the calculations since they are
very similar to the ones carried out in the proof of Lemma 9.23 in section 3.

Lemma 9.8 (Space-time Riemann curvatures).

R̃ℓijk = Rℓijk(9.14)

R̃ℓij0 = −∇iR
ℓ
j + ∇jR

ℓ
i(9.15)

R̃ℓi0k = −∇ℓRik + ∇kR
ℓ
i(9.16)

R̃ℓi00 = ∆Rℓi −
1

2
∇i∇ℓR+ 2gℓmRqpimR

p
q −RℓmR

m
i(9.17)

=
∂

∂t
Rℓi −

1

2
∇i∇ℓR−Rmi R

ℓ
m,

where all of the indices are ≥ 1, and the rest of the components are zero.

Proof of Proposition 9.4. Equation (9.3) is trivial to verify (it ba-
sically follows from (9.1)), so we consider (9.4). We just make a sample
calculation, where a = i, b = 0, and c = k. The lhs of (9.4) is

∂

∂t
Γ̃ki0 = − ∂

∂t

(
gkℓRiℓ

)
.
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Noting the identity

∇̃iR̃0ℓ =
1

2
∇i∇ℓR+RpiRpℓ = ∇̃ℓR̃i0,

the rhs of (9.4) may be written as

− g̃kℓ
(
∇̃iR̃0ℓ + ∇̃0R̃iℓ − ∇̃ℓR̃i0

)

= −gkℓ∇̃0R̃iℓ

= −gkℓ
(
∂

∂t
Riℓ − Γ̃p0iR̃pℓ − Γ̃p0ℓR̃ip

)

= −gkℓ
(
∂

∂t
Riℓ + 2RipRpℓ

)

and (9.4) follows in this case. We leave it to the reader to check the other

cases such as the formula for ∂
∂t Γ̃

k
00. �

A slight modification of Γ̃ is to define Γ̄ by

(9.18) Γ̄cab + Γ̃cab

except

(9.19) Γ̄0
00 + − 1

2t

(see (B6) below for a motivation for this). The corresponding Riemann
curvature tensor Rm is then given by

R̄ℓijk + Rℓijk = R̃ℓijk(9.20)

R̄ℓij0 + −∇iR
ℓ
j + ∇jR

ℓ
i = R̃ℓij0(9.21)

R̄ℓi00 + ∆Rℓi −
1

2
∇i∇ℓR+ 2gℓmRqpimR

p
q −RℓmR

m
i +

1

2t
Rℓi(9.22)

= R̃ℓi00 +
1

2t
Rℓi .

The corresponding Ricci tensor is given by

R̄jk = Rjk(9.23)

R̄0k =
1

2
∇kR(9.24)

R̄00 =
1

2

(
∂R

∂t
+
R

t

)
.(9.25)

We see that

(9.26) R̄ℓi00 = M ℓ
i and R̃ℓi00 = M̄ ℓ

i

as defined in (8.39) and (8.70);

(9.27) gkℓR̄
ℓ
ij0 = gkℓR̃

ℓ
ij0 = −Pijk
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as defined in (8.38). These are the components of Hamilton’s trace and
matrix Harnack quadratics. See section 2 for a further discussion of this.

Remark 9.9. Similar to Proposition 9.4, the triple
(
M̃n+1, g̃ (t) , ∇̄ (t)

)

is almost a solution to the Ricci flow for degenerate metrics; the only case
of (9.4) which does not hold is ∂

∂t Γ̄
0
00 = 1

2t2
6= 0.

Exercise 9.10 (see [140]). Given a solution to Ricci flow on (0, T ) ,
define the space-time Riemannian metric Ng (x, t) + g (x, t) +

(
R+ N

2t

)
dt2,

where N ∈ (0,∞) is large enough so that R+ N
2t > 0. Show that (9.6)-(9.8)

hold:

NΓkij = Γkij
NΓki0 = −Rki
NΓk00 = −1

2
∇kR

and

NΓ0
ij =

(
R+

N

2t

)−1

Rij

NΓ0
i0 =

(
R+

N

2t

)−1 1

2
∇iR

NΓ0
00 =

(
R+

N

2t

)−1 1

2

(
∂R

∂t
+
R

t

)
− 1

2t
.

Thus, taking N → ∞, we obtain the limit (9.18)-(9.19). For a generalization
of this, see (B1)-(B9) below.

An alternative way to get Rm from the space-time approach is to add a
cosmological constant to the Ricci flow equation and consider:

∂

∂t
gij = −2

(
Rij +

1

2
gij

)
.

The reason for doing this is that steady Ricci solitons of the Ricci flow
with cosmological term correspond to expanding Ricci solitons of the
Ricci flow. In particular, if (Mn, g (t)) is a solution to the Ricci flow, then

the metrics ĝij (t) + 1
t g (t) , where t̂ + log t, satisfy ∂

∂t ĝij = −2
(
R̂ij + 1

2 ĝij

)
.

If Rij + ∇i∇jf + 1
2tgij = 0, then

(
R̂ij + 1

2 ĝij

)
+ ∇̂i∇̂jf = 0. Defining the

space-time connection for solutions of the Ricci flow with cosmological term
appropriately (see Knopf and one of the authors [152]), we find that their
curvatures are given by Rm defined in (9.20)-(9.22), which again corresponds
exactly to the matrix Harnack quadratic.

One has the following interesting identities for the exterior covariant
derivative of the Ricci tensor as a (1, 1)-tensor, i.e., as a 1-form with values
in the tangent bundle (see Lemma 3.3 of [140]).
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Lemma 9.11 (Ricci soliton identities).

R̃ℓi0k = ∇̃kR̃
ℓ
i − ∇̃ℓR̃ik

R̃ℓi00 = ∇̃0R̃
ℓ
i − ∇̃ℓR̃i0

R̃ℓ00k = ∇̃kR̃
ℓ
0 − ∇̃ℓR̃0k = 0

R̃ℓ000 = ∇̃0R̃
ℓ
0 − ∇̃ℓR̃00 = 0

where all of the indices are ≥ 1.

We may rewrite the above equations as

(9.28) ∇̃cR̃
d
a − ∇̃dR̃ac = R̃dabcX̃

b

where

X̃ +
∂

∂t

(X̃0 = 1 and X̃i = 0 for i ≥ 1), and all of the indices are ≥ 0. Note that
(9.28) is formally equivalent to (8.45), which follows from the Ricci soliton
equation. Indeed, going back to the identity (9.13), we find that the space-
time Ricci soliton equation is satisfied:

(9.29) R̃ba + ∇̃aX̃
b = R̃ba + Γ̃ba0X̃

0 = 0.

See section 3 below and [417], §6 for related remarks. On the other hand,

if we let f̃ = t, then ∇̃a∇̃bf̃ = −Γ̃0
ab

∂
∂t f̃ = 0, so that we cannot quite write

the space-time metric and connection pair as a gradient Ricci soliton.
Finally we leave it to the reader to verify that

Lemma 9.12 (Divergence structure of R̃c).

(9.30) g̃ab∇̃aR̃bc = gij∇̃iR̃jc = R̃0c.

(9.31) −∇̃aR̃
d
b + ∇̃bR̃

d
a = g̃ef ∇̃eR̃

d
abf = R̃dab0.

We may rewrite (9.30) as

−g̃ab∇̃aR̃bc + R̃dcX̃
d = 0.

This is formally the same as the equation −1
2 div (Rc) + Rc (X) = 0, which

holds on a Ricci soliton flowing along a vector field X (compare with (8.14)).
Similarly, (9.31) may be rewritten as

∇̃aR̃
d
b − ∇̃bR̃

d
a = −R̃dabcX̃c

which we compare to (8.45).

Exercise 9.13. Using the space-time second Bianchi identity, show that

the equations in Lemma 9.11 exhibit a divergence structure for R̃m.
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2. Space-time curvature is the matrix Harnack quadratic

Now we identify Hamilton’s matrix Harnack quadratic with the Riemann
curvature tensor of the space-time connection defined above. From (9.14),
(8.40) and (8.41) ((9.27) and (9.26)) we have the following.

Proposition 9.14 (Chow and S.-C. Chu 1995). Let ∇̃ be the connection

on TM̃ defined by (9.6)-(9.8). Given a 2-form U and a 1-form W, if we

define the space-time 2-form T̃ by T̃ij = Uij and T̃i0 = Wi, then

Rm
(
∇̃
)
abcd

T̃abT̃dc = Z (U,W ) − 1

2t
RijWiWj .

We obtain a more precise identification by considering ∇̄ :

Rm
(
∇̄
)
abcd

T̃abT̃dc = Z (U,W ) .

Similarly, Hamilton’s trace Harnack quadratic may essentially be iden-
tified with the Ricci tensor of the space-time connection. If V is a 1-form,
define the space-time 1-form Ṽ = V + dt. Then

2 Rc
(
∇̃
)
ab
ṼaṼb =

∂R

∂t
+ 2∇R · V + 2 Rc (V, V ) .

Combining the second Bianchi identity (9.9):

∇̃0R̃
d
abc = −∇̃aR̃

d
b0c − ∇̃bR̃

d
0ac,

and the divergence identities R̃db0c = g̃ef ∇̃eR̃
d
bfc and R̃d0ac = g̃ef ∇̃eR̃

d
fac yields

a quick derivation of the evolution of the space-time Riemann curvature
tensor (i.e., the matrix Harnack quadratic). We compute

∇̃0R̃
d
abc = −g̃ef ∇̃a∇̃eR̃

d
bfc + g̃ef ∇̃b∇̃eR̃

d
afc

= −g̃ef
(
∇̃e∇̃aR̃

d
bfc − R̃haebR̃

d
hfc − R̃haef R̃

d
bhc − R̃haecR̃

d
bfh + R̃daehR̃

h
bfc

)

+ g̃ef
(
∇̃e∇̃bR̃

d
afc − R̃hbeaR̃

d
hfc − R̃hbef R̃

d
ahc − R̃hbecR̃

d
afh + R̃dbehR̃

h
afc

)

where the third line is minus the second line with a and b switched. Since
−∇̃aR̃

d
bfc + ∇̃bR̃

d
afc = ∇̃f R̃

d
abc, we have

Lemma 9.15 (Evolution of space-time Riemann curvature tensor).

∇̃0R̃
d
abc = g̃ef ∇̃e∇̃f R̃

d
abc + g̃ef

(
R̃haebR̃

d
hfc + R̃haecR̃

d
bfh − R̃daehR̃

h
bfc

)

+ g̃ef
(
−R̃hbeaR̃dhfc − R̃hbecR̃

d
afh + R̃dbehR̃

h
afc

)
− R̃haR̃

d
hbc − R̃hb R̃

d
ahc,(9.32)

where a, b, c, d, e, f, h ≥ 0.

Exercise 9.16. Show that if we use the connection ∇̄ defined by (9.18)-
(9.19) (which by Exercise 9.10 is the adiabatic limit of Levi-Civita connec-
tions), then

Rm
(
∇̄
) (
T̃ , T̃

)
= Z (U,W )

and Rc
(
Ṽ , Ṽ

)
is the trace Harnack (with the R

t term.)
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Exercise 9.17. Identify Hamilton’s calculations of the evolution of the
matrix Harnack quadratic in §6 of Chapter 8 with (9.32).

3. Potentially infinite metrics and potentially infinite dimensions

3.1. The metric. The space-time connection is actually the limit of
a 1-parameter family of Levi-Civita connections of metrics which are be-
coming infinite in the time direction. This idea of taking potentially in-
finite metrics on space-time first appeared in [140], [141]. In [417], §6
Perelman introduced two new ideas. First he dualized the above metric by
introducing a minus sign in one of the terms. Second he took the product
of the space-time manifold with a solution to the Ricci flow of potentially
infinite dimensions (such as large radius and dimension spheres). More
generally, one can consider the following. Let (Mn, g (t)) and

(
PN , a·t·h

)
,

t ∈ I ⊂ R − {0} , be solutions to Ricci flow, where
(
PN , h

)
is a fixed N -

dimensional Riemannian Einstein manifold and a ∈ R − {0} with a ·t > 0
for all t ∈ I. By the Ricci flow equation we have

(9.33)
∂

∂t
gij = −2Rij , Rc (h) = −a

2h.

Given local coordinates
{
xi
}n
i=1

onMn and {yα}Na=1 on PN we write gij (t) =

g (t)
(
∂
∂xi ,

∂
∂xj

)
and hαβ = h

(
∂
∂yα ,

∂
∂yβ

)
. Let ∆γ

αβ denote the Christoffel sym-

bols of h. Define the Riemannian metric Ng (t) on Mn × I × PN by

(9.34) Ng (t) = g (t) +
(
R (g (t)) + bN

2t

)
dt2 + ath,

where a, b, t 6= 0. Here we have assumed

(9.35) R (g (t)) ≥ −C/ |t|

for some C < ∞, and that bN is large enough, and bt > 0, so the metrics
Ng (t) are positive definite.

Note that R (ath) = bN
2t if and only if b = −1. That is,

Ng (t) = g (t) +R (g (t) + ath) dt2 + ath

if and only if b = −1.

Remark 9.18. As long as for each time t, R (g (t)) is bounded from
below and provided we can apply the maximum principle, condition (9.35)
holds. For then, if I = [α, 0) and the scalar curvature is bounded below at
time α, then R is uniformly bounded from below on I. On the other hand,
if I = (0, ω) , then from ∂

∂tR ≥ ∆R+ 2
nR

2, we conclude R (g (t)) ≥ − n
2t .
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In local coordinates, the space-time metric Ng is:
Ngij = gij(A1)

Ng00 = R+
bN

2t
(A2)

Ngαβ = athαβ(A3)

Ngi0 = Ngα0 = Ngiα = 0.(A4)

3.2. The connection. Recall the standard formula for the Christoffel
symbols:

(9.36) NΓcab =
1

2
Ngcd

(
∂

∂za
Ngbd +

∂

∂zb
Ngad −

∂

∂zd
Ngab

)
,

(where a, b, c = 0, i, j, k..., α, β, γ, ... and z = x or y). A straightforward
calculation yields the following result.

Lemma 9.19 (Space-time Christoffel symbols of potentially infinite met-
ric). Suppose g (t) and h satisfy (9.33), N is large enough, and a, b, t 6= 0
have the same sign (in the following, it will be obvious when a and b are
constants and when they are indices). Using formula (9.36) we compute
that the Christoffel symbols of Ng are given by:

NΓkij = Γkij(B1)

NΓki0 = −Rki(B2)

NΓk00 = −1

2
∇kR(B3)

NΓ0
ij =

(
R+

bN

2t

)−1

Rij(B4)

NΓ0
i0 =

(
R+

bN

2t

)−1 1

2
∇iR(B5)

NΓ0
00 =

(
R+

bN

2t

)−1 1

2

(
∂R

∂t
+
R

t

)
− 1

2t
(B6)

NΓγαβ = ∆γ
αβ(B7)

NΓγα0 =
1

2t
δγα(B8)

NΓ0
αβ = −1

2

(
R+

bN

2t

)−1

ahαβ(B9)

and the rest of the components are 0.

Caveat. 0 denotes the t component, not the τ component. This causes
a sign difference in the terms of the Christoffel symbol with an odd number
of 0 indices as compared to some other expositions of Perelman’s space-time
metric.
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Remark 9.20.

(1) Equations (B1)-(B3) for NΓkab are the same as (9.6)-(9.8) for Γ̃kab,
where a, b = 0, 1, . . . , n.

(2) Note

NΓka0 = −R̃ka = −R̄ka
NΓ0

ab =

(
R+

bN

2t

)−1

R̄ab −
1

2t
δa0δb0

for a, b = 0, 1, . . . , n and k = 1, , . . . , n, and where R̄ab is the space-
time symmetric 2-tensor which represents Hamilton’s trace Harnack
quadratic defined by (9.23)-(9.25).

(3) We have the following symmetries:

NΓ0
ia = − Ng00 Ngik

NΓka0,

where a = 0, 1, . . . , n, which relates (B2) to (B4) and (B3) to (B5);

NΓ0
αβ = − Ng00 Ngαγ

NΓγβ0

which relates (B8) to (B9).

Proof. We make a few sample calculations (B3):

NΓk00 =
1

2
Ngkℓ

(
2
∂

∂z0
Ng0ℓ −

∂

∂zℓ
Ng00

)

= −1

2
gkℓ

∂

∂xℓ

(
R+

bN

2t

)

and (B5):

NΓ0
i0 =

1

2
Ng00

(
∂

∂zi
Ng00 +

∂

∂z0
Ngi0 −

∂

∂z0
Ngi0

)

=
1

2

(
R+

bN

2t

)−1 ∂

∂xi

(
R+

bN

2t

)

and (B8):

NΓγα0 =
1

2
Ngγδ

(
∂

∂yα
Ng0δ +

∂

∂x0
Ngαδ −

∂

∂zδ
Ngα0

)
=

1

2t
δγα,

and leave the rest of the calculations to the reader. �

Remark 9.21. Note that if a = 0, then NΓγα0 = 0. To obtain the desired
cancellations in Theorem 9.31 it is essential that a 6= 0. In particular, when
a = 0, formula (C9) becomes NRδα00 = 0 (and hence

∑
α
NRαα00 does not

yield a contribution to NR00.)



298 9. SPACE-TIME GEOMETRY

3.3. The Laplacian. Consider the potentially infinite metrics Ng given
by (A1)-(A4) on the product of space-time with the potentially infinite di-
mensional Einstein solutions: Mn × I × PN . The Laplacians of Ng acting
on functions constant on the PN factor are given by:

N∆ = Ngab
(

∂2

∂xa∂xb
− NΓcab

∂

∂xc

)

= ∆ −
(
Ngαβ NΓ0

αβ + Ngij NΓ0
ij + Ng00 NΓ0

00

) ∂

∂t

+ Ng00 ∂
2

∂t2
− Ng00 NΓk00

∂

∂xk
,

where ∆ denotes the Laplacian with respect to g. In particular, using the
formulas for the Christoffel symbols given by Lemma 9.19, we find that if
b 6= 0, then

(9.37) N∆ = ∆ + b−1 ∂

∂t
+O

(
N−1

)
.

For example, if b = −1, which is the case we are most interested in, then
the space-time Laplacian is potentially the heat operator:2

� + ∆ − ∂

∂t
.

If b = 1, then we get the backward heat operator in the limit: ∆ + ∂
∂t . Here,

to get the heat operator as a limit, one sees from the calculation that the
idea of taking the product with a potentially infinite dimensional Einstein
solution PN is crucial; for tracing an O

(
N−1

)
2-tensor over a manifold with

N dimensions yields an O (1) term. As we shall see later, this idea is also
crucial to obtain a potentially Ricci flat solution.

Exercise 9.22. Show that

N∆ = ∆ +

[(
1 +

1 − 2tR

N

)(
b+

2tR

N

)−1

+O
(
N−2

)
]
∂

∂t

+

(
R+

bN

2t

)−1 ∂2

∂t2
+

(
R+

bN

2t

)−1 1

2
∇R · ∇.

Derive (9.37) from this.

The volume form of the metric Ng (t) is given by (now take a = 1)

Ndµ = tN/2
√
R+

bN

2t
dµg ∧ dt ∧ dµh

=
√
b/2

(
N1/2 +O

(
N−1/2

))
t(N−1)/2dµg ∧ dt ∧ dµh.

2Perelman [417], §6.1.
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Given a function u on Mn × I × PN which is independent of the PN vari-
ables,3

τ
N−1

2 · N∆
(
τ−

N−1
2 u

)
=

(
∆ + b−1 ∂

∂t

)
u− N − 1

2t

(
b+

2tR

N

)−1(N + 1

N
− 2tR

N

)
u

+
N − 1

N

(
b+

2tR

N

)−1(
−2

∂

∂t
+
N + 1

2t
u

)
+O

(
N−1

)

=

(
∆ − b−1 ∂

∂t
+ b−1R

)
u+O

(
N−1

)
.

Note that ∆ − b−1 ∂
∂t + b−1R is the adjoint of the heat operator ∆ + b−1 ∂

∂t
(see (??) for the case where b = −1.)

3.4. The Riemann curvature. Recall the components of the Rie-
mann curvature tensor are given by:

(9.38) NRdabc = ∂a
NΓdbc − ∂b

NΓdac +N Γebc
NΓdae −N Γeac

NΓdbe.

Again a straightforward calculation yields (this time with a little more pa-
tience):

Lemma 9.23 (Space-time Riemann curvature of potentially infinite met-
ric). Using formula (9.38) we compute that the nonzero components of the
Riemann curvature tensor N Rm of Ng are given by

NRℓijk =
[
Rℓijk

]
+

(
R+

bN

2t

)−1 (
RikR

ℓ
j −RℓiRjk

)
(C1)

NRℓi0k =
[
∇kR

ℓ
i −∇ℓRik

]
+

(
R+

bN

2t

)−1(
Rik

1

2
∇ℓR−Rℓi

1

2
∇kR

)
(C2)

NRℓi00 =

[
∂

∂t
Rℓi −

1

2
∇i∇ℓR−RpiR

ℓ
p +

1

2t
Rℓi

]
(C3)

+

(
R+

bN

2t

)−1(1

2
∇iR

1

2
∇ℓR−Rℓi

1

2

(
∂R

∂t
+
R

t

))

3Again, Perelman [417], §6.1.
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NR0
ijk =

(
R+

bN

2t

)−1

[∇iRjk −∇jRik](C4)

+

(
R+

bN

2t

)−2(
Rik

1

2
∇jR−Rjk

1

2
∇iR

)

NR0
i0k = −

(
R+

bN

2t

)−1 [ ∂
∂t
Rik −

1

2
∇i∇kR+RpkRip +

1

2t
Rik

]
(C5)

+

(
R+

bN

2t

)−2(
Rik

1

2

(
∂R

∂t
+
R

t

)
− 1

2
∇kR

1

2
∇iR

)

NRδαβγ = Rδαβγ +
1

2t

(
R+

bN

2t

)−1 a

2

(
hαγδ

δ
β − hβγδ

δ
α

)
(C6)

= Rδαβγ +
1

2t

(
R+

bN

2t

)−1 (
Rc (h)βγ δ

δ
α − Rc (h)αγ δ

δ
β

)

NRδαjk =
1

2t
δδα

(
R+

bN

2t

)−1

Rjk(C7)

NRδα0k =
1

2t
δδα

(
R+

bN

2t

)−1 1

2
∇kR(C8)

NRδα00 =
1

2t
δδα

(
R+

bN

2t

)−1 1

2

(
∂R

∂t
+
R

t

)
.(C9)

Remark 9.24. In the first five equations we have emphasized the terms
on the rhs which appear in the matrix Harnack quadratic by putting them
inside square brackets: [ ] . Note also the appearance on the rhs of terms
in the trace Harnack quadratic.

Proof. Again, we only make some sample calculations:
NRℓi00 = ∂i

NΓℓ00 − ∂0
NΓℓi0 +N Γk00

NΓℓik +N Γ0
00
NΓℓi0 −N Γki0

NΓℓ0k −N Γ0
i0
NΓℓ00

= −1

2
∇i∇ℓR+

∂

∂t
Rℓi −

(
R+

bN

2t

)−1 1

2

(
∂R

∂t
− bN

2t2

)
Rℓi

−RkiR
ℓ
k +

(
R+

bN

2t

)−1 1

2
∇iR

1

2
∇ℓR

and
NR0

ijk = ∂i
NΓ0

jk − ∂j
NΓ0

ik +N Γℓjk
NΓ0

iℓ +N Γ0
jk
NΓ0

i0 −N Γℓik
NΓ0

jℓ −N Γ0
ik
NΓ0

j0

= ∇i

((
R+

bN

2t

)−1

Rjk

)
−∇j

((
R+

bN

2t

)−1

Rik

)

+

(
R+

bN

2t

)−1

Rjk

(
R+

bN

2t

)−1 1

2
∇iR

−
(
R+

bN

2t

)−1

Rik

(
R+

bN

2t

)−1 1

2
∇jR
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and

NRδα00 = ∂α
NΓδ00 − ∂0

NΓδα0 + NΓγ00
NΓδαγ + NΓ0

00
NΓδα0 − NΓγα0

NΓδ0γ − NΓ0
α0
NΓδ00

= − ∂

∂t

(
1

2t

)
δδα +

(
R+

bN

2t

)−1 1

2

(
∂R

∂t
− bN

2t2

)
1

2t
δδα −

(
1

2t

)2

δγαδ
δ
γ

=
1

2t
δδα

(
R+

bN

2t

)−1 1

2

(
∂R

∂t
+
R

t

)

and

NRδαjk = NΓ0
jk
NΓδα0 =

1

2t
δδα

(
R+

bN

2t

)−1

Rjk.

�

Remark 9.25. Note that

NR0
ibk = −

(
R+

bN

2t

)−1

R̄ℓib0gℓk +

(
R+

bN

2t

)−2 (
R̄ikR̄b0 − R̄bkR̄i0

)

NRℓibc = R̄ℓibc +

(
R+

bN

2t

)−1 (
R̄icR̄

ℓ
b − R̄ℓiR̄bc

)

NRδαab =
1

2t
δδα

(
R+

bN

2t

)−1

R̄ab.

If we are only interested in the values of the curvature up to O
(
N−1

)
,

then we obtain the following.

Corollary 9.26 (Space-time Riemann up to O
(
N−1

)
).

NRℓijk = Rℓijk +O
(
N−1

)

NRℓi0k = ∇kR
ℓ
i −∇ℓRik +O

(
N−1

)

NRℓi00 =
∂

∂t
Rℓi −

1

2
∇i∇ℓR−RpiR

ℓ
p +

1

2t
Rℓi +O

(
N−1

)

NRδαβγ = Rδαβγ +O
(
N−1

)

and the rest of the terms are O
(
N−1

)
.

It is interesting to note that up to O
(
N−1

)
, the Riemann curvature

(3, 1)-tensor does not depend on a or b. This is somewhat misleading since
the order of N Rm is measured with respect to Ng, which is becoming infinite
as N tends to infinity.

3.5. The Ricci curvature. The components of the Ricci tensor are
given by the following.
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Proposition 9.27. The components of N Rc are:

NRjk =

(
R+

bN

2t

)−1(
RℓjRℓk + (1 + b)

N

2t
Rjk

)

+

(
R+

bN

2t

)−1 [ ∂
∂t
Rjk −

1

2
∇j∇kR+RpkRjp +

1

2t
Rjk

]
(9.39)

−
(
R+

bN

2t

)−2(
Rjk

1

2

(
∂R

∂t
+
R

t

)
− 1

2
∇kR

1

2
∇jR

)

NR00 =

(
R+

bN

2t

)−1(1

4
|∇R|2 + (1 + b)

N

2t

1

2

(
∂R

∂t
+
R

t

))
(9.40)

NR0k =

(
R+

bN

2t

)−1(
Rik

1

2
∇iR+ (b+ 1)

N

2t

1

2
∇kR

)
(9.41)

NRβγ = −a
2

(
R+

bN

2t

)−1

((b+ 1)N − 1)
1

2t
hβγ

+

(
R+

bN

2t

)−2 a

2
hβγ

1

2

(
∂R

∂t
+
R

t

)
(9.42)

Remark 9.28. If b = −1, then

NRjk =

(
R− N

2t

)−1

RℓjRℓk

+

(
R− N

2t

)−1 [ ∂
∂t
Rjk −

1

2
∇j∇kR+RpkRjp +

1

2t
Rjk

]

−
(
R− N

2t

)−2(
Rjk

1

2

(
∂R

∂t
+
R

t

)
− 1

2
∇kR

1

2
∇jR

)

NR00 =

(
R− N

2t

)−1 1

4
|∇R|2

NR0k =

(
R− N

2t

)−1 1

2
Rik∇iR

NRβγ =
a

2

(
R− N

2t

)−1 1

2t
hβγ +

(
R− N

2t

)−2 a

2
hβγ

1

2

(
∂R

∂t
+
R

t

)

Now let Nm = Mn × PN .

Corollary 9.29 (Space-time Ricci up to O
(
N−1

)
). If g (t) and h sat-

isfy (9.33), then the nonzero components of the space time Ricci tensor N Rc
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are:

NRjk =

(
1 +

1

b

)
Rjk +O

(
N−1

)
(9.43)

NR0k =

(
1 +

1

b

)
1

2
∇kR+O

(
N−1

)
(9.44)

NR00 =

(
1 +

1

b

)
1

2

(
∂R

∂t
+
R

t

)
+O

(
N−1

)
(9.45)

NRβγ = −a
2

(
1 +

1

b

)
hβγ +O

(
N−1

)
.(9.46)

Proof. We derive the formulas for the components of the Ricci tensor
using:

NRbc =
∑

i

NRiibc + NR0
0bc +

∑

α

NRααbc

and the formulas for the traces of the (nonzero) components of the Riemann
curvature tensor, which are as follows. To find NRij we compute:

∑

i

NRiijk = Rjk +

(
R+

bN

2t

)−1 (
RikR

i
j −RRjk

)
(9.47)

NR0
0jk =

(
R+

bN

2t

)−1 [ ∂
∂t
Rjk −

1

2
∇j∇kR+RpkRjp +

1

2t
Rjk

]

−
(
R+

bN

2t

)−2(
Rjk

1

2

(
∂R

∂t
+
R

t

)
− 1

2
∇kR

1

2
∇jR

)
(9.48)

∑

α

NRααjk =
N

2t

(
R+

bN

2t

)−1

Rjk,(9.49)

which imply (9.39). Next we consider NR0k :

∑

i

NRii0k =
1

2
∇kR+

(
R+

bN

2t

)−1(
Rik

1

2
∇iR−R

1

2
∇kR

)

∑

α

NRαα0k =
N

2t

(
R+

bN

2t

)−1 1

2
∇kR

which imply (9.41). Third, we consider NR00 :

∑

i

NRii00 =
1

2

(
∂R

∂t
+
R

t

)
+

(
R+

bN

2t

)−1(1

4
|∇R|2 − 1

2
R

(
∂R

∂t
+
R

t

))

∑

α

NRαα00 =

(
b+

2tR

N

)−1 1

2

(
∂R

∂t
+
R

t

)
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which imply (9.40). Finally we consider NRβγ :

∑

i

NRiiβγ =
a

2
R

(
R+

bN

2t

)−1

hβγ

∑

α

NRααβγ = Rc (h)βγ −
a

4t
(N − 1)

(
R+

bN

2t

)−1

hβγ

= −a
2

(
R− 1

2t
+ (1 + b)

N

2t

)(
R+

bN

2t

)−1

hβγ ,

NR0
0βγ = Ng00 Ngγδ

NRδβ00

=

(
R+

bN

2t

)−2 a

2
hβγ

1

2

(
∂R

∂t
+
R

t

)

which imply (9.42):

NRβγ =
∑

i

NRiiβγ +
∑

α

NRααβγ + NR0
0βγ

= −a
2

(
− 1

2t
+ (1 + b)

N

2t

)(
R+

bN

2t

)−1

hβγ

+

(
R+

bN

2t

)−2 a

2
hβγ

1

2

(
∂R

∂t
+
R

t

)

�

Observe that the metrics Perelman considered are as follows:

N g̃ij = gij
N g̃αβ = τgαβ

N g̃00 = R+
N

2τ
N g̃iα = N g̃i0 = N g̃α0 = 0.

where PN = SN is the sphere.

Exercise 9.30. Here’s another way to calculate the space-time curva-
tures. From [140], Lemma 4.4 we have that if we endow Nm × I with the
metric

g̃ = g +Rdt2,
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then

R̃spqr = Rspqr −R−1
(
RspRqr −RsqRpr

)

R̃s0qr = −∇rR
s
q + ∇sRqr −

1

2
R−1

(
Rqr∇sR−Rsq∇rR

)

R̃sp00 =
∂

∂t
Rsp −

1

2
∇p∇sR−Rmp R

s
m +R−1

(
1

2

∂R

∂t
Rsp −

1

4
∇pR∇sR

)

R̃0
0qr = g̃00R̃0qr0 = g̃00grsR̃

s
q00

= R−1

(
∂

∂t
Rrq −

1

2
∇q∇rR−Rmq Rmr +R−1

(
1

2

∂R

∂t
Rqr −

1

4
∇qR∇rR

))

Then

R̃qr = Rqr −R−1
(
RRqr −RsqRsr

)

+R−1

(
∂

∂t
Rrq −

1

2
∇q∇rR−Rmq Rmr

)

+R−2

(
1

2

∂R

∂t
Rqr −

1

4
∇qR∇rR

)

3.6. Potentially Ricci flat. Thus we should choose b = −1 to get
NRab = O

(
N−1

)
. Note also that R (ath) = −N

2t and when b = −1, we have

R (g (t)) + bN
2t = R (g (t) + ath) .

Theorem 9.31 ( Perelman, [417], §6). If g (t) and h satisfy (9.33), then
the metric (whenever it is Riemannian)

Ng (t) = g (t) +

(
R (g (t)) − N

2t

)
dt2 + ath

is potentially Ricci flat in the sense that

NRab = O
(
N−1

)
.

3.7. Letting the dimension tend to infinity. We can now relate the
Levi-Civita connections and Riemann curvatures of the potentially infinite
metrics with the space-time connection defined in section 1.

Corollary 9.32 (Limit of Levi-Civita connections of potentially infinite
metrics). Let

(9.50) Γ̄cab + lim
N→∞

NΓcab.
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Then

Γ̄kij = Γkij

Γ̄ki0 = −Rki
Γ̄k00 = −1

2
∇kR

Γ̄0
00 = − 1

2t

Γ̄γα0 =
1

2t
δγα

Γ̄γαβ = ∆γ
αβ

and the rest of the components are 0. In particular,

(9.51) Γ̄cab = Γ̄cab,

where a, b, c = 0, 1, . . . , n and the Γ̄ on the lhs is defined by (9.50) and the
Γ̄ on the rhs is defined by (9.18) and (9.19) (equality (9.51) is the reason
we use the same notation.)

Let R̄dabc + limN→∞ NRdabc.

Corollary 9.33 (Limit of Riemann curvature tensors). The nonzero
components of R̄dabc are;

R̄ℓijk = Rℓijk

R̄ℓi0k = ∇kR
ℓ
i −∇ℓRik

R̄ℓi00 =
∂

∂t
Rℓi −

1

2
∇i∇ℓR−RpiR

ℓ
p +

1

2t
Rℓi

R̄δαβγ = Rδαβγ

R̄δα00 = 0.

In particular,

R̄ℓibc = R̃ℓibc + δb0δc0
1

2t
Rℓi

for i, ℓ ≥ 1 and b, c ≥ 0.

3.8. Potentially gradient Ricci soliton. Even when b 6= −1, we
obtain an interesting structure for the potentially infinite space-time metrics.
In particular, they are almost potentially gradient Ricci solitons. For
the Chow-Chu potentially infinite space-time metrics, this fact was observed
by Perelman in section 6 of [417].

Lemma 9.34 (Potentially gradient soliton). Define Nf (t) so that

∂

∂t

N

f +
N

2t
.



3. POTENTIALLY INFINITE METRICS AND POTENTIALLY INFINITE DIMENSIONS307

Then for any c ∈ R we have

NRij + c N∇i
N∇j

Nf =

(
1 +

1

b

)
Rij +O

(
N−1

)
− c NΓ0

ij

∂

∂t
Nf

=

(
1 +

1 − c

b

)
Rij +O

(
N−1

)

NRi0 + c N∇i
N∇0

Nf =

(
1 +

1

b

)
1

2
∇iR+O

(
N−1

)
− c NΓ0

i0

∂

∂t
Nf

=

(
1 +

1 − c

b

)
1

2
∇iR+O

(
N−1

)

NR00 + c N∇0
N∇0

Nf =

(
1 +

1

b

)
1

2

(
∂R

∂t
+
R

t

)
+O

(
N−1

)

+ c
∂2

∂t2
Nf − c NΓ0

00

∂

∂t
Nf

=

(
1 +

1 − c

b

)
1

2

(
∂R

∂t
+
R

t

)
+O

(
N−1

)
− c

N

4t2

NRαβ + c N∇α
N∇β

Nf = −a
2

(
1 +

1

b

)
hαβ − c NΓ0

αβ

∂

∂t
Nf +O

(
N−1

)

= −a
2

(
1 +

1 − c

b

)
hαβ +O

(
N−1

)
.

Recall that when b = −1, we chose c = 0. More generally, we have

Corollary 9.35. Given c ∈ R − {1} , let b = c− 1 6= 0. Then

NRij + c N∇i
N∇j

Nf = O
(
N−1

)

NRi0 + c N∇i
N∇0

Nf = O
(
N−1

)

NR00 + c N∇0
N∇0

Nf = −c N
4t2

+O
(
N−1

)
.

If it were not for the −c N
4t2

appearing in the last formula, the space-time
metric would be potentially gradient Ricci soliton. Hence it seems that the
best thing to do is to take c = 0 and b = −1.
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We may also let NX = ∂
∂t . (Then N∇a

NXb = NΓba0.) We have

NRji + c N∇i
NXj =

(
1 − c+

1

b

)
Rji +O

(
N−1

)

NRj0 + c N∇0
NXj =

(
1 − c+

1

b

)
1

2
∇jR+O

(
N−1

)

NR0
0 + c N∇0

NX0 =

(
R+

bN

2t

)−1(
1 +

1

b

)
1

2

(
∂R

∂t
+
R

t

)

+ c NΓ0
00 +O

(
N−2

)

= − c

2t
+

1

N

t

b

(
1 + c+

1

b

)(
∂R

∂t
+
R

t

)
+O

(
N−2

)

NRβα + c N∇α
NXβ = − 1

2t

(
1 − c+

1

b

)
δβα +O

(
N−1

)
.

4. Renormalizing the space-time metric yields the ℓ-length

Now assume dτ
dt = −1 so that the function τ : I → J + τ (I) is a

diffeomorphism. We now consider the space time manifold Mn×J (without
the extra factor PN or SN ) with the potentially infinite metric

Ngij (x, τ) = gij (x, t (τ))(9.52a)

Ngi0 (x, τ) = 0(9.52b)

Ng00 (x, τ) = R (x, t (τ)) +
N

2τ
.(9.52c)

For simplicity, we shall abuse notation and write g (τ) + g (t (τ)) and
R (x, τ) + R (x, t (τ)) . Since dτ

dt = −1 we may write

∂

∂τ
gij (x, τ) = 2Rij (x, τ)

and forget about t. Given a path γ : [τ1, τ2] → Mn, the length of the graph
γ̃ : [τ1, τ2] →Mn × J defined by γ̃ (τ) + (γ (τ) , τ) is given by

L (Ng) (γ̃) =

∫ τ2

τ1

∣∣∣∣
dγ̃

dτ
(τ)

∣∣∣∣
Ng

dτ =

∫ τ2

τ1

(∣∣∣∣
dγ

dτ

∣∣∣∣
2

g(τ)

+R+
N

2τ

)1/2

dτ.

We expand this expression in powers of N to get

(∣∣∣∣
dγ

dτ

∣∣∣∣
2

g(τ)

+R+
N

2τ

)1/2

=

(
N

2τ

)1/2
(

1 +
τ

N

(∣∣∣∣
dγ

dτ

∣∣∣∣
2

g(τ)

+R

)
+O

(
N−2

)
)
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so that

L (Ng) (γ̃) =

∫ τ2

τ1

∣∣∣∣
dγ̃

dτ
(τ)

∣∣∣∣
Ng

dτ

= N1/2
(√

2τ2 −
√

2τ1
)

+N−1/2 1√
2

∫ τ2

τ1

√
τ

(∣∣∣∣
dγ

dτ

∣∣∣∣
2

g(τ)

+R

)
dτ

+O
(
N−3/2

)
.

We consider highest order (in N) non-trivial term and define Perelman’s
L-length of γ by

(9.53) L (γ) +

∫ τ2

τ1

√
τ

(∣∣∣∣
dγ

dτ
(τ)

∣∣∣∣
2

g(τ)

+R (γ (τ) , τ)

)
dτ.

See Chapter ?? for a discussion of the L-length and some of its applications.

5. Space-time DeTurck’s trick and fixing the measure

It is interesting to study one parameter families g (t, s) , t ∈ I ⊂ R and
s ∈ J ⊂ R, of solutions to the Ricci flow, where t is time and s is a real
parameter (the main reference for this section is Chow-Chu [141]). Similar
to section 8 of Chapter 2 (e.g., (2.38) and (2.39)), consider the Ricci-DeTurck
flow:

(9.54)
∂

∂t
gij = −2Rij + ∇iWj + ∇jWi,

for g (t, s) where

(9.55) Wℓ (t, s) = gkℓg
ij (t, s)

(
Γkij (t, s) − Γkij (t, 0)

)
.

By (2.40), if ∂
∂s

∣∣
s=0

g (t, s) = v (t) , then

(9.56)
∂

∂s

∣∣∣∣
s=0

[(−2 Rc (g) + LW g) (t, s)] = ∆Lv (t) .

For each s, the space-time Riemannian metrics ĝ (t, s) on Mn × I (ĝ is
positive-definite provided the constant N below is large enough) are defined
by:

ĝij = gij

ĝi0 = Wi + ∇if

ĝ00 = R+ |W |2 + 2
∂f

∂t
+N,

where for each s ∈ J the function f : Mn × I → R is defined by

f (x, t, s) + log
dµ (x, t, s)

dµ (x, t, 0)
.
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Equivalently, the measure

(9.57) dµ (x, t, 0) = e−f(x,t,s)dµ (x, t, s)

is independent of s. (In [417] a related idea is considered where e−fdµ is
independent of t. In particular, compare with (??) below.) The reason for
the introduction of the function f is to obtain the following (see [141],
Lemma 6.3).

Lemma 9.36 (Variation of ĝ is linear trace Harnack ṽ). If ∂
∂s

∣∣
s=0

g (t, s) =
v (t) , then at s = 0

∂

∂s

∣∣∣∣
s=0

ĝ (t, s) = ṽ (t) ,

where ṽ = ṽabdx
a ⊗ dxb is the linear trace Harnack quadratic:

ṽij + vij , ṽk0 + ∇ivik, ṽ00 + ∇i∇jvij + vijRij .

That is, if we define the space-time vector field Ỹ by Ỹ i = Y i and
Ỹ 0 = 1, then

ṽabỸ
aỸ b = Z̄ [v] (Y )

which appears in (8.68).
Now let’s compute the evolution equation for v (t)

∂

∂t
vij =

∂

∂t

(
∂

∂s

∣∣∣∣
s=0

gij

)
=

∂

∂s

∣∣∣∣
s=0

(
∂

∂t
gij

)

=
∂

∂s

∣∣∣∣
s=0

(−2Rij + ∇iWj + ∇jWi)

= ∆Lvij ,

so that v (t) satisfies the Lichnerowicz Laplacian heat equation with respect
to the solution g (t, 0) . This is the reason for considering the set of equations
(9.54)-(9.55).

We also can use the above lemma to compute the evolution equation
for the linear trace Harnack quadratic ṽ. Let R̃ab and Γ̃cab denote the space-
time Ricci tensor and connection as defined in section 1. One can derive
a space-time version of the variation formula (9.56) provided we define the

space-time 1-form W̃ by

W̃i + Wi and W̃0 +
n∑

p=1

∇pWp.

(Note the similarity of the above formula with (9.30) and (9.31).) With this
definition, one can show that (see Theorem 5.1 of [141]):

Lemma 9.37 (Variation of space-time DeTurck-Ricci tensor is ∆̃Lṽ).

∂

∂s

∣∣∣∣
s=0

(
−2R̃ab + ∇̃aW̃b + ∇̃bW̃a

)
= ∆̃Lṽab,
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where

∆̃Lṽab + ∆vab + 2g̃ceg̃df R̃cabdṽef − g̃cdR̃acṽbd − g̃cdR̃bcṽad.

One can also show that the space-time Riemannian metrics ĝ solve some
sort of space-time Ricci-DeTurck flow to first order in the sense of the fol-
lowing (see Lemma 6.4 of [141]).

Lemma 9.38 ( ∂∂t ĝ is space-time DeTurck-Ricci tensor mod o (s)).
(
∂

∂t
ĝab

)
(s, t) =

(
−2R̃ab + ∇̃aW̃b + ∇̃bW̃a

)
(s, t) + o (s) ,

where ∂
∂s

∣∣
s=0

o (s) = 0.

Combining the above results we obtain:

Theorem 9.39 (Chow and S.-C. Chu 1996). The linear trace Harnack
quadratic satisfies the space-time Lichnerowicz Laplacian heat equation:

∂

∂t
ṽab = ∆̃Lṽab.

Proof. We compute

∂

∂t
ṽab =

∂

∂t

(
∂

∂s

∣∣∣∣
s=0

ĝab

)
=

∂

∂s

∣∣∣∣
s=0

(
∂

∂t
ĝab

)

=
∂

∂s

∣∣∣∣
s=0

((
−2R̃ab + ∇̃aW̃b + ∇̃bW̃a

)
+ o (s)

)

= ∆̃Lṽab.

�

This gives another (space-time) derivation of the linear trace Harnack
calculation.

6. Notes and commentary

§3. In §6.1 of [417] gαβ is the metric on SN with constant sectional

curvature 1
2N . In our presentation, as a special case we have gαβ is the

metric on SN with constant sectional curvature 1
2(N−1) so that its Ricci

curvatures are equal to 1
2 and scalar curvature equal to N

2 . The difference in

the curvatures is O
(
N−1

)
.

Let g̃ + Ng (t) on Mn × I × PN be the metric defined in (9.34) with
b = −1 and let f be a function on Mn × I × PN independent of the PN

variables. Define the map φ : φ−1
(
Mn × I × PN

)
→Mn × I × PN by

φ (x, t, y) +

(
x,

(
1 − 2f

N

)
t, y

)
.
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Let mg̃ + φ∗g̃. Using

∂φi

∂xj
= δij ,

∂φα

∂yβ
= δαβ ,

∂φ0

∂t
= 1 − 2

N

(
f + t

∂f

∂t

)
,

∂φ0

∂xi
= −2t

N

∂f

∂xi
,

we compute

mg̃ij = g̃ij +
∂φ0

∂xi
∂φ0

∂xj
g̃00

= g̃ij +O
(
N−1

)

mg̃i0 =
∂φ0

∂xi
∂φ0

∂t
g̃00 =

∂f

∂xi

(
1 − 2

N

(
f + t

∂f

∂t

))(
1

1 − 2f
N

− 2tR

N

)

=
∂f

∂xi
+O

(
N−1

)

mg̃00 =

(
∂φ0

∂t

)2

g̃00 =

(
1 − 2

N

(
f + t

∂f

∂t

))2

R− N

2t
(
1 − 2f

N

)




= g̃00 + 2

(
∂f

∂t
+
f

t

)
+O

(
N−1

)

= −N
2t

+R+ 2
∂f

∂t
+
f

t
+O

(
N−1

)

mg̃αβ = g̃αβ

and the rest of the components are zero. In the above formulas, the lhs is

evaluated at (x, t, y) whereas the rhs is evaluated at
(
x,
(
1 − 2f

N

)
t, y
)
. So

g̃00 = R− N

2t
(
1 − 2f

N

) = R− N

2t
− f

t
+O

(
N−1

)

and also, for example, the last formula reads more explicitly as

mg̃αβ (x, t, y) = g̃αβ

(
x,

(
1 − 2f

N

)
t, y

)
=

(
1 − 2f

N

)
g̃αβ (x, t, y) .

Note also that assuming a bound on ∂R
∂t we have

R

(
x,

(
1 − 2f

N

)
t

)
= R (x, t) +O

(
N−1

)
.

Taking into account all of our (including sign) conventions, the above cal-
culations agree with §6.2 of [417].

Exercise 9.40. Assuming ∂R
∂t is bounded, verify that

mg̃00 (x, t, y) = g̃00 (x, t, y) + 2
∂f

∂t
+
f

t
+O

(
N−1

)
.
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Now consider time-dependent diffeomorphisms ψt : Mn →Mn with

∂

∂t
ψt = − (ψt)∗

(
gradmg (f ◦ ψt)

)
= − gradmg̃ f

(the second inequality is (1.24)) so that

(
ψ−1
t

)
∗
∂

∂t
ψt = − gradmg (f ◦ ψt)

and the metrics mgij (t) + ψ∗
t (mg̃ij (t)) satisfy the modified Ricci flow (see

Remark 1.22):

∂

∂t
(mgij) = ψ∗

t

(
∂

∂t
mg̃ij (t)

)
+ L(ψ−1

t )
∗

∂
∂t
ψt

mgij

= −2 (mRij + m∇i
m∇j (f ◦ ψt)) .

Define Ψ : (φ ◦ Ψ)−1 (Mn × I × PN
)
→ φ−1

(
Mn × I × PN

)
by

Ψ (x, t, y) = (ψt (x) , t, y) .

We consider the metric mg + Ψ∗ (mg̃) on (φ ◦ Ψ)−1 (Mn × I × PN
)
. Above

we have seen the pure space components mgij . Note

∂Ψi

∂xj
=
∂ψit
∂xj

,
∂Ψi

∂t
= −

(
gradmg̃ f

)i
,

∂Ψ0

∂t
= 1,

∂Ψα

∂yβ
= δαβ .

We now calculate the rest of the components of mg. First we have

mgi0 =
∂Ψj

∂xi

(
∂Ψ0

∂t
mg̃j0 +

∂Ψk

∂t
mg̃jk

)

=
∂ψjt
∂xi

(
∂f

∂xj
+O

(
N−1

)
−
(
gradmg̃ f

)k mg̃jk

)

= O
(
N−1

)
.

Hence, with respect to mg, ∂
∂t is orthogonal (mod N−1) to the space slices

Mn × {t} × PN . Next we have

mg00 = mg̃00 + 2
∂Ψi

∂t

∂Ψ0

∂t
mg̃i0 +

∂Ψi

∂t

∂Ψj

∂t
mg̃ij

= mg̃00 −
∣∣gradmg̃ f

∣∣2
mg̃

= R− N

2t
(
1 − 2f

N

) + 2

(
∂f

∂t
+
f

t

)
−
∣∣gradmg̃ f

∣∣2
mg̃

+O
(
N−1

)

= −N
2t

−
(
R+ 2∆f − |∇f |2 +

f − n

−t

)
+O

(
N−1

)
,
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where the last equality assumes ∂f
∂t = −∆f −R+ |∇f |2− n

2t . In the last line,
the term in brackets is −t times Perelman’s Harnack quantity

−t
(
R+ 2∆f − |∇f |2

)
+ f − n = V−1

(see (??) and (??).)
§4. The following observations on the relation between Huisken’s mono-

tonicity formula for the mean curvature flow and Perelman’s renormalization
procedure applied to Chow and Chu’s space-time metric for evolving hyper-
surfaces are due to S.-C. Chu. Given a 1-parameter family of metrics g (t) ,
t ∈ I, on a manifold Mn and functions β (t) : Mn → R, we define the metric

gβ on M̃n+1 + Mn × I by ([142])

gβ (x, t) + g (x, t) + β2 (x, t) dt2.

We consider the family of hypersurfaces given by the time slices Mt + Mn×
{t} ⊂ M̃n+1. A choice of unit normal vector field to Mt is

ν + − 1

β

∂

∂t
.

The hypersurfaces Mt parametrized by the maps Xt : Mn → M̃n+1 defined
by Xt (x) + (x, t) are evolving by the flow

∂

∂t
Xt = −βν.

This implies the metrics are evolving by (compare (1.84))

∂

∂t
gij = −2βhij ,

where hij is the second fundamental form of Mt ⊂ M̃n+1. One way of seeing
this formula is from

1

β
hij = (Γβ)

0
ij = −1

2
(gβ)

00 ∂

∂x0
(gβ)ij = − 1

2β2

∂

∂t
gij

where x0 = t. Hence

(9.58) βhij = Rij .

Consider the special case where β (t)2 = R (t) is the scalar curvature of g (t) .
Tracing (9.58) we get βH = R so that β = H and the hypersurfaces Mt

satisfy the mean curvature flow: ∂
∂tXt = −Hν.

Now we consider the more general setting of hypersurfaces evolving in
a Riemannian manifold. Given

(
Pn+1, g

)
, let Xt : Mn → Pn+1, t ∈ I,

parametrize a 1-parameter family of hypersurfaces Mt = Xt (M
n) evolving

in their normal directions
∂

∂t
Xt = −βν,
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where β (t) : Mn → R are arbitrary functions. We consider the product
metric g +Ndt2 on Pn+1 × I. The space-time track is defined by

M̃n+1 + {(x, t) : x ∈Mt, t ∈ I} ⊂ Pn+1 × I.
We parametrize this by the map

X̃ : Mn × I → Pn+1 × I
defined by

X̃ (p, t) + (Xt (p) , t) .

Let Ng denote the induced metric on M̃n+1. Its components

Ngab +

〈
∂X̃

∂xa
,
∂X̃

∂xb

〉

g+Ndt2

=

〈
∂Xt

∂xa
,
∂Xt

∂xb

〉

g

+Nδa0δb0,

where a, b ≥ 0 are given by

Ngij = gij
Ngi0 = 0

Ng00 = β2 +N,

where i, j ≥ 1. The second fundamental form Nhij of the space-time track

M̃n+1 with respect to the ambient metric g+Ndt2 on Pn+1 ×I is given by

Nhab =

(
1 +

β2

N

)−1/2




hab if a, b ≥ 1
∂β
∂xb if a = 0, b ≥ 1
∂β
∂t if a = b = 0

.

Given a vector V ∈ TpM
n, we define the vector Ṽ ∈ T(p,t) (Mn × I) by

Ṽ i = V i

Ṽ 0 = 1.

Then
NhabṼ

aṼ b =
∂β

∂t
+ 2

∂β

∂xi
V i + hijV

iV j .

This is Andrews’ Harnack quadratic for curvature flows of hypersurfaces
(see [13]); when β = H is the mean curvature we have Hamilton’s quadratic
[269].

Now, following Perelman, we renormalize length function associated to
the metric (similar to what we did in section 4) on Mn×J (we switch from
I to J when we consider the time parameter to be τ instead of t)

Ng (x, τ) + g (x, τ) +

(
β2 (x, τ) +

N

2τ

)
dτ2,

where dτ
dt = −1 and g (τ) = g (t (τ)) is the pulled back metric on Mn by

Xτ of the induced metric on Mτ + Xτ (Mn) ⊂ Pn+1. We may also think of
this metric as defined on an open subset of Pn+1 by pushing forward by the
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diffeomorphism (x, τ) 7→ Xτ (x) . Let γ : [0, τ0] → Mn be a path and define
the path γ̄ : [0, τ0] → Pn+1 by

γ̄ (τ) + Xτ (γ (τ)) ∈Mτ

so that (γ (τ) , τ) ∈ Mn × J corresponds to the point γ̄ (τ) ∈ Mτ ⊂ Pn+1.
We have

L (Ng) (γ̄) =

∫ τ0

0

(∣∣∣∣
dγ

dτ

∣∣∣∣
2

g(τ)

+ β2 +
N

2τ

)1/2

dτ.

Again, motivated by carrying out the expansion of L (Ng) (γ̄) in powers of
N, and considering highest order non-trivial term, we define the L-length
of γ by

L (γ) +

∫ τ0

0

√
τ

(∣∣∣∣
dγ

dτ
(τ)

∣∣∣∣
2

g(τ)

+ β2 (γ (τ) , τ)

)
dτ

=

∫ τ0

0

√
τ

∣∣∣∣
dγ̄

dτ
(τ)

∣∣∣∣
2

g

dτ.

(The equality holds since ι∗g = gβ , where ι : Mn ×J → Pn+1 is defined by
ι (x, τ) + Xτ (x) .) Making the change of variables σ = 2

√
τ , we have

L (γ) =

∫ 2
√
τ0

0

∣∣∣∣
dγ̄

dτ
(σ)

∣∣∣∣
2

g

dσ.

This is the energy of the path γ̄ (σ) and assuming that τ0, γ (0) = p and
γ (τ0) = q are fixed, L (γ) is minimized by a constant speed geodesic and

L (q, τ0) + inf
γ
L (γ) =

dg (p, q)2

2
√
τ0

.

Let ℓ (q, τ0) + 1
2
√
τ0
L (q, τ0) . Then

ℓ (q, τ0) =
dg (p, q)2

4τ0
.

Hence Huisken’s monotonicity (??) is the analogue of the monotonicity of
the reduced volume (see Volume 2.) That is, if Pn+1 = Rn+1, then the
monotone quantity in (??) is

∫

Xt

(4πτ)−n/2 e−
|x|2

4τ dµ =

∫

Mn

(4πτ)−n/2 e−ℓdµ,

where ℓ = 1
2
√
τ

infγ
∫ τ
0

√
τ̄

(∣∣∣dγdτ̄
∣∣∣
2
+ β2

)
dτ̄ .

§5. In Friedan [213], p. 402, when Mn is a homogeneous space the zero
loop term −εgij in the expansion of β (g) is the gradient of the functional

Φ0 (g) + −2ε log

(
dµg
dm

)
,
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where dm is any G-invariant volume form on Mn. The one loop term Rij
is the gradient of the functional

Φ1 (g) + −R.
The two loop term is the gradient of

Φ2 (g) + −1

4
|Rm|2 .
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Aleksandrov reflection method, 213
ancient limit, 230
ancient solution, 151

3-dimensional has nonnegative sectional
curvature, 190

Type I, 238
Type II, 238

ancient solutions
have nonnegative scalar curvature, 230
on surfaces, 240

Andrews’ Harnack quadratic, 315
Andrews’ Poincare inequality, 210
arithmetic-geometric mean inequality, 94
asymptotic cone, 245
asymptotic volume ratio, 48

Bernstein-Bando-Shi estimates, 179
Bianchi identity

first, 9
second, 9

Bianchi operator, 125
Bieberbach theorem, 196
bisectional curvature

nonnegative, 275
Bishop volume comparison theorem, 32
blow up rate

of curvature, 231
Bryant soliton, 163
bumpy metrics, 178
Busemann function, 34

Calabi’s trick, 262
Cartan structure equations, 22, 156
Cartan-Hadamard theorem, 1
changing distances

bounds on , 165
Christoffel symbols, 4, 112

evolution of, 113, 287
variation formula, 112

cigar soliton, 155, 240

classical Harnack, 260
coframe field, 21
Cohn-Vossen inequality, 242, 245
commutation formula, 14
cone angle, 162
Conformal dilation, 216
conformal Killing vector field, 207
conjugate point, 30
connection

Levi-Civita, 3
connection 1-forms, 21
constant sectional curvature, 9
contracted second Bianchi identity, 9
convex set, 135
coordinates

geodesic , 37
cosmological constant, 292
covariant derivative, 3

acting on tensors, 8
cross curvature tensor, 226
cross-curvature flow, 226
curvature

Gauss, 22
curvature 2-forms, 21
curvature blow-up rate

lower bound for, 232
curvature gap estimate

for ancient solutions, 237
of finite time singularity, 231
of immortal solution, 232

curvature operator, 132
nonnegative, 194
positive, 132

curvature tensor
Riemann, 5

curve shortening flow, 231
cut locus, 30
cut point, 30

degenerate metric, 288
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degenerate neck pinch, 237
deRham cohomology group, 123
deRham local splitting theorem, 196
deRham Theorem, 123
derivative of curvature estimates, 179
derivatives of curvature estimate, 178
determinant of the Laplacian, 82
DeTurck’s trick, 119

space-time version, 309
differential Harnack estimate, 259, 266
dilating about a singularity, 229
distance function

laplacian of, 46
distance sphere, 40, 43
distributions

sense of, 31
divergence, 25
divergence theorem, 27
doubling time estimate, 177

eigenfunction, 70
eigenvalue, 70
Einstein convention, 4
Einstein tensor, 9
Einstein-Hilbert functional, 112
eternal solution, 151
euclidean space

characterization of, 32
evolution equation

Ricci tensor, 128
Riemann curvature tensor, 130
scalar curvature, 104
volume form, 111, 129

existence
long time, 178

expanding Ricci soliton, 160
exponential map, 29, 37

Jacobian of, 39
exterior covariant derivative, 23, 95

first Bianchi identity, 9
first fundamental form, 98
first variation of arc length formula, 51
frame adapted to a hypersurface, 23
frame bundle

orthonormal, 275
Frechet derivative, 213
fundamental solution of the heat equa-

tion, 62

gamma function, 80
Gauss curvature, 22
Gauss equations, 24
Gauss Lemma, 39

geodesic, 5
constant speed, 5, 55

geodesic coordinates, 37
geodesic line, 34
geodesic ray, 34
Geometrization Conjecture, 2
geometry at spatial infinity, 245
gradient flow

Einstein-Hilbert functional, 112
gradient of Hamilton’s entropy, 213
gradient Ricci soliton, 151, 265
Green’s function, 61
Gromoll-Meyer Theorem, 60

Hölder’s inequality, 94
Hamilton’s entropy

gradient of, 213
Hamilton, R., 2
Hamilton-Ivey estimate, 187
harmonic form, 124
harmonic map, 120
Harnack estimate

differential, 259
integral, 267
interpolating, 268
matrix, 268
trace, 266

heat ball, 284
heat equation

one-dimensional, 239
weak subsolution, 107

heat kernel, 62, 79
heat operator, 78
higher derivative of curvature estimates,

178
Hodge Decomposition Theorem, 124
Hodge Laplacian, 123
Hodge laplacian, 116
Hodge star operator, 123
homogeneous space, 169

locally, 160
Huisken’s monotonicity formula

is analogous to the reduced volume,
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immortal solution, 151, 160
injectivity radius, 31
integral Harnack estimate, 267
interpolating Harnack estimate, 268
invariant under parallel translation, 135
isometry, 12
isoperimetric constant, 221, 225
isoperimetric ratio, 221
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Jacobi equation, 29, 55
Jacobi field, 29, 55
Jacobian of the exponential map, 39
Jensen’s inequality, 94

Kähler-Ricci soliton, 162
Killing vector field, 12

conformal, 207
Klingenberg’s injectivity radius estimate,

241, 251

L69
L2-metric, 212
L2 Sobolev inequality, 95
Lambert-W function, 162
Laplace-Beltrami operator, 25
laplacian, 25

Hodge, 116
Lichnerowicz, 114
rough, 26

laplacian comparison theorem, 31
laplacian of the distance function, 46
largest curvature scale, 230
length of a geodesic

evolution of, 220
Levi-Civita connection, 3
Li-Yau estimate, 259
Lichnerowicz laplacian, 114
Lie algebra, 132
Lie algebra square, 132
Lie bracket, 3
Lie derivative, 10
Lie group

unimodular, 169
line

geodesic, 34
linear connection, 95
linear trace estimate, 268
linear trace Harnack estimate, 278
Liouville type theorem, 261
local derivative of curvature estimates,

179
locally conformally flat, 213
locally homogeneous, 160
logarithmic Sobolev inequality, 95
long time existence, 178
Lp-norm, 94

manifold
Riemannian, 2

matrix Harnack estimate, 268, 271
Matrix,

The, 1
maximum principle

for systems, 135
for tensors, 127
weak, 105

mean curvature, 24, 40
Mean Value Inequality, 35
measurable function, 70
Mellin transform, 81
metric

degenerate, 288
Riemannian, 2

metric on the cotangent bundle, 6
modified Ricci flow, 161
moving frame, 21
moving frames, 156
Myers’ theorem, 1

nonnegative bisectional curvature, 275
nonnegative curvature operator, 194
normal coordinates, 113
normalized Ricci flow, 129
normalized Yamabe flow, 214
notation, xxv
null eigenvector assumption, 127

one loop term, 317
open problem, 103, 174, 199, 212, 213,

231, 233, 238, 245, 255, 256, 258
orthonormal frame, 21
orthonormal frame bundle, 275

parallel
vector field along a path, 5

parallel curves, 221
Perelman, G., xi
Pig,

yellow, 95
Poincaré Conjecture, 2
Poincaré duality, 125
Poincare inequality

Andrews’, 210
point picking, 239
polar coordinate system, 39
positive curvature operator

conjecture, 198
potentially infinite

dimensions, 295
space-time metric, 295

potentially Ricci flat
space-time metric, 305

preconverges, 182, 233
preservation

of nonnegative curvature operator, 136
of nonnegative Ricci curvature, 136
of nonnegative scalar curvature, 105
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of Ricci pinching, 137
preservation

of lower bound of scalar curvature, 136
of nonnegative Ricci curvature, 129

product log function, 162

rapidly forming singularity, 231
Rauch Comparison Theorem, 50
ray

geodesic, 34
Rayleigh principle, 71
reaction-diffusion equation, 129
reduced volume, 316
renormalizing the space-time metric, 308
Riccatti equation, 41
Ricci calculus, 8
Ricci curvature, 6
Ricci flow

equation, 103
for degenerate metrics, 288
game of , 111
modified, 161
normalized, 129

Ricci flow with cosmological term, 292
Ricci flow with surgeries, 101
Ricci identities, 14
Ricci pinching

is preserved, 137
Ricci pinching

improves, 138
Ricci soliton

expanding, 160
gradient, 151, 265
triviality of, 209

Ricci tensor, 6
evolution equation, 128
variation formula, 114

Ricci tensor
nonnegativity is preserved, 128

Ricci–De Turck flow, 119
Riemann curvature operator, 132
Riemann curvature tensor, 5

components, 114
evolution equation, 130

Riemann zeta function, 80
Riemannian manifold, 2
Riemannian measure, 30
Riemannian metric, 2
Rosenau solution, 158
rotationally symmetric metric, 42
rough laplacian, 26

scalar curvature, 6

evolution equation, 104
variation formula, 104

second Bianchi identity, 9
contracted, 9

second fundamental form, 23, 40
second variation of arc length formula,

52
sectional curvature, 6

constant, 9
self-similar, 259
sense of distributions, 31
Sharafutdinov retraction, 37
short time existence, 103
singularity

rapidly forming, 231
slowly forming, 231
Type I, 231
Type IIa, 231
Type IIb, 231
Type III, 231

singularity formation, 229
singularity model, 230
slowly forming singularity, 231
smallest space scale, 230
soliton

cigar, 155
space form, 42
space of metrics, 212
space-time, 288

is potentially gradient soliton, 306
potential infinite dimensions, 295
potential infinite metric, 295
Ricci soliton equation, 293
Ricci soliton identities, 293

space-time connection, 289
space-time curvature, 290

is the matrix Harnack, 294
space-time geometry, 287
space-time laplacian

tends to heat operator, 298
space-time metric

is potentially Ricci flat, 305
renormalization of, 308

space-time track, 315
spatial infinity

geometry at, 245
sphere

distance, 43
spherical space form, 2
stereographic projection, 216
strong maximum principle, 72

for systems, 195
structure equations
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Cartan, 22, 156
summation convention

Einstein, 4
support functions

in the sense of, 54
surface entropy, 210

tensors
as functions on the orthonormal frame

bundle, 275
three-manifolds with positive Ricci cur-

vature, 2, 130
Thurston, W., 2
total scalar curvature functional, 112
totally umbillic, 43
trace Harnack estimate, 266
trace of the heat operator, 79
Type I singularity, 231, 233
Type IIa singularity, 231, 234, 238
Type IIb singularity, 231, 235
Type III singularity, 231, 236

Uhlenbeck’s trick, 132, 275
Uniform equivalence of the metrics

sufficient condition, 180
unimodular Lie group, 169

variation formula
Christoffel symbols, 112
Einstein-Hilbert functional, 112
Ricci tensor, 114
scalar curvature, 104

vector field
Killing, 12

volume form, 38
evolution equation, 129
local coordinate formula, 111

warped product metric, 163
weak maximum principle, 105

for tensors, 127
weak subsolution

of the heat equation, 107
Weingarten map, 24
Weyl asymptotic formula, 70
Weyl’s Estimate, 99
Witten’s black hole, 156

Yamabe flow, 213, 214
Yamabe invariant, 215
Yamabe soliton, 209

zero loop term, 316
zeta function, 80, 82
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325



326 BIBLIOGRAPHY

[21] Andrews, Ben. Personal communication about the cross curvature flow.
[22] Angenent, Sigurd B. Shrinking doughnuts. Nonlinear diffusion equations and their

equilibrium states, 3 (Gregynog, 1989), 21–38, Progr. Nonlinear Differential Equa-
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[69] Calabi, Eugenio. Métriques kählériennes et fibrés holomorphes. (French) [Kahler

metrics and holomorphic vector bundles] Ann. Sci. École Norm. Sup. (4) 12 (1979),
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Math. Helv. 78 (2003), no. 4, 865–883.

[354] Lott, John; Villani, Cedric. Ricci curvature for metric-measure spaces via optimal
transport. arXiv:math.DG/0412127.

[355] Lott, John. Remark about scalar curvature and Riemannian submersions. Preprint.
http://www.math.lsa.umich.edu/˜lott/

[356] Lu, Peng. A compactness property for solutions of the Ricci flow on orbifolds. Amer.
J. Math. 123 (2001), no. 6, 1103–1134.

[357] Lu, Peng; Tian, Gang. The uniqueness of standard solutions in the work of Perelman.
Preprint, April 2005.

[358] Luo, Feng. Combinatorial Yamabe Flow on Surfaces. arXiv:math.GT/0306167.
[359] Luo, Feng. A combinatorial curvature flow for compact 3-manifolds with boundary.

arXiv:math.GT/0405295.
[360] Luo, Feng. A Characterization of Spherical Cone Metrics on Surfaces.

arXiv:math.GT/0408112.
[361] Ma, Li; Chen, Dezhong. Examples for Cross Curvature Flow on 3-Manifolds.

arXiv:math.DG/0405275.
[362] Mabuchi, Toshiki. C3-actions and algebraic threefolds with ample tangent bundle.

Nagoya Math. J. 69 (1978), 33–64.
[363] Manning, Anthony. The volume entropy of a surface decreases along the Ricci flow.

Ergodic Theory Dynam. Systems 24 (2004), no. 1, 171–176.
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